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Unified treatment of FFTs old and new
Based on

G. I. Lehrer and R. B. Zhang, “Strongly multiplicity free modules for Lie
algebras and quantum groups”, J. of Algebra 306 (2006), 138–174.
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Casimir operators

I g, a simple Lie algebra or glk .
U(g), universal enveloping algebra of g.

I U(g) is a Hopf algebra with co-multiplication ∆ such that

∆(X ) = X ⊗ 1 + 1⊗ X , X ∈ g ⊂ U(g).

Let ∆(r−1) = (∆⊗ id⊗(r−2)) · · · (∆⊗ id)∆.

I C , the quadratic Casimir element in the center of U(g).
Exist bases {Xα|1 ≤ α ≤ dim g} and {X̃α|1 ≤ α ≤ dim g} of g
such that

C =
∑
α

XαX̃α =
∑
α

X̃αXα.
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Let t := 1
2 (∆(C )− C ⊗ 1− 1⊗ C ).

I Then
t =

∑
α

Xα ⊗ X̃α =
∑
α

X̃α ⊗ Xα.

I Define Cij ∈ U(g)⊗r (i , j ≤ r) by

Cij =
∑
α

1⊗ · · · ⊗ 1⊗ Xα︸︷︷︸
i

⊗1⊗ · · · ⊗ 1⊗ X̃α︸︷︷︸
j

⊗1⊗ · · · ⊗ 1;

let Tr ⊂ U(g)⊗r be the subalgebra generated by all the Cij .

I For all u ∈ Tr , we have [u, ∆(r−1)(x)] = 0 for all x ∈ U(g).

Proof: It follows from [t,∆(x)] = 0 for all x ∈ U(g) that

[∆(r−1)(x),Cij ] = 0, ∀x ∈ U(g).
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Endomorphism algebras

I V , finite dimensional U(g)-module;
π : U(g)−→EndC(V ), a rep of g on V .

I Actions of various algebras on V⊗r :

I π⊗r : U(g)⊗r −→ EndC(V⊗r );
I π⊗r ◦∆(r−1) : U(g) −→ EndC(V⊗r );
I ψr := π⊗r |Tr : Tr−→EndC(V⊗r ).

I Lemma
We have ψr (Tr ) ⊆ EndU(g)(V

⊗r ).
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I G , complex Lie group with Lie algebra g.

I Υ, finite dimensional G -rep on module V . The differential
π := dΥ gives rise to a rep of the Lie algebra g.

I Theorem

EndG (V⊗r ) = ψr (Tr ), ∀r ≥ 2

for the groups and respective representations listed in the table:

G V

GLk ,SLk Ck , natural module

Ok Ck , natural module

Sp2m C2m, natural module

G2 7-dim’l irred. module

GL2,SL2 any finite dim’l simple module
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Relationship to usual FFT

Example: On(C) with V = Cn

I

V ⊗ V = L(2ε1)⊕ L(ε1 + ε2)⊕ L(0),

where L(λ) denotes the simple module with highest weight λ.
Thus in ψ2(T2) (t = t12),

(ψ2(t)− 1)(ψ2(t) + 1)(ψ2(t)− 1 + n) = 0.

I The projection operators P[λ] : V ⊗ V −→ L(λ) are given by

P[2ε1] =
(ψ2(t) + 1)(ψ2(t)− 1 + n)

2n
,

P[ε1 + ε2] = −(ψ2(t)− 1)(ψ2(t)− 1 + n)

2(n − 2)
,

P[0] =
(ψ2(t)− 1)(ψ2(t) + 1)

n(n − 2)
.
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I Let

s = P[2ε1] + P[0]− P[ε1 + ε2], e = nP[0],

si = id
⊗(i−1)
V ⊗ s ⊗ id

⊗(r−1−i)
V ,

ei = id
⊗(i−1)
V ⊗ e ⊗ id

⊗(r−1−i)
V , 1 ≤ 1 ≤ r − 1.

I The operators si , ei satisfy the following relations:

s2i = id⊗rV , si sj = sjsi , |i − j | > 1,

si si+1si = si+1si si+1,

e2i = δei , where δ = dimV = n,

eiei±1ei = ei , eiej = ejei , |i − j | > 1,

siei = ei si = ei ,

si+1ei si+1 = siei+1si ,

siej = ejsi , |i − j | > 1.
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I These are the same as the defining relations of the Brauer
algebra Br (δ) with δ = n. Thus the operators

si , ei (1 ≤ i ≤ r − 1)

generate the representation

νr : Br (n) −→ EndC(V⊗r )

of Br (n) on V⊗r discussed earlier.
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Remarks.

I Proof of theorem is case by case.

I FFT for G2 was known in a different form (due to G.
Schwartz).

I For all the cases in the table except O2m,

EndU(g)(V
⊗r ) = ψr (Tr ), ∀r ≥ 2.

I The reason for turning to groups is to take care of the even
orthogonal group O2m.

R. B. Zhang Fundamental theorems of invariant theory



Invariant theory of quantum groups

Questions in invariant theory make sense for all Hopf algebras, and
quantum groups in particular.

Want to develop the invariant theory for quantum groups.
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Quantum groups

Uq(g), quantum group of simple Lie algebra or glk defined over

K = C(q
1
2 ). Uq(g) is a Hopf algebra with co-multiplication

∆ : Uq(g) −→ Uq(g)⊗Uq(g).

Write ∆(x) =
∑

x(1) ⊗ x(2) for any x ∈ Uq(g).

If V and W are Uq(g)-modules, then Uq(g) acts on V ⊗K W :

x .(v ⊗ w) =
∑

x(1)v ⊗ x(2)w
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Example: Uq(sl2) is generated by e, f , k, k−1 with relations

kk−1 = k−1k = 1,

kek−1 = q2e, kfk−1 = q−2f ,

ef − fe =
k − k−1

q − q−1
.

Co-multiplication

∆(k) = k ⊗ k

∆(e) = e ⊗ k + 1⊗ e,

∆(f ) = f ⊗ 1 + k−1 ⊗ f .

2-dimenional irreducible representation

e 7→
(

0 1
0 0

)
, f 7→

(
0 0
1 0

)
, k 7→

(
q o
0 q−1

)
.
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The universal R-matrix

Exists an invertible element R ∈ Uq(g)⊗Uq(g) such that

R∆(x) = ∆op(x)R, ∀x ∈ Uq(g),

(∆⊗ id)R = R13R23, (id ⊗∆)R = R13R12. (1)

Write R =
∑
αt ⊗ βt , then

R12 = R ⊗ 1, R23 = 1⊗ R, R13 =
∑

αt ⊗ 1⊗ βt .

Equation (1) implies that R satises the celebrated Yang-Baxter
equation

R12R13R23 = R23R13R12.
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Braid group representations

I The braid group Br on r strings is
generated by b±11 , . . . , b±1r−1 subject to the standard relations

bibi+1bi = bi+1bibi+1, bibj = bjbi , if |i − j | > 1.

I Vq, finite dim’l Uq(g)-module of type (1, 1, . . . , 1),

Ř := τR : Vq ⊗ Vq −→ Vq ⊗ Vq,

where τ : v ⊗ w 7→ w ⊗ v .

I It follows from τR∆(x) = τ∆op(x)R = ∆(x)τR that

Ř ∈ EndUq(g)(Vq ⊗ Vq).

The Yang-Baxter equation

(Ř⊗idVq)(idVq⊗Ř)(Ř⊗idVq) = (idVq⊗Ř)(Ř⊗idVq)(idVq⊗Ř).
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R. B. Zhang Fundamental theorems of invariant theory



Theorem
There exists rep ψr : Br −→ GL(Vq) of Br defined by

ψr (bi ) = Ri , ∀i ,
Ri := (idVq)⊗(i−1) ⊗ Ř ⊗ (idVq)⊗(r−i−1).

This immediately follows from the Yang-Baxter equation for Ř.
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Quantum group Uq(ok)

I Define algebra Uq(ok), generated by Uq(sok) and σ with
σ2 = 1 and also the following properties

I if k = 2m + 1, then σ commutes with Uq(so2m+1);
I if k = 2m, let Em−1,Fm−1, k

±1
m−1 and Em,Fm, k

±1
m be the

generators of Uq(so2m) associated with the simple roots
αm−1 = εm−1 − εm and αm = εm−1 + εm. Then
σEm−1σ

−1 = Em, σFm−1σ
−1 = Fm, σk±1

m−1σ
−1 = k±1

m ,
and σ commutes with all the other generators of Uq(so2m).

I Let Vq = K k be the natural module for Uq(sok). Extend it to
a Uq(on)-module by requiring that

(i) For odd k , σ acts on the highest weight vector of Vq by −1;
(ii) For even k, σ acts on the highest weight vector of Vq by 1.
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FFTs in endomorphism algebra setting

I Consider the following cases:

Uq(g) Vq

Uq(glk),Uq(slk) K k , natural module

Uq(ok) K k , natural module

Uq(sp2m) K 2m, natural module

Uq(G2) 7-dim’l simple module

Uq(gl2),Uq(sl2) any finite dim’l simple module

I Theorem
For the quantum groups and respective modules listed in the table,

EndUq(g)(V
⊗r
q ) ∼= ψr (KBr ).

I Results for the quantum groups associated with classical series
of Lie algebras were known (Jimbo, Wenzl, ...).
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The Hecke algebra and Uq(glk)

I The Hecke algebra Hr (q) of type Ar−1 with parameter q:

Hr (q) = KBr/J, J =
(
(bi − q)(bi + q−1), ∀i

)

I For Uq(glk) with Vq = K k ,

Vq ⊗ Vq = Lq(2ε1)⊕ Lq(ε1 + ε2).

I Let P[λ] : Vq ⊗ Vq −→ Lq(λ) be the projections. Then

Ř = qP[2ε1]− q−1P[ε1 + ε2],

hence
(Ri − q)(Ri + q−1) = 0, ∀i .
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A basis of Hr (q): {Tw | w ∈ Symr}. Define

E =
∑

w∈Symk+1

(−q)−`(w)Tw .

Hk+1(q) ↪→ Hr (q) for any r ≥ k + 1.

Theorem
In the case of Uq(glk) with Vq = K k ,
(1). the rep ψr of KBr factors throught the Hecke algebra Hr (q);
(2).

EndUq(glk )
(V⊗rq ) ∼= Hr (q) if r ≤ k ;

EndUq(glk )
(V⊗rq ) ∼= Hr (q)/(E ) if r > k .
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The BMW algebra and quantum groups of ok and sp2`

The Birman-Wenzl-Murakami algebra BMWr (z , y) with
parameters z and y is generated by g±11 , . . . , g±1r−1 and
e1, . . . , er−1, subject to the following relations:

I The braid relations for the gi :

gigj = gjgi if |i − j | ≥ 2

gigi+1gi = gi+1gigi+1 for 1 ≤ i ≤ r − 1;

I The Kauffman skein relations:

gi − g−1i = z(1− ei ) for all i ;

I The de-looping relations:

giei = eigi = yei ;

eig
±1
i−1ei = y∓1ei ;

eig
±1
i+1ei = y∓1ei .
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The BMW algebra and quantum groups of ok and sp2`

The Birman-Wenzl-Murakami algebra BMWr (z , y) with
parameters z and y is generated by g±11 , . . . , g±1r−1 and
e1, . . . , er−1, subject to the following relations:

I The braid relations for the gi :
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I For Uq(ok) with Vq = K k ,

Vq ⊗ Vq = Lq(2ε1)⊕ Lq(ε1 + ε2)⊕ Lq(0),

where Lq(0) = K .

I Let P[λ] : Vq ⊗ Vq −→ Lq(λ) be the projections. Then

Ř = qP[2ε1]− q−1P[ε1 + ε2] + q−k+1P[0].

I Let

e = DqP[0] with Dq = 1 +
qk−1 − q−k+1

q − q−1
.

Then
Ř − Ř−1 = (q − q−1)(1− e),

Ře = eŘ = q−k+1e.
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Thus

gi 7→ Ri , ei 7→ (idVq)⊗(i−1) ⊗ e ⊗ (idVq)⊗(r−i−1)

is a representation of BMWr (q − q−1, q−k+1).

Theorem
Let Vq = K k be the natural module for Uq = Uq(ok).

I (1). The rep ψr of KBr factors through the BMW algebra
BMWr = BMWr (q − q−1, q−k+1).

I (2).
If r ≤ k, EndUq(V⊗rq ) = BMWr .
If r > k, there exists a single element Φq ∈ BMWr such that

EndUq(V⊗rq ) = BMWr/(Φq).
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We have a similar result for Uq(sp2`).

Theorem
Let Vq = K 2` be the natural module for Uq = Uq(sp2`).

I (1). The rep ψr of KBr factors through the BMW algebra
BMWr = BMWr (q − q−1, q2`+1).

I (2). If r ≤ `, EndUq(V⊗rq ) = BMWr ;
If r > `, there exists a single element Φq ∈ BMWr such that

EndUq(V⊗rq ) = BMWr/(Φq).

Remark: We only know a formula for Φq in the case of the 3-dim’l
Uq(o3)-module.
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