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Poles and Residues

Recall that for ¢ = (g, ap, a3) € C3, Ky is the trilinear form
(obtained by meromorphic continuation of)

Kalfifuf) = [ ey®ly=zf"z-x|" A()A()A(2) dx oy oz
Sx5xS
The meromorphic continuation has simple poles along four
families of planes in C3, given by
» aj=—(n—1)—2k, forkeN, j=1,2,3
» g t+ax+az=—-2(n—1)—-2/, for €N

» A pole is said to be generic if it belongs to only one plane
of poles.
» A (generic) pole is said to be of type I if it belongs to a

plane from the three first families, and of type Il if its
belongs to a plane from the fourth family.
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Res(lcouao)(f;l?é)fé) = Ilm (%+p+k)lca(ﬂ7f’27fé)

az——(n—1)—2k = 2



Residue at a pole of type |
Let a® = (a?, a3, —(n — 1) — 2k) be a generic pole of type I.
The residue at a° is

Res(Ko, @) (i, 5, 6) = lim (24 p+Kk)Kalh, f, )

az——(n—1)—2k = 2

The singularity of K, at a® comes from the factor |x — y|®3 in
the kernel of KCn, which becomes singular on {x = y}, a
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Residue at a pole of type |
Let a® = (a?, a3, —(n — 1) — 2k) be a generic pole of type I.
The residue at a° is

Res(Ko, @) (i, 5, 6) = lim (24 p+Kk)Kalh, f, )

az——(n—1)—2k = 2

The singularity of K, at a® comes from the factor |x — y|®3 in
the kernel of KCn, which becomes singular on {x = y}, a
submanifold of dimension 2(n — 1). The residue is a
distribution supported in this set.

To express it at near a point (x°, y°, z%) where x° = y°, we
need to chose a transverse submanifold . Our choice is

./\/‘Xo’yo’zo = {(X,yO,ZO),X € 5} .

So the residue will be "of the form”

/s s @(Z)fz(y)(D(y’L%)ﬂ)(y) dy dz .



Recall that A, is the differential operator on S defined by

k

Ac=T[(a=(p+i-1)(p—1))

Jj=1

where A is the Laplacian on S. It satisfies the covariance
relation

Ak O7T_k(g) = 7Tk(g) OAk .



For o, arp € C? set

Tk b, ) = TH(h, f, f5) =

1,02

/5 A0 ARz = 71(0) |2 = yI" dy dz



For o, arp € C? set

Tk b, ) = TH(h, f, f5) =

ag,a2
[ 6@80) AdAOz -~ 1710 |z -y dy dz
SxS
Theorem
The trilinear form T* = 7;31"&2 originally defined as a

convergent integral for Ray and Ra, large enough, can be
extended meromorphically to C?, with simple poles contained
in the family of lines

a1+a2:—(n—1)+2k—2/,l€N.

The trilinear form Ty is invariant w.r.t. (T, Tx,, Tx;), Where
A = (A1, Mo, A\3) is the spectral parameter associated to
o = (Oél,Oéz, —(n — ].) — 2k)



Theorem
Let o € C3 such that az = —(n— 1) — k for some k € N, and

a; +ax ¢ —(n—1) + 2k — 2N. Then the residue of Ko, is
equal to

p N—k
w4 3.k

Res (K3 = =0 =1) =2K) = 1,y oo
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Theorem

Let o € C3 such that az = —(n— 1) — k for some k € N, and
a; +ax ¢ —(n—1) + 2k — 2N. Then the residue of Ko, is
equal to

Res(Ka, a3 = D ook) = AT e

eS( a3 =—(n—1)— ) = m an,an
Remark 1. The condition oy + i, = 2k — 2/ is equivalent to
a;+ax+ (—(n—1) — 2k) = —=2(n — 1) — 2/. Otherwise said,
poles of T correspond to non generic poles of K, lying in the
intersection of a plane of poles of type | and a plane of poles
of type Il.

Remark 2. There is no pole of 7% corresponding to « in the
intersection of two planes of poles of type I.
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Residue at a pole of type Il

» At a generic pole of type Il, the residue of Iy, viewed as
a distribution on S X S x S is supported on the diagonal
Os = {(x,x,x),x € S}.

» A bi-differential operator D on S is a continuous map
D :C>®(S x §) — C>(S) which can be written locally

as
Zau alaj ( )

where the a; (uniquely determined) are smooth.

» Let \;, Ay, u € C. A bi-differential operator D on S is
said to be covariant w.r.t. (my, @ my,, 7,) if

Do (my @ m,)(8) = mu(g) o D



Proposition
Let T be a trilinear form on C*°(S), invariant w.r.t.
(Ta;, Ty, Ta; ). Assume that, as a distribution on S x § xS,
T is supported in the diagonal O,. Then there exists a
bi-differential operator D, covariant w.r.t. (7y, ® Tx,, T_»,)
such that

T(fog)= / Df (x)g(x)dx

s
for f € C®(S x S),g € C>(S).

Remark. The converse statement is clear.



Residue at a "first pole” of type Il

We say that « is a first pole of type Il if

a1+a2+a3:—2(n—1)

Proposition
Let o be a generic first pole of type Il. Then

Res(Kaf, o) = c(a)/sf(x,x,x)dx

where




A Bernstein-Sato identity

Use a stereographic projection to move to the
noncompact realization of the principal series. The kernel
of the basic invariant trilinear form becomes (for

x,y,z € R"71)

la(x,y,2) = |x — y|®|y — 2|"|z — x|*

For a = (a1, az,a3), let o+ 21 = (g + 2, ap, a3).



A Bernstein-Sato identity

» Use a stereographic projection to move to the
noncompact realization of the principal series. The kernel
of the basic invariant trilinear form becomes (for
x,y,z € R"71)

la(x,y,2) = |x — y|®|y — 2|"|z — x|*
» For a = (a1, ap, 3), let oo + 21 = (a1 + 2, p, (3).
» Bernstein-Sato identity

o 0

B - =z
(y7z7 ayﬂaz7

) lo 12, = b(a) Iy,

where



0 8

( a a ) = ‘y - Z‘2AyAz
-1 n—1

2 2 2

2(oz+a1+2p 1—21 2+ 2(at+a1+2p Z 821
+H(as+a1+2p)(as+a;+2)A, + (a2+a1—|—2p)(a2—|—a1+2)Ay
n—1 2
-2 2 2
(013 + oy + p)(az + oy + p) ; 8yjazj s

b(e) = (a1+2p)(a1+2) (1 +aa+az+4p)(ar+as+az+2p+2) .
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» For A € C, denote by F) the image of C*°(S) (viewed as
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Sketch of the proof

» For A € C, denote by F) the image of C*°(S) (viewed as

(2 + -2;)-densities) under the stereographic projection.

» Let M be the operator defined on C*°(R"~! x R""!) by

(Mf)(xv)/) = |X _y|2f(Xay)

» By the conformal covariance property of the Euclidean

distance
M : F, ®./—",, — 1 ® }_M—l

is an intertwining operator for () ® m,, Tx_1 ® 7,_1)
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Define N, , by the following diagram :

Foa®F , — Fa1®F o
TJA@JH lJf)\q@Jﬂhl

N 122
Fr® F, e, Frai1 @ Funa

N, ,, intertwines 7y ® 7, and my\;1 ® m41
Fact : N, is a differential operator on R"! x R"! |

The proof is by Euclidean Fourier transform. The
Knapp-Stein operators are convolution operators, hence
correspond to multiplications on the Fourier side and M
corresponds to the constant coefficient differential
operator
n—1 82
Ay—Dy+2) 50y,

j=1
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Let A = ()\1, )\2, )\3) S (C?’.
The trilinear form

,C/\l,)\2+1,/\3+1(f1 ® N)\z,)\3(f-2 ® ’(3))

is invariant with respect to (my,, mx,, Tx;)-

By the generic uniqueness theorem, for generic A, this
trilinear form has to be proportional to K.

Let a be the geometric parameter associated to A. Then
(A1, A2 + 1, A3 + 1) is the spectral parameter associated
to a + 21.

Viewing trilinear forms as distributions, this yields

N/<27)\3 ka+21 = b(a) ka

which is essentially the desired Bernstein-Sato identity.



Application to covariant bi-differential operators

» Let a be of type Il, say a1 + ap + az = —2(n — 1) — 2k.
Then (a3 + 2k, i, ar3) belongs to the first plane of poles
of type II. The residue at « is obtained by k repeated
integration by parts using the Bernstein-Sato identity.
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Application to covariant bi-differential operators

» Let a be of type Il, say a1 + ap + az = —2(n — 1) — 2k.
Then (a3 + 2k, i, ar3) belongs to the first plane of poles
of type II. The residue at « is obtained by k repeated
integration by parts using the Bernstein-Sato identity.

» This yields a bi-differential operator covariant w.r.t.

(Tar @ Tags Moy 204 p+2k)-

» Explicitly, let

= |y —zPA A,
n—1 8 n—1 8
Fa(p+1)) (Z— )5y +4A+ 1)) (1 — z)5 A
1 97 j=1 o,
+4(p+ 1) (p+p)A, +4A+ 1) (A +p)A,
0 0

—8(\+1)(u+1) Z@y@z .
J J



» Denote by restr (=restriction to the diagonal) the
operator from C®(R" x R"1) to C*°(R"~!) given by
(restr f)(x) = f(x, x).
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» Denote by restr (=restriction to the diagonal) the
operator from C®(R" x R"1) to C*°(R"~!) given by
(restr f)(x) = f(x, x).

(k) _
F>\7/L = restr OF)\+k71,u+k71 O-+-0 F)\:H

is a bidifferential operator covariant w.r.t.
(T2 @ Ty, Tog it pt2k)-

» Example : for k = 1, with R = Zjn;ll aya.;z.
i}

FO = 4(put1) () By —8(A+1) (1) R+4(A+1) (A+p) A,

is covariant w.r.t. (m\ ® T, Tatutpt2)-



Thank you for your attention !



