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Motivation

Fukaya categories are the most powerful categorical modern invariants
of symplectic manifolds, they are named after Kenji Fukaya who
introduced the A∞ language in the context of Morse homology.

Kontsevich in 1994 formulated homological mirror symmetry
conjecture, which states that for a closed symplectic Calabi-Yau
manifold W (i.e. closed symplectic manifold with c1 = 0), its Fukaya
category Fuk(M) is derived equivalent to the category of coherent
sheaves on its mirror.

There is a version of Fukaya categories for symplectic manifolds
cylindrical at infinity. They are called wrapped Fukaya categories
WFuk(W ). They were introduced by Abouzaid and Seidel, and
WFuk(M) replaces Fuk(M) in the homological mirror symmetry
conjecture for such manifolds.
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Weinstein manifold

A Weinstein manifold is a triple (W , θ, f ) such that

(i) W is an even-dimensional manifold without boundary,

(ii) θ ∈ Ω1(W ): dθ is a symplectic form (i.e. it is closed and
non-degenerate) and Liouville vector field L defined by iLdθ = θ is
complete,

(iii) f is a proper Morse function on W which is Lyapunov for L, i.e.
df (L) ≥ c ||L||2 for a positive constant c and some Riemannian metric
on W .

f gives rise to the handle decomposition of W which is compatible
with the symplectic structure (Weinstein handle decomposition). We
assume that f has only finite number of critical points, in this case
(W , θ, f ) is said to be of finite type.

f has critical points of degree ≤ n. Handles which correspond to the
critical points of index < n are called subcritical, and the handles
which correspond to the critical points of index n are called critical.
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Cores, cocores and Lagrangian skeleton

We can present W as a union of a subcritical domain W subcrit , which
consists of subcritical handles, and a union of critical handles Hi , i.e.
W = W subcrit ∪ H1 ∪ · · · ∪ Hm.

If Hi corresponds to the critical point pi , then core Ci of Hi is
Ci = Desc(pi ), the cocore Di of Hi is Di = Asc(pi ).

The Lagrangian skeleton W sk is an attractor of a negative Liouville
flow, i.e. W sk :=

⋂
t>0

φ−tL (W ).

Example (T ∗S1, pdq)

W sk = C = 0S1

D = T ∗q S
1
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Main Result

Theorem (Chantraine-Dimlitroglou Rizell-Ghiggini-G)

If (W , θ, f ) is a 2n-dimensional Weinstein manifold of finite type, then its
wrapped Fukaya category WFuk(W , θ) is generated by the Lagrangian
cocore planes of the index n critical points of f .

What was known?

Ritter, W = W subcrit .

Abouzaid, WFuk(T ∗M, pdq) is generated by T ∗qM.

Auroux, n=1, split-generation.

Ekholm-Bourgeois-Eliashberg, strategy to get split-generation.

Pfeiffer-Smadja, used strategy of Ekholm-Bourgeois-Eliashberg in
some special cases.

Ganatra-Pardon-Shende, announced strategy to get split-generation
using localization properties of arboreal Lagrangian skeleta.
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Wrapped Floer theory I

Consider a Weinstein manifold (W , θ) and two exact Lagrangian
submanifolds L0 and L1 such that Li |(∂W×(1,∞),d(erα)) = Λi × (1,∞),

Λi is a Legendrian submanifold of (∂W , α := θ|∂W ), i = 0, 1. Li s are
called exact Lagrangian fillings.

Take a Hamiltonian function H ∈ C∞([0, 1]×W ,R) which leads to
the Hamiltonian vector field defined by iXH

dθ = dH and H = r2 on
∂W × (1,∞), where r is a coordinate on (1,∞).

1 r

∂W

W

L1

φ1
XH

(L0)
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Wrapped Floer theory II

CW (L0, L1) is a Z2-vector space generated by the time 1 trajectories
of the flow of XH which start on L0 and end on L1. Take two such
trajectories γ−, γ+.

Take an almost complex structure J on W , i.e. J ∈ End(TW ):
J2 = −id , gJ = dθ(·, J·) is a Riemannian metric.

Define MJ(γ+, γ−). Consider u : R× [0, 1]→W , where s is a
coordinate on R and t is a coordinate on [0, 1], such that

∂u
∂s + J(t, u)(∂u

∂t − XH(t, u)) = 0,
u(s, 0) ∈ L0, u(s, 1) ∈ L1,
E (u) =

∫
u∗dθ <∞,

when s → ±∞, the strip is asymptotic to γ±.

Define < ∂γ+, γ− >= #MJ(γ+, γ−)/R for dimMJ(γ+, γ−) = 1.

H(CW (L0, L1), ∂) is called wrapped Floer homology, and it is a
Hamiltonian isotopy invariant.
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Wrapped Fukaya category

Given a Weinstein manifold of finite type, define its wrapped Fukaya
category WFuk(W ).

Objects of WFuk(W ) are exact Lagrangian fillings.
HomWFuk(W )(L0, L1) := CW (L0, L1).

Wrapped Fukaya category is an A∞ category, where
µk : CW (Lk−1, Lk)⊗ · · · ⊗ CW (L0, L1)→ CW (L0, Lk) such that
< µk(ak ⊗· · ·⊗ a1), b > is given by the count of pseudoholomorphic curves

a1ak

b

L0L1L2Lk

Recall the A∞ equations:

k∑
l=1

k−l∑
j=0

(−1)j+deg(p1)+···+deg(pj )µk+1−l(ak ⊗ · · · ⊗ aj+l+1⊗

µl(aj+l ⊗ · · · ⊗ aj+1)⊗ aj ⊗ · · · ⊗ a1) = 0
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Generation

Unfortunately WFuk(W ) is not necessarily a triangulated category.

One can use Yoneda lemma to embedded it into triangulated category
of modules, but there is a smaller A∞ triangulated category, which is
called the category of twisted complexes Tw(WFuk(W )), and there
is a full and faithful functor WFuk(W )→ Tw(WFuk(W )).

Definition

The objects G1, . . . ,Gr are said to generate the A∞ -category A if, in
Tw(A), every object of A is quasi-isomorphic to a twisted complex
built from copies of G1, . . . ,Gr . ( In other terms, every object of A
can be obtained from G1, . . . ,Gr by taking iterated mapping cones.)

The objects G1, . . . ,Gr are said to split-generate A if every object of
A is quasi-isomorphic to a direct summand in a twisted complex built
from copies of G1, ...,Gr .
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Strategy

The strategy is based on the following claims:

If an exact Lagrangian filling L ⊂ (W , θ) does not intersect W sk ,
then L is Floer homologically trivial.

One can assume that L intersects W sk only in finite number of points
{a1, . . . , ak} and these points are intersections with cores ai ∈ L ∩ Ci .

Take Di through ai and then using Polterovich surgery start resolving
intersection point ai (of L ∩ Di ).

In order for strategy to work one needs to show that surgery on
unobstructed Lagrangians leads to unobstructed Lagrangians, and
that the intersection points correspond to cycles in the corresponding
Floer complexes.

Each resolution/surgery corresponds to taking the mapping cone.
After all resolutions (that should be done carefully following certain
iterative procedure) we get Floer homologically trivial object, and
then the result follows from homological algebra.
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Seidel’s Conjecture

As a corollary, we get the following result, which is a conjecture of Paul
Seidel.

Corollary

The open-closed map

OC : HH∗(WF (W , θ),WF (W , θ))→ SH∗(W )

is an isomorphism. Here HH∗ denotes Hochschild homology and SH∗

denotes symplectic cohomology.
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Thank you for your attention!
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