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Introduction

Basic problem in classical invariant theory for, e.g., a group G:
One wants to describe

generators (FFT) &  relations (SFT)

of invariants of G actions.

Typically, for some G-module M, find the generators & relations of
e M€ as vector space,
e S(M*)® as a commutative algebra,

e Endg(M) = End(M)® as an associative algebra,
i.e., find a presentation for Endg(M).

We mostly consider the third case, which involves some interesting
algebras.
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Classical groups

Work over field K of characteristic 0, e.g., K = C.
V, finite dimensional vector space;
Vr=vg...-o V.
~—_———
r

The case of G = GL(V).
V& is a G-module for any r, with the action defined,
foranyg€c Gandv=vi®wn®- ---®@v, € V¥ by

V=81 082X & gVy.
The symmetric group Sym, of degree r acts on V®" by
ON = V1) QVo(2) @ - @ Vp(y), 0 E Sym,.
Denote by v, this representation of Sym,. Clearly
8(0V) = gVo(1) ® 8Vo(2) @ -+ @ BVu(r)
=0(gRgn®- - ®gv)
=o.(g.v), for all g € G, 0 € Sym,.
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Hence v,(KSym,) C Endg(V®").

e FFT for G = GL(V) (Schur, 1901): There is a surjection of
K-algebras
vy : KSym, — Endg(V®").

Let m =dimk V. As GL(V) x Sym,-module,
Ve =P L(N) @ Dy,
A
where the sum is over partitions of r of the form

A=A >X>->Ap);

D, simple Sym,-module associated with A;
L(X), simple GL(V))-module with highest weight A.
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KSym, is semi-simple. Inspection of the simple Sym,-modules
appearing in the decomposition leads to:

if r < m then Ker(v,) =0,

if r > m then Ker(v,) = sum of ideals corresponding to Dy with
A=A >X>-->A), Amg1 >0.

Let

T(m+1) = Y (-1,

o€Sym,

where ((0) is the length of 0. Then
T(m+1)(vem ) = {0}.

Sym,, 1 < Sym, as the subgroup permuting the first m +1
letters for any r > m+ 1.

oSFT: if r < m, then v, is bijective; if r > m, then Ker(v,) as a
2-sided ideal of KSym, is generated by X(m + 1).
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e FFT for G = O(V) or Sp(V) (Brauer, 1937): there is a
surjection of K-algebras

vy : By(em) — Endg(V®"),

where B,(em) is the Brauer algebra of degree r with parameter em,
m=dimgV, e=¢G), €0)=1, ¢(Sp)=-1

e SFT: describe generators of Ker(v,) as an ideal of B.(em).
This is only known recently [Lehrer-Zhang].

Remarks:

(1). Weyl's SFT for S(V @ --- @ V)¢ is not enough for describing
Ker(v,) as an ideal of B,(em).
(2). B/(em) is not semi-simple unless r is very small [Rui-Si].
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The Brauer diagrams

We describe the Brauer algebra categorically.

Definition

For any pair k,¢ € N, a (k, £) Brauer diagram is a partitioning of
the set {1,2,..., k + ¢} as a disjoint union of pairs.

This is thought of as a diagram where k + ¢ points are placed on
two parallel horizontal lines, k on the lower line and £ on the
upper, with arcs drawn to join points which are paired. The pairs
will be called arcs.
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A (6,4) Brauer diagram:

Figure :

There is just one Brauer (0,0)-diagram, the empty diagram.
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Composition and tensor product

Let K be a commutative ring with identity, and fix § € K.

B (), free K-module with basis consisting of (k, ¢) diagrams.
B;(5) # 0 if and only if k + £ is even,

BY(8) = K.

Two K-bilinear operations on diagrams.
composition o:  BP(d) x BL(6) — BL(9),

tensor product ®:  BJ(0) x Bj(8) — BIT(6)
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Composition of diagrams:

The composite D1 D, of the Brauer diagrams D; € Bf(é) and

D, € Bﬁ(é) is defined as follows. First, the concatenation Dy #D,
is obtained by placing D; above D, and identifying the £ lower
nodes of D; with the corresponding upper nodes of D,. Then
D1#D; is the union of a Brauer (k, p) diagram D with a certain
number, f(D;, D;) say, of free loops. The composite D1 D, is the
element §7(P1D2) D € BP(5).
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D1 D,
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Tensor product of diagrams:

The tensor product D ® D’ of any two Brauer diagrams D € Bj(4)
and D' € B{(6) is the (p + k, g + £) diagram obtained placing D’
on the right of D without overlapping.

\/
N A
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Definition
The category B(0) of Brauer diagrams is the following tensor
category (with tensor product denoted by ®):

1. the set of objects is N={0,1,2,...};
Homgg)(k, I) = By(6) for any k,I € N;
composition of morphisms is given by the composition of
Brauer diagrams;

2. the identity object is 0;
tensor product of objects: k® | = k + I,
tensor product of morphisms is given by the tensor product of
Brauer diagrams.

Remark

B(0) is a quotient category of the category of tangles defined by Turaev
and others.
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Involutions

Duality functor * : B(d) — B(0)°P, taking each object to itself,
and each diagram to its reflection in a horizontal line.

Involution # : B(§) — B(4), taking objects to themselves,
but a diagram D to its reflection in a vertical line.

Contravariant functor D s xD := D*°f.
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Theorem

1. The four elementary Brauer diagrams

AN

generate all Brauer diagrams by composition and tensor
product.
Denote these generators by I, X, A and U respectively.

2. A complete set of relations among these four generators is
given by the following, and their transforms under * and !.
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—

lol=1, (I®l)oX =X,

Ao(lxl)=A, (I®l)oU=U, 2

XoX=I1&l, 3
X@No(l@X)o(X@)=(®X)o(X®I)o(l®X),

Ao X = A, 5

Ao U =9, 6

~

(A No(leaX)=(I®A)o(X®I)
(A l)o(I®U)=1.

~ N N N~~~
(0] £~
— — — — — " — —

The relations (3)-(8) are depicted diagrammatically below.
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Double crossing Braid relation
Figure : Relations (3) and (4)
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De-looping Loop Removal
Figure : Relations (5) and (6)
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Sliding
Figure

|
{
i
|

Straightening

: Relations (7) and (8)
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The Brauer algebra

The Brauer algebra B,(6) is B/ (&) with multiplication given by
composition of diagrams. For i=1,...,r —1, let

>

Figure :
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B, (6) has the following presentation as K-algebra with
anti-involution x:
The generators are {s;j,e; | i=1,2,...,r—1};
the relations are the following (and their images under )
sisj = s;si, siej = ejs;, ejej = eje;, if |i—j| > 2,
2
si =1, siSit15) = Si415iSit1,
Si€i = €jSj = €,
e,-2 = e,
€i€i+1€ = €,

Si€j+1€j = Sj+1€;,

where the last five relations being valid for all applicable /.
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Remarks:
The elements sy, ...,s,—1 generate a KSym, subalgebra of B,(J).

If § is integral, B,() is not semi-simple unless r is very small
[Rui-Si].
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Category of tensor representations

Non-degenerate bilinear form (—, =) : V x V — K,
which is either symmetric or skew symmetric.

G={geGL(V)|(gv,gw) = (v,w),Vv,w € V}is

the orthogonal group O(V) if the form is symmetric,

the symplectic group Sp(V) if the form is skew symmetric.
Definition

Denote by T¢(V) the full subcategory of G-modules with objects
Ve (r € N), where V&0 = K.

The usual tensor product of G-modules and of G-equivariant maps
is a bi-functor T¢(V) x Tg(V) — Tg(V).

Call T¢(V) the category of tensor representations of G.

This is a tensor category with K being the identity object.
Note that Homg(V®", V®t) = 0 unless r + t is even;
the zero module is not an object of T¢(V).
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Some morphisms

G-module isomorphisms

Endk(V) = Ve V* =S Ve V.
Let ¢ € V ® V be the image of idy.
Define maps

P: VRV — VRV, vdwr— w®yv,
C:K— VeV, 1=, (9)
C:VeoV —K, vaw — (v,w).
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Lemma A
The maps P, C and C are all G-equivariant, and

P2 = id®?, (10)

(P®id)(id ® P)(P ®id) = (id ® P)(P ®id)(id ® P), (11)
PC=cC, CEP=¢C, (12)

CC=em, (13)

(€ @id)(id® €) =id = (id ® €)(€ ®id), (14)
(C®@id)o(id® P) = (id® C) o (P ®id), (15)
(P®id)o(id® €)= (id® P) o (€ ®id) (16)
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A tensor functor

Theorem

There exists a tensor functor F : B(em) — T (V) such that
F sends object r to V&',

morphism D : k — ( to F(D) : V&k — v&®/,
where F is defined on the elementary diagrams by

(| ) )
()< ()<
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As a tensor functor, F respects tensor product.
For any objects r, r’ and morphisms D, D" in B(em),

F(ror)= Ve o Ve =F(r)e F(r),
F(D® D') = F(D) @ F(D").
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Fundamental theorems

We assume that K is a field of characteristic zero.

Let X(r) € B.(d) with e = £1 be defined by

()= > (9o

o€Sym,

Represent ¥(r) pictorially by

Figure : X (r)
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Denote by (¥(m + 1)) the subspace of @y ;Bj(em) spanned by
the morphisms generated by ¥.(m + 1) by composition and tensor
product.

Set (Ze(m+1))% = (X (m+ 1)) N BL(em).
E.g., when e = —1,

belongs to (X(m+ 1))k with k =2n—p+q.
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Theorem
Assume that K has characteristic 0. Write d = m if G = O(V),

and d = % if G = Sp(V).
1. The functor F : B(em) — Tg(V) is full. Thatis, F is
surjective on Hom spaces.

2. The map Fi = F|ge(.m) is bijective if k + ¢ < 2d, and
KerFf = (X (m+ 1)) if k + ¢ > 2d.

Proof.

Part 1 follows from Brauer's result.
Part 2 is deduced from Weyl's SFT.

O
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Lecture 2
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Summary of Lecture 1

» G = O(V) or Sp(V). There exists a surjection of algebras
vy : B(em) — Endg(V®"). We want to describe Ker(v,).

» Introduced the category B(0) of Brauer diagrams such that
B.(d) = Hom(r, r); constructed a tensor functor
F :B(em) — Ts(V), where T¢(V) is the category of tensor
modules for G.

» Theorem

1. The functor F : B(em) — T (V) is full. Thatis, F is
surjective on Hom spaces.
2. The map Fi = F|gt(cm) is bijective if k +¢ < 2d, and

KerF{ = (S(m+ 1)), if k+£ > 2d.

Problem. The construction of (¥.(m + 1))k used operations not
defined in the Brauer algebra By(em).
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Endomorphism algebras in Sp(V') case

Take G = Sp(V) with m =dim V = 2n.

The element ® € B/'[1(—2n):

[*5]
1
G = with = 18
kz%"’k ko WD 3k = okk2(n 11— 2k) (18)

= = \/k\/
ALA
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Note that
Ek = Z_l(n + 1)E(k)Z_1(n + ]_),

k
E(k) = [ enro—2» E(0)=1.
j=1

Lemma
The element ® is the sum of all (n+ 1, n+ 1) Brauer diagrams. It
has the following properties:

1. ej® = de; =0 for all ¢ € BJT(—2n);
2. ©2 = (n+1)d;

3. & € KerF .
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For s < r, natural embedding of associative algebras:
Bi(—2n) < B/(—2n), b~ b® I,_s.
Regard B(—2n) as the subalgebra of B/ (—2n).

Definition
Let (®), be the 2-sided ideal of B/(—2n) generated by ® if r > n.

Theorem
o Ifr <n, F[ : B[(—2n) — Endg,(\(V®") is bijective.

o Ifr > n, KerF/ is generated by ® as a 2-sided ideal of B](—2n).
In particular, X_1(2n + 1) € (®)2p41.
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Sketch of proof of main theorem

D(p,q) € Bf(—2n) with k=2n+1—p+q:

D(paq): 2n+1

Proposition

Assume that r > n.

(1). As a two-sided ideal of the Brauer algebra B[ (—2n), KerF] is
generated by D(p, q) and «D(p,q) with p+q < r and p < n.
(11). D(p, q) and «D(p, q) all belong to (P),.
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Endomorphism algebras in O(V) case

e=+1

For p=0,1,...,m+1, let Epi1-p € Bﬁi}(m) be defined by

Em+1fp =

Figure :

The elements E, are Z-linear combinations of Brauer diagrams.

Formulae for Ej are given in next slide.
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If 1<k </, write Ak, /) := X 41(Symyy k41,..,3) for the total
antisymmetriser in Symy 1 3. Let

Fo=A(1l,m+1—pA(m+2—p,m+1).
For j=0,1,2,...,/, define
ei(j) = € i+16i—1,i4+2 - Ei—j41,i4j-

Lemma
Fori=0,1,....m+1, let minj = min(i,m+1—1i). Then

E,.:Z'(q)fc,-(j)z,-(j) with  Z;(j) = Fiei(j)Fi, (19)
j=0

where ¢;(j) = ((i — j){(m +1 — i — )IGN2) .
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Lemma
1. %Ep = Epq1-p for all p.
2. FpoEp = EpFp = p!(m+1—p)E,.
3. ¢Ep = Epei =0 forall i < m.
4. E2 =pl(m+1—p)lE,.
Note that Eg = Epr1 = X 41(m+ 1).
Lemma

Let ¢ = [HL]. As two-sided ideals in Bf(m),

(Eo) C (E1) C -+ C (Ey1) C{E) D (Ey1) D+ D (Em) D (Emyn).
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The main theorem

Theorem
If r < m, F] : B{(m) — Endg(v)(V®") is bijective.

If r > m, KerF] as a two-sided ideal of B](m) is generated by E;.

This follows from the Lemma and

Proposition
Assume r > m. KerF/, as a two-sided ideal of B](m), is generated
by E, forall0 < p < m+1.

Continue to invariant theory of quantum groups...
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