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Renormalization Group Fixed Points

UV

IR

high energy limit UV complete QFT

low energy limit any QFT

β(λ) =
∂λ

∂ lnµ
= 0

scale

conformal

Weyl
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Scale vs. Conformal vs. Weyl

scale

conformal

Weyl

proven in d = 2

perturbative proof, non-perturbative arguments in d = 4

perturbative proof in d = 6

proof in d = 2

nothing in higher dimensions (until now)
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Conformal vs. Weyl Transformations

Conformal

coordinate transformation

x → f (x)

gµν → e2σ̂(x)gµν

∇µ∇ν σ̂ = 0

Weyl

metric transformation1

gµν → e2σ(x)gµν

σ = arbitrary

1
taken from D. Tong, arXiv:0908.0333
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Invariance

δgµν = 2σgµν , Tµν =
−2√
−g

δS

δgµν
, δS =

∫
ddx
√
−g σT

Conformal

∇µ∇ν σ̂ = 0

T = ∇µ∇νLµν

Weyl

σ = arbitrary

T = 0
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Invariance

δgµν = 2σgµν , Tµν =
−2√
−g

δS

δgµν
, δS =

∫
ddx
√
−g σT

Conformal

∇µ∇ν σ̂ = 0⇒ T = ∇µ∇νLµν

Improvement:

∆S =

∫
ddx
√
−g
(
ξRL + ξ′RµνL

µν
)

Weyl

σ = arbitrary⇒ T = 0
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Invariance

δgµν = 2σgµν , Tµν =
−2√
−g

δS

δgµν
, δS =

∫
ddx
√
−g σT

Conformal

∇µ∇ν σ̂ = 0

T = 0 (flat space)

Weyl

σ = arbitrary

T = 0 (curved space)

?
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Counterexamples (Karananas, Monin arXiv:1510.08042)

L =
1

2
φ�kφ

always conformal in flat space

cannot be coupled to gµν in Weyl inv’t way for even d ,
d < 2k

k = 1→ always okay
k = 2→ doesn’t work for d = 2
k = 3→ doesn’t work for d = 2, 4
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Counterexamples (Karananas, Monin arXiv:1510.08042)

L =
1

2
φ�kφ

always conformal in flat space

cannot be coupled to gµν in Weyl inv’t way for even d , d < 2k

Unitarity bounds on operator dimensions:

∆φ ≥
d − 2

2
vs. ∆φ =

d − 2k

2

models violate unitarity unless k = 1
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Method

T = 0 in flat space

T = ? in curved space → rule out

∝ R,Rµν , · · ·
unitarity: ∆ ≥ ∆min

T = RX + RµνY
µν +∇µRZµ + · · ·

∆X ≥
d − 2

2
, ∆Y ≥ d or d − 2, ∆Z ≥ d − 1

Kara Farnsworth Weyl vs. Conformal, arXiv:1702.07079



Introduction
Conformal vs. Weyl

Counterexamples
Conformal + Unitarity = Weyl

Conclusion

Method

T = RX

+ R�Y1 + Rµν∇µ∇νY2 +∇µR∇µY3 + �RY4

+ R2Y5 + R2
µνY6 + R2

µνρσY7

+ · · ·

d < 6

d < 10

d ≥ 10

X , Yi are primary scalars
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d < 6

T = RX

can define X using: ∆S =

∫
ddx
√
−gρXX

T = RX : operator statement
actually redundancy in definition of sources(

δgµν
δ

δgµν
+ δρX

δ

δρX

)
Weff [gµν , ρX ] = 0

δgµν = 2σgµν , δρX = σR

⇒ T = RX
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d < 6

if: δσWeff ≡
(
δgµν

δ

δgµν
+ δρX

δ

δρX

)
Weff = 0

then we should also have

[δσ1 , δσ2 ]Weff = 0

we get: [δσ1 , δσ2 ] gµν = 0

[δσ1 , δσ2 ] ρX = 2(d − 1) (σ1�σ2 − σ2�σ1)

arbitrary
⇒ X = 0

T = 0→Weyl Invariant! (d < 6)
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Conclusions

shown for d < 6:

conformal in flat space + unitarity = Weyl in curved space

in paper: go up to d = 10

in paper: look at operator transformations

similar arguments: generally transform canonically
can have “anomalous” transformations:

δσO = −σ∆O + σW 2
µνρσA

future: rule these out
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Thank you!

Kara Farnsworth Weyl vs. Conformal, arXiv:1702.07079


	Introduction
	Conformal vs. Weyl
	Counterexamples
	Conformal + Unitarity = Weyl
	Conclusion

