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Unified treatment of FFTs old and new

Based on

@ G. I. Lehrer and R. B. Zhang, “Strongly multiplicity free modules for Lie
algebras and quantum groups”, J. of Algebra 306 (2006), 138-174.
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Casimir operators

> g, a simple Lie algebra or gl,.
U(g), universal enveloping algebra of g.

» U(g) is a Hopf algebra with co-multiplication A such that
AX)=X®1+10X, XecgcU(g).

Let AUD) = (A®id®(2))... (A ®id)A.

» C, the quadratic Casimir element in the center of U(g).
Exist bases {X,|1 < a <dimg} and {X,|1 < a <dimg} of g
such that

C = ZXQX = Z)"(axa.
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Let t:= 2 (A(C)— C®1-1® Q).
» Then y y
t=> Xa®Xa=> Xa®Xa
» Define C; € U(g)®" (i,j <r) by
G=> 10010 X, 0le- 01 X, ®le a1,
o =~ =~
i J

let T, C U(g)®" be the subalgebra generated by all the Cj;.
» For all u € T,, we have [u, AU~ (x)] =0 for all x € U(g).

Proof: It follows from [t, A(x)] = 0 for all x € U(g) that

[ACD(x), Gl =0, V¥x e U(g).
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Endomorphism algebras

» V, finite dimensional U(g)-module;
7 : U(g)—Endc(V), a rep of gon V.

» Actions of various algebras on V®':
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Endomorphism algebras

» V, finite dimensional U(g)-module;
7 : U(g)—Endc(V), a rep of gon V.

» Actions of various algebras on V®':

» @7 U(g)®" — Endc(V®);
» 1270 A1 U(g) — Endc(V®);
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Endomorphism algebras

» V, finite dimensional U(g)-module;
7 : U(g)—Endc(V), a rep of gon V.
» Actions of various algebras on V®':

» @7 U(g)®" — Endc(V®");
» 1270 A1 U(g) — Endc(V®);
> o), = 7@ : T,—Endc(V®").
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Endomorphism algebras

» V, finite dimensional U(g)-module;
7 : U(g)—Endc(V), a rep of gon V.
» Actions of various algebras on V®':

» @7 U(g)®" — Endc(V®");
» 1270 A1 U(g) — Endc(V®);
> o), = 7@ : T,—Endc(V®").

» Lemma
We have 1,(T,) € Endyg) (V).
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» G, complex Lie group with Lie algebra g.

» T, finite dimensional G-rep on module V. The differential
7w := d7T gives rise to a rep of the Lie algebra g.
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» G, complex Lie group with Lie algebra g.

» T, finite dimensional G-rep on module V. The differential
7w := d7T gives rise to a rep of the Lie algebra g.

» Theorem

Endg(V®") =4¢,(T,), Vr>2

for the groups and respective representations listed in the table:

G %4
GLy, SLy Ck, natural module
Oy Ck, natural module
Spom C?™. natural module
Gy 7-dim’l irred. module
GLy, SL; | any finite dim’l simple module

R. B. Zhang Fundamental theorems of invariant theory



Relationship to usual FFT

Example: O,(C) with V =C"
>

VeV= L(261) D L(el + 62) (&) L(O),

where L(\) denotes the simple module with highest weight A.
Thus in ¢o(T2)  (t = t12),

(¥2(t) = 1)(2(t) + 1)(v2(t) =1+ n) = 0.
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Relationship to usual FFT

Example: O,(C) with V =C"
>

VeV= L(261) D L(el + 62) (&) L(O),

where L(\) denotes the simple module with highest weight A.
Thus in ¢o(T2)  (t = t12),

(¥2(t) = 1)(2(t) + 1)(v2(t) =1+ n) = 0.
» The projection operators P[\] : V ® V — L()\) are given by
(v2(t) +1)(¢h2(t) — 1 + n)

P[261] =

2n
Pler +e] = (o) - 25:%(21:; —14 n)’
Pl0] = (¥2(t) — 1)(¥2(t) +1)

n(n —2)
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> Let

s = P[2e]+ P[0] — Ple1 + €2], e = nP[0],

s = id Meseidl
r—1—1)

e = id Veexid) 1<1<r—1.
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> Let

s = P[2e]+ P[0] — Pler + €2], e = nP[0],
s = id PV eseidl ),
e = dili Veeridl ) 1<1<r-1.

» The operators s;, e satisfy the following relations:

s,-2 = id%r, sisj = sjsi, i —j| > 1,
SiSi4+1Si = Si+1SiSi+1,

e,-2 = de;, where § =dimV = n,

eieir16 = €, eiej=¢ej, |i—j|>1,
Siej = €jS; = €},

Si+1€iSi+1 = Si€j+1Si,

siej = esi, |i—j|>1

R. B. Zhang Fundamental theorems of invariant theory



» These are the same as the defining relations of the Brauer
algebra B,(9) with § = n. Thus the operators

Si, [ (1§i§r—1)
generate the representation
vy : By(n) — Endc(V®")

of B,(n) on V®" discussed earlier.
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Remarks.

v

Proof of theorem is case by case.

FFT for G, was known in a different form (due to G.
Schwartz).

v

v

For all the cases in the table except Osp,

EndU(g)(V®r) = Q;Z)r(Tr)a Vr>2.

v

The reason for turning to groups is to take care of the even
orthogonal group Oap,.
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Invariant theory of quantum groups

Questions in invariant theory make sense for all Hopf algebras, and
quantum groups in particular.

Want to develop the invariant theory for quantum groups.
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Quantum groups

Ug(g), quantum group of simple Lie algebra or gl defined over
K= (C(q%). Uq(g) is a Hopf algebra with co-multiplication

A Ug(g) — Ug(g) ® Ug(g).

Write A(x) = > x1) ® x(2) for any x € Ug(g).
If V and W are Ug(g)-modules, then Ugy(g) acts on V ®x W:

x(vew)= Zx(l)v ® X(2)W
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Example: Ugy(slp) is generated by e, f, k, k=1 with relations

kk ' =k k=1,
kek™' = g%e, kfk~' = g °f,

k — k1
ef — fe = I
q—q-
Co-multiplication
A(k)=k® k

Ale)=exk+1@e,
Alfy=fol+ktaf.

2-dimenional irreducible representation
01 00 qg o
e|—><0 0), f»—><1 0), k»—><0 q_1>.
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The universal R-matrix

Exists an invertible element R € Ugy(g) ® Ug(g) such that

RA(x) = AP(x)R, Vx € Ug(g),
(A ® id)R = Ri3R»3, (id ® A)R = Riz3R1o. (1)

Write R = ) ay ® ¢, then
Re=R®1 Rz=1®R, Rz=) 0®1af.
Equation (1) implies that R satises the celebrated Yang-Baxter

equation
R12R13R23 = Ra3Ri3Rio.
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Braid group representations

» The braid group B, on r strings is
generated by bfcl, ceey b:—L_ll subject to the standard relations

bib;+1b,' = b,'+1b,'b,'+1, b,'bj = bjb,’, if |i —_]’ > 1.
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Braid group representations

» The braid group B, on r strings is
generated by bfcl, ceey b:—L_ll subject to the standard relations

bib;+1b,' = b,'+1b,'b,'+1, b,'bj = bjb,’, if |i —_]’ > 1.
» Vg, finite dim’l Uy(g)-module of type (1,1,...,1),
R:=7R:V, 2V, — V,®V,,

where T:vwr— w®v.
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Braid group representations

» The braid group B, on r strings is
generated by bfcl, ceey b:—L_ll subject to the standard relations

bib;+1b,' = b,'+1b,'b,'+1, b,'bj = bjb,’, if |i —_]’ > 1.
» Vg, finite dim’l Uy(g)-module of type (1,1,...,1),
R:=7R:V, 2V, — V,®V,,

where T v@w = w®v.
» It follows from TRA(x) = TA%(x)R = A(x)7TR that

R € Endy,()(Vq ® Vq).
The Yang-Baxter equation

(R®idy,)(idv, ® R)(R®idy,) = (idy, ® R)(R®idy, )(idy, ® R).
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Theorem
There exists rep ¢, : B, — GL(V,) of B, defined by

wr(bi) — Ri7 \V/l,
R; = (idy,)*" ™V @ R @ (idy, )Y,

This immediately follows from the Yang-Baxter equation for K.
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Quantum group Ug(ok)

» Define algebra Ug(ok), generated by Ug(sox) and o with
02 =1 and also the following properties
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Quantum group Ug(ok)

» Define algebra Ug(ok), generated by Ug(sox) and o with
02 =1 and also the following properties

» if k =2m+ 1, then ¢ commutes with Ug(s02m+1);
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Quantum group Ug(ok)

» Define algebra Ug(ok), generated by Ug(sox) and o with
02 =1 and also the following properties

» if k =2m+ 1, then ¢ commutes with Ug(s02m+1);

> if k=2m, let Ep_1, Fm_1, k1| and Ep, Frm, ki1 be the
generators of Ug(s02m) associated with the simple roots
Om—1=€m—1—€m and oy, = €m—1 + €m. Then
0En 10" ' =E,, oFn_10"t=F,, Uk,fllo_
and o commutes with all the other generators of Ug(s025).

1 _ k$17
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Quantum group Ug(ok)

» Define algebra Ug(ok), generated by Ug(sox) and o with
02 =1 and also the following properties

» if k =2m+ 1, then ¢ commutes with Ug(s02m+1);

> if k=2m, let Ep_1, Fm_1, k1| and Ep, Frm, ki1 be the
generators of Ug(s02m) associated with the simple roots
Om—1=€m—1—€m and oy, = €m—1 + €m. Then
0En 10" ' =E,, oFn_10"t=F,, Uk,fllo_
and o commutes with all the other generators of Ug(s025).

1 _ k$17

> Let V, = K¥ be the natural module for Ug(sox). Extend it to
a Ug(0p)-module by requiring that
(i) For odd k, o acts on the highest weight vector of V, by —1;
(ii) For even k, o acts on the highest weight vector of V, by 1.
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FFTs in endomorphism algebra setting

» Consider the following cases:

Uq(g) Vg
Uq(gly), Uqg(slk) K*, natural module
Ugq(ok) K*, natural module
Uq(sp2m) K?™_ natural module
Uq(G2) 7-dim’l simple module
Ug(gly), Ug(sl2) | any finite dim'l simple module

R. B. Zhang Fundamental theorems of invariant theory



FFTs in endomorphism algebra setting

» Consider the following cases:

Uq(g) Vg
Uq(gly), Uqg(slk) K*, natural module
Ugq(ok) K*, natural module
Uq(sp2m) K?™_ natural module
Uq(G2) 7-dim’l simple module
Ug(gly), Ug(sl2) | any finite dim'l simple module

» Theorem
For the quantum groups and respective modules listed in the table,

Enqu(g)(Vc?r) = 7#r(K‘Br)'
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FFTs in endomorphism algebra setting

» Consider the following cases:

Uq(g) Vg
Uq(gly), Uqg(slk) K*, natural module
Ugq(ok) K*, natural module
Uq(sp2m) K?™_ natural module
Uq(G2) 7-dim’l simple module
Ug(gly), Ug(sl2) | any finite dim'l simple module

» Theorem
For the quantum groups and respective modules listed in the table,

Enqu(g)(Vc?r) = 7#r(K‘Br)'

» Results for the quantum groups associated with classical series
of Lie algebras were known (Jimbo, Wenzl, ...).

R. B. Zhang Fundamental theorems of invariant theory



The Hecke algebra and Ug4(gl,)

» The Hecke algebra H,(q) of type A,_1 with parameter q:

Hi(q) = KB, /3, 3= ((bi—q)(bj+q"),Vi)
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The Hecke algebra and Ug4(gl,)

» The Hecke algebra H,(q) of type A,_1 with parameter q:
Hi(q) =KB./d, 3= ((bi—q)(bi+q*)Vi)
» For Ugy(gly) with V, = Kk,

Vq ® Vq = Lq(2€1) D Lq(€1 + 62).
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The Hecke algebra and Ugy(gl,)

» The Hecke algebra H,(q) of type A,_1 with parameter q:
Hi(a) = KB,/3. 3= ((bi— a)(bi+q7).vi)
» For Ugy(gly) with V, = Kk,
Vg ® Vg = Lg(261) @ Lg(e1 + €2).
> Let P[A]: Vg ® Vg — Lg(X) be the projections. Then
R = qP[2e1] — g Ple1 + €2],

hence
(Ri—q)(Ri+q ") =0, Vi.
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A basis of H,(q): {Tw | w € Sym,}. Define

E= Y (-¢q"™T,.

weSymy i1

Hi+1(q) = Hr(q) forany r > k + 1.

Theorem

In the case of Ug(gly) with Vq = KX,

(1). the rep v, of KB, factors throught the Hecke algebra H,(q);
(2).

Endy,q,)(Ve'") = He(q) ifr <k;
Enduy, (g,)(VE") 2 Hi(q)/(E) ifr > k.
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The BMW algebra and quantum groups of o, and sp,,

The Birman-Wenzl-Murakami algebra BMW,(z, y) with
parameters z and y is generated by glﬂ, e ,g,i_ll and
e1,...,er_1, subject to the following relations:

» The braid relations for the g;:

gigi = gjgi if [i —j| >2
8igi+18 = 8i+18i€iy+1 for 1 <i<r—1,
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The BMW algebra and quantum groups of o, and sp,,

The Birman-Wenzl-Murakami algebra BMW,(z, y) with
parameters z and y is generated by glﬂ, e ,g,i_ll and
e1,...,er_1, subject to the following relations:

» The braid relations for the g;:
gigi = gjgi if li—j| >2
8igi+18i = &i+18i&i+1 for 1 <i<r—1,
» The Kauffman skein relations:

gi—g '=z(1-¢)forall i
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The BMW algebra and quantum groups of o, and sp,,

The Birman-Wenzl-Murakami algebra BMW,(z, y) with
parameters z and y is generated by glﬂ, e ,g,i_ll and
e1,...,er_1, subject to the following relations:

» The braid relations for the g;:
gigi = ggiif i —j| =2
8igi+18i = 8i+18igi+1 for L <i<r—1;
» The Kauffman skein relations:
gi—g '=z(1-¢)forall i
» The de-looping relations:
8i€i = €i8i = Yei,
eigle = yTle;
1

+1
eigi 16 =y e
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» For Ug(ok) with Vg, = K¥,
Vo @ Vg = Lg(2€1) ® Lg(e1 + €2) @ Lg(0),

where L4(0) = K.
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» For Ug(ok) with Vg, = K¥,
Vo @ Vg = Lg(2€1) ® Lg(e1 + €2) @ Lg(0),

where L4(0) = K.
> Let P[A]: Vg ® Vg — Lg(X) be the projections. Then

R = qP[2e1] — g 1P[e1 + e2] + g *F1P[0].
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» For Ug(ok) with Vg, = K¥,
Vo @ Vg = Lg(2€1) ® Lg(e1 + €2) @ Lg(0),

where L4(0) = K.
Let P[A] : Vg ® Vg — Lg(X) be the projections. Then

R = qP[2e1] — g 1P[e1 + e2] + g *F1P[0].

> Let
—k+1

Then L.
R-R1=(qg-qH)(1-e),
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Thus
g R, e (idy,)®0 Y ®ew(idy,)2 Y

is a representation of BMW,(q — q~1, g~ k*1).

Theorem
Let Vi, = K be the natural module for Uy = Ug(o).

» (1). The rep v, of KB, factors through the BMW algebra
BMW, = BMW,(q — g™, g **1).
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Thus

g — R, e (idy,)?0 Y @ e (idy, )Y

is a representation of BMW,(q — q~1, g~ k*1).

Theorem
Let Vi, = K be the natural module for Uy = Ug(o).
» (1). The rep v, of KB, factors through the BMW algebra
BMW, = BMW,(q — g™, g **1).

> (2).
Ifr <k, Enqu(Vq®’) = BMW,.
If r > k, there exists a single element ®, € BMW, such that

Endy, (VE") = BMW, /(®,).
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We have a similar result for Ug(sp,,).

Theorem
Let Vi, = K2' be the natural module for Ug = Ug(spoy).

» (1). The rep 1), of KB, factors through the BMW algebra
BMW, = BMW,(q — q~ %, g**1).

» (2). Ifr <, Enqu(Vc‘?’) = BMW,;
If r > {, there exists a single element ®; € BMW, such that

Endy, (VE") = BMW, /(®y).

Remark: We only know a formula for ® in the case of the 3-dim’l
Ug(03)-module.

R. B. Zhang Fundamental theorems of invariant theory



