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Knot table :
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Mathematical definition
z

A knot is a smooth
embedding

Stake R

There is a
space of

knots '

K
.

@ ±

Knot tables list elements in

To ( J< ) =

isohpy classes of knots
.

A knot Invariant is a math
. object associated

to a knot that does not
change

under isotropy .

3
a

• knot complement R ~ KCS )
, up

to honeom
.

,

3

• knot
group
:= T± ( IR

- k ) .

It comes with

a Wirtinger presentation for each diagram for K



theorem :

[ Gordon -

Licked
: Knots are classified by their group

!

[ Haken- Henion ] : Knot
groups

are

classifiable

. f
( lfairgoerftp.}

. >Homatfnikhs, ) @
To get numerical invariants

, we can fix G and let

IN

FIGCK
)

:=
# Hon ( at( R

'

' k )
, G) / conjugation

= # flat G - connections
BY

G

on
1123 - k / isomorphism

= # classical solutions of
Chern - Simons '

functional@ aye equiv



Quantization

More Interesting are the
quantum

CS - invariants
,

where we perform a Feynman integral over

.es#
,,

a

ale connections :

Csa
,
,lK)

= f Try ( hotelA)et da

Ve Rep (G) A/g

Physicists [ Axelrod - Singer ,
Altschuler - Freidel

, ... ... ]

know how to make this integral precise by
a

per tnrbctive expansion ( around the
trivial

connection ) .

Math
.

contributions by ( Bott
- Tarbes

,
D. Thurston

,
Poirier

,
. . ... ]



Configuration space integrals
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in
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e.
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,
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, E) isom .

• vertices edgesn=6n

:=
I . v( F) = - X( Pus

'

)

integral over configuration space
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CSG
,
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( k ) = !1! Autt

FIPCKTWPCGHEQh

Feynman
diagrams F of

degn
Wp ( G. v ) is the usual Feynman weight , given

by contracting
the

following tensors :

s .
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> Endlv )
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g
: q*@ Vov* •
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Miracle 1 :

modulo the
"

anomaly "%,
v

( k

)n
is an isotropy invariant

Miracle 2 : Z ( k ) :=E AuttFIPCK ) . [ IT
n

pofdegw
Is also an

isotropy
invariant when considered in

AQ
, =

Q . linear

combinationsaacobi

. relations
n of Feynman diagrams

of degree in

1
Goal for next 2 lectures :

Explain a

geometric meaning

of this version of the [ a. b) = a. b - b. a

"

Kontsevich Integral
"

Z ( k )
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To (d) =

Jsotopy classes of knots 2 previous table

¥fQ
, =

Q - linear combinations

w
of Feynman diagrams T

,

of degree
n

✓
WCG ,v ) if

Yi
Ya .

& Q

CS ( k ) Zoo ( k ) =

3g
.

^ :*
.

- E.
^ 8. •

•
•

e As
G. V 6 sQuestion

: What do these Invariants measure
geometrically

?

Question 2 : How non - trivial are these CS - invariants ?

E

Question 3 : Are there Integer versions in

Antffayhnneaangg
?

Q 3 is
open ,

one approach in Lecture 3
. Today Ql ,Q2"i



Thin
.

: Jfk and K
'

co bound

an
embedded

[ Conant - T
. , capped grope of degree n In § then

Bar - Natan .

Garonfalich 's - Z
~

( k ) = Z
a

( K

'

)
D. Thurston ]

< 1 <

Abstract
gropes

are the following

types
of 2- complexes :

2in
dont

'
⇐ duet F#g ¥04

-

-

degree = 2 deg=3. ,
deg

= 4
... ...

gf
Y - ×

,

it measures of;nY] . [ file "I(×Kq( xku ,

where the lower central series is [G

Gan
,
]= : Gay

.



Def .

: A (capped)

gropecobordism

between

K
,

K
'

:

541123
is a ( capped ) embedded grope

Y - .R3 with 2Y= K # Kl
.

Write Kzk
'

.

Example : A Seifert surface for K
gives

a

deg 2
grope

cobordisn from K to the uueuot U
.

T Y K U Note that a

Kµ^§T§Edgycap for a band in Y exists

1.c- -
Il -

⇐ the bad is unknottedna
and untwisted

.

Question : How to construct higher degree grope
abortions ?



A shortcut : Capped

gropes

in
1123

from trees

u

U
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=
.

/
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•
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- |
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'

12 isotropy
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€t@ *

⇒Ey§¥¥
¥:p:L

,

÷DIµ



⇒ Capped

gropes
of higher degree are

obtained

by
induction from trees

u attached to a knot :

deg
4

•

⇐#µ€F§aps
• • E=k f)atDu÷

km
.

: rktuw are finitelygenerated abelian groups

ouaut - T
. ] The

grope filtration is ( under

#)
.

Def .

:
... . .

E Que Gu :={Kek/ Knew } a- .

e K

Open problem : aGu = { U }
"

do Vassiliev inv
.

detect knots ?
"



grope type of Mapped ]µgrope
degree grope gropes

coborditm

2

:
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E

A : =

Q
AE >

to =Z is an

auguated

commutative ring
judecomposables are A¥A/I2

,
where I := Ker (E)

.

[ count ] : AI ⇐

¥
.

• AT ⇐ z . .

.

aid in

general ,
At is

generated by
trees and

the only relations are IHX
,

STUZ
:

Thom
.

:#
Ru : AF → Qw

: -

Gulf
.

[ Conant - T
,

Habiroi using our trees to
gropes correspocdenee

.

Tkm
.

: Zen ( Ru ( r ) ) = In eAt[ BN - G - Def
3h

and hence
At

@ Q E !1! no Q To
n
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Chern - Simons Goodwillie - Weiss
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Goodwill - Weiss calculus

Fix wfd .

M
,

N and an

embedding
OM - ON

F :

Open ( M ) →

Top ,
Ui→ Emb

,

( U
,

N ) has

Taylor approximation
. → Teet

-

> Ten F > .
... > IF > IF

^
11 11

This is the Goodwillie - Weiss towerofF > Tmmf ,N ) *

It
converges If dimmed 'mN - 3but tfdim ,k

To FM →

To TAFCM ) are isotropyinvariants.
Our main example is M= Dm

,

N - D

"

,
wheat on @

.

For m=1 on has
cosimplicial

models [ Sinha ] :

Ck

Embo ( 5
,

N ) →Strait( Sk
, Cednll)e Tee Embo ( d

,
N )

where SHE{ - 1 a- to etne .
. steel } c- CACD

"

)



- - - .

Goodwill 'e . Weiss tower : t

!1!
for the

space of f.

III.
( k )

|

EP
|

"

long
tauots

"

a

Itt
f- ;;

inIt
Emboaj ,

b) E*strata
"

, Elk )

Idea :

Approximate an Interval
•

D
:

-

•

by a finite number u of points ! u=3 :

•

> |¥#• |
to Cevu ) : it

.

( Th ) .it
.

( Tn ) are
•

It
A

eye
knot invariants .

* .

Them
.

: They factor through

%nu
,

i.e. through

[ Budney . Conant . degreein

grope
cobordism

.
koytdeffzosijnhe

]



ordisms{ ftodeuotfokof
} ⇒

> E. fibre CI
...

' I )Refinement :

degree in

[ Kosanovic -

18
exnu

✓

Shi - T . ] 22 -Tuti
Goodwill 'e - Weiss
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k
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tuesi
"

( ottotenenfidurbe) vs - quasi - Cech
Sit g(D3 )

Hilton Whitehead

⇒ to Fn
⇐

In (
↳ ) <

products =
In ± Ek

" "

where

you :=

< degw
trees as before > Free hieaeg .

EEE
On Xni . - i×nJacobi relations

•

3

or

spawned by basic words
,

Frii > [ x
,

,[ xz , # ]
Containing

all in letters
.

. root

•



The knot Invariant eTu:

The
. • To (Tn )

takes values in an unknown abelian
group

!

Tkm
.

The spectral sequence for GW - tower

[ Conant
, Tu - ' I

.

.→ .
. .

→ To converges
to it :( Tn )

Scannell - site ]
win Ejnw

±

Lun
⇐ ZM

' " "

and EI.EE?n.u/indELuys+uz=AEn
a y

←

¥r¥←

Eh .n=E

.hn/ind.Main
Conjecture : ±

o O I <
to

0

-3.1
.

←
0 :

E

0 0 0← 0
nil0000

0
> E-In - EI ,u=

Ker ( To ( I ) → To ( Tm ) )
0 0 0 0 0



Summary
: Tok

evw
1

V ~

evu

capped grope

J%
> To

Tu
iso.by Main

Conj .

aobordisw
n

ul

Ul
-

a

Gui Gn .y~
>

t.mu
± Ker ( to I→ToTµ )

u j Sm

Arational
p

EE fly amodindr,
a
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n . , I
~ - 2 V 72An. ,

=t.mumod
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mod imd
,
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.
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Conj .
[ Danica

,
Peter -

: The central
square

commutes

,
Yuqing ,

1 in part . an are all onto
.

True for

we
3

.

and CS & GW are compatible !


