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2d CFTs with boundary

o conformally invariant QFTs on Riemann surfaces with boundaries (UHP)

— world-sheet description of D-branes in (super)string theory
— impurities, defects, point-contacts, ...in condensed matter

@ boundary states: preserve 1/2 of bulk conformal symmetry
(Lo~ L-0)IB) =0

asymptotic states in the full-plane CFT Hilbert space

@ solution: Ishibashi states |V;)) in 1-1 correspondence with spinless bulk primaries
1B) =&’ IVi)

@ consistency on genus 0 and 1: Cardy-Lewellen sewing conditions
— constraints on gl.B and other bulk-boundary and boundary couplings
— genus one (Cardy)

(B)_ c L1 (H) F(H) e
ZAB(q):Tr,H(B)qLO z = (B|gztto "tho —13)|A)

where (1) = q(—1/7)
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Boundary states for free bosons

@ D compactified free bosons, o' =1, w e Ak € N*, kpr = k+w

_ 1 h=h
20(9.9) = 7 ~p q'q,
In(q)[P WeAZk:E,\*
where h = ki /4, h = k3 /4

@ not rational — impose additional 1(1)-symmetry
Uy +9Q"52,)IB) =0

such that Q*,Q",g”° = g"”. Gives Dp branes with U(1) fluxes.

o closed string theory: |B)) sources closed string fields — effective actions
o energy density:

Eg(x,X) o /dkoefk°X° > (k, w; K°|odG0| B @ NOY) ik X +iw-X
weN, keEN*

- Z <k, W||B>>eik~x+iw-5€

weN, keN*
e.g. Epo(x, %) o« gpo 6P (x — xo)

@ open string theory: dynamics of open string excitations described by boundary fields
and BCCOs
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1(1)-breaking branes and exotic solutions of OSFT

o there are branes with (j&* + Q*,j” )| B)) # 0: in general we need only
(Lo —T_)IB) = 0.

— e.g. SU(2) marginal deformations of ¢ =1 circle at R = (m/n)Rs.q.
mDO branes — nD1 branes
solution: organise primaries into SU(2) multiplets (Gaberdiel et al.)

@ exotic solutions of tachyon condensation in bosonic OSFT: branes wrapping A
root-lattice compactification (M. Kudrna)
— KK modes on D2 brane o
— stretched strings in a system of two DO branes (or D0-DO in 1IB)
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Rationalizing free boson CFTs

o strategy: extend Vin, by higher-spin bosonic currents, such that Aexs = {W*(z2) | k}
is rational and A, = {j*(z)|p=1,...,D} & Acxt

o typically Aext = A1 @ A2 @ ... D Ay, N finite, Ak unitary rational chiral algebras,
s.t. Ax D Virne = {Tk(z)} with ¢, = D = Zk Ck

o it follows that

Ho= P Mz (He ©...0HE) @ (F © ... 0 Hiy)

i

multiindices i = (i, ..., in) and 7= (71, ...,7n) run over the irreducible modules of
the unitary algebras Ay, Moo = 1, M modular invariant over Acxt @ Aext.
Equivalently

Zv(q,3) = in(q)xi(q) X (@) M %8 (8)X5,(G) - - - X (G) -

0 Acxt ® Aext primaries

Wsi (Z’(Wa VT/)

(z — w) +O0l(z —w) ™,

Wy (2) p(w, W) =

@ works only at isolated points in bulk moduli space
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Boundary states in RCFTs

o (unitary) rational chiral algebra A = {Wi(z) | k}, modular S-matrix S;; &
modular-invariant mass matrix Mj; give RCFT R = (A, Miz) with

Zn(q,8) = Y x(a)MaxX7(@).
iTET(A)
@ gluing conditions

W, - (-1)"law_,)|B) = 0
such that (L, — L_,)|B) =0, let £,(R) = {i € Z(A) |i = w(i™)}
@ can classify all fundamental independent boundary states for fixed w (BPPZ, 1998):
have Zag(q) = 32, ma® x7* with n; € Mate_|(Z>0)

n,-nj = E NU Ny

keZ(A)

— need to find NIM-reps of fusion algebra, then

niAB Z U (wi\) WB
W JEEW
with |B) =37,c¢ \/_%_ i.e. v are S|mu|taneous ON eigenvectors of n;,°

o if &, =Z, then wil‘ = Su; with n,® = N, ® (Cardy branes)

J. Vo¥mera 11(1)-breaking branes from minimal models January 16, 2018



Toy example I: ¢ =1 at R = v2d/

o take Acxt = {T1(2), Ta(2)} = Vir™z & Virz, where
Ta(s) = =3 J(E)() (NP 4 )
@ torus partition function
Zo(q:d) = Doxo+xyx1l*+ Ixoxy +xaxol® + 2z x|’

o gluing conditions

[(L12)n — (Lr2)=a]liNia =0, [(L12)n — (L2,1)=n]li))= =0,

(a) R=+2. (b) R=1/v2.
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Toy example II: St/Z, orbifold at R = 2o/

@ project onto fields even under X — —X: Ti(z) are even — Acx: survives; need to
modify mass matrix to reflect emergence of twisted sectors

@ untwisted sector
N 2 2 2 2 2
Zu(9,) = Ixoxol” +Ixyxal” + Ixoxs "+ Ixgxol” + Ix g x o ”-

With Zow, = Zu + S(Za) + TS(Zu) — Z gives
2
N 2 2 2
Zorb(q7 q) - (|X0| + |X%| + |X%6| ) .

— Ising?
@ boundary states

o id automorphism type: 4 fractional DOs, 4 fractional D1s, 1 bulk DO
o 7 automorphism type: 2 bulk DOs, 1 bulk DO

correspond to 9 Cardy branes and 3 permutation branes of Ising?

8
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A root-lattice at R = v/2a/: chiral algebras

6
@ smallest possible extension Aext = W3 69 )/V2 253 (check: 2 = % + g)

C:A . i .
® have W; *® = {Tg (2), W% (z)} with (here a; simple roots, b’ fund. weights)

Ti(z) = —%[:ﬁf:+:ff:—icos(2ai-XL)]

Wile) = R TP + V6 Z j)cos(2ar Xl
o akso Wi = {Ty(2), Wy (2), U (2)} = WS U{UE(2)} with (w = &7 )

Ts(2) = —g[: it A +3 iCOS(%f - Xu)l,

wis) = 10 faﬁwfeg(b'ﬁﬂsin(zaf-xL)]:.

Utz = f{r(ﬂxiff:*i“ﬂil)cos(2af-xL),
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A root-lattice at R = v/2a/: chiral algebras

6
. =8
@ chiral algebra W, ,3 indeed closes:

2Uf(w)  OUf(w)
Ug:(Z)Ug:(W) (ZiW)2+ ZS—W +O[(Z_W)O]v
2T (w) OTs(w) 45y We (w)
Ué(Z)U%_(W) - ;{(z—g,w)“—’—5 (z—EW)2 ziw * :—5w }

+0[(z - w)°],

=6 . L . =8
° W 23 has equivalent description in terms parafermion W 23 = 2 ((3))22 with currents

¢%7i(z) o sin(a;j - X)

=4 P
for i =1,2,3, while Wi ® =~ ﬁa“((f)); with currents

% (2) o Z eZIb XL, 7 w’r (2) o Z —2ibf Xy,
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A root-lattice at R = +v/2a/: partition function

@ denote by 1i(1) the rational gaussian model {j*(z), eﬁ""”i‘XL} on A lattice
_ u(1)3 _1(1)3
Z(g.a)= >, xmMEx
k,kEN* /2N
. T(1)3 2 N
with X:( )Z(q) = ﬁ > pean g% for k € A* /2N
@ it can be shown that

(1) = su(3)1@su(3):  su(3)2  su(3)1 @ su(3):
2= ol == =
_ _ u(1); u(1); 5u(3)2
with branching rules 4 b 4 b
a3 W, Wa 23 Wy ° W53
Xo = Xoo Xoo  TXzy Xzg o
, , 2, 3
=2 =8 =4 =8
G e ° XW2'2’53 s waz, 3
b 5 Ea {5, 278 M
=4 =8 =4 =
a1 Wi 2 W53 Wi 5 Wh3
Xaj = Xoo X1, TXzg X1y s
3 Hi & 100N
-6 4 _6
=% c= c=32 c=
Xﬁ(l)% _ XW3 sz,z 5y XW3 > XW2,253
1 - 1 3 2
+2b L.+aX3o 2,58 10,0
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As root-lattice at R = v/2a/: larger extensions

_6 _6
@ can form larger extensions by embeddings, e.g. W2C253 D W; °

_6 6 6 6
=5 c=¢ c=¢ c=¢
Waai Wy °® wy ° wy ®
Xo,0 = Xoo tXo4ey TX2, 6y
_6 _6 _6 _6
s =3 =3 =5
2,2,3 Ws Wy Wy
X3 = X3 + X3 + Xs y
370 5o+ 57 370
6 6
=3 c=2
XW2'2’3 _ XW3 >
1 - 1
100N 190
_6 6
=35 c=32
sz,z,a X"Vs >
1w 10

similarly we have
c:% =1 =L
o W, ,3DVir "2 @ Virt"10
4

4 _a
° W3C 5 D Vir"s
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As root-lattice at R = v/2a/: boundary states

_s 8
@ admissible gluing automorphisms for Wzig OW,,3
5
[(Ws)o+ Qs (W)_IB) = O
[(We)n+Qs(Wse)-0][B) = 0
(V) - Qg(vg)ﬂ]uB» =0

with Qs € {+1,-1}, Qg € {+1,-1}, OF = e**5" for k=0,1,2

— these correspond to the 12 elements of Ds acting on the compactification lattice
@ brane spectrum

DO  D2(+3) D2(+1) D2(0) DIs(0,+%) DI1,(0,£%F)
©D0  @D2(+3) D2(+1) ¢D2(0) ¢D1s(0,+2%) DIy (0,+%F)

where @-branes can be obtained by fusing %—Potts’ topological defect onto their
partner Dp-branes

1++5

tension of p-brane = 5 X tension of Dp brane

=2 —0 . .
@ can compute boundary states in terms of W ° @ W26253 Ishibashi states

J. Vo¥mera 11(1)-breaking branes from minimal models January 16, 2018 13 /16



D0 equals honeycomb!

e to draw profiles, need to express Wi = DW; 55 23 Ishlbashl states in terms of Vin,
Ishibashi states and read of coefficients in front of [k, w)
@ can compare coefficients of DO with numerical solution of OSFT for tachyon
condensation on D2 (M. Kudrna)
S Ey E, Ea[ E,i Eb1+2b2
OSFT (lev 14) 1.618030 1.61812 -0.61800 0.5008 0.125 -0.240
RCFT (decimal) 1.618034 1.61803 -0.61803 0.5000 0.127 -0.245

RCFT (exact) —”2‘/5 —Hz‘/g 1’2‘/5 : 3’6‘/3 73’?/5

— honeycomb solution matches with ¢DO!
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Summary, discussion and outlook

o for ¢ > 1, free boson CFT admits boundary conditions which break the 1i(1)-current
symmetry

@ these can be found as solitonic solutions (tachyon lumps) in OSFT on various open
string backgrounds

@ corresponding boundary states can be computed analytically at certain points in
bulk moduli space by rationalizing Vin,

@ existence of honeycomb state known already to Yi & Kane, 1997 (bdy RG flows)
and Affleck, Oshikawa, Saleur, 2000 (boundary embedding, fusion)

o extensions of Vin, by minimal model Virasoros known already to Dong, Li, Mason,
Norton, 1996 (Niemeier lattices, Moonshine module)

@ improve energy profiles: calculate higher (possibly all) harmonics

@ find boundary structure constants: open string interpretation?

@ higher dimensional compactifications: n — 1 = raPk(Ag) bosonf on roPt—Iattice of
§=A,D,E give Acxi = P§ @ W(g)", W(g)' = % and Py = %2 For

a()s?

g = su(n) obtain PI"™ S ViP @ Virt® ... @ Virt.
o generalize to 0A/0OB or 11A/1IB superstring
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Thank you!
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