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Abstract.
Ever since the Grothendieck school revolutionized algebraic geometry in the 1960s, categories

of sheaves have been central to the subject. Following the seminal work by Artin, Tate and Van
den Bergh [1], noncommutative algebraic geometry has taken their prominence to the next level
by conceiving noncommutative spaces as categories with certain algebraic generators that can
be interpreted as coordinates [4] [3]. That the resulting structures are inherently geometrical is
exemplified by their occurrence in families, that is, depending on certain parameters that can
themselves be organized into so-called moduli spaces. This key feature more generally underpins
Kontsevich’s Homological Mirror Symmetry Conjecture which revolves around a certain exchange
of associated categories for mirror manifolds [8].

In the present talk, we will discuss recent attempts to set up a corresponding deformation theory
for categorical structures modeling spaces, thus addressing infinitesimal and formal parameters.
The prime focus will be on the most relevant categorical tools in play.

We will start by reviewing the basic ideas of algebraic deformation theory in the prototypical
example of algebra deformations in relation to affine schemes, as well as an extension to certain
projective schemes which borrows ideas from topos theory [12] [16] [11].

Next, we will turn to an approach to deformations of more general schemes via prestacks [15].
More precisely, we will explain how a novel type of “box operadic” structure closely related to the
notion of a virtual double category [10] [6] can be used to endow the deformation complex of a
prestack with the desired L∞-structure [7].

Since [8], mirror symmetry has not only been demonstrated for certain noncommutative de-
formations of classical schemes [2]; it also incorporates “spaces” of a rather different nature, like
singularity categories which can be obtained as quotients of two different derived categories asso-
ciated to a single singular scheme [17]. However, algebraic deformation theory of such categories
is notoriously difficult if one uses the classical models of differential graded or A∞-categories [9].

In this light, we will present the novel conjectural model of quasi-categories in modules for this
type of categories [13], [14], which is inspired both by Joyal’s quasi-categories and by Leinster’s
up-to-homotopy monoids [10]. We will show that this model is indeed amenable to algebraic
deformation theory, and we will sketch some future prospects for the resulting theory [5].
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