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Abstract. Principal bundles have three different definitions, depending on the category of geo-
metric objects you study.

In Differential Geometry, [6] defines them as a locally trivial projection map of smooth manifolds
with an atlas whose transition maps are given by group multiplication. In Topology [7] defines
them as G-equivariantly trivial G-spaces. In Algebraic Geometry, [8] defines them as étale locally
isotrivial geometric quotients of G-varieties.

The goal of this work is to have an overarching categorical notion that recovers all of them.
While they are different objects, they all have in common that they are locally isomorphic to the
Cartesian product of a base space with a group.

In order to give a purely categorical definition of a principal bundle, we formulate this condition
in the language of join restriction categories. Restriction categories were developed in [1, 2, 3] to
generalize partial maps (maps defined only on a subset of the domain) and have since then found
applications in mathematics and computer science. Join restriction categories, as described in [5]
are restriction categories where local restrictions can be used to obtain a global map. Together
with a manifold construction inspired by [4] that allows us to glue together objects, this setup
allows the description of principal bundles entirely in the language of join-restriction categories.

Our categorical principal bundles recover the principal bundles from topology and differential
geometry and we hope to also incorporate the principal bundles from algebraic geometry as an
example of this in a carefully chosen partial map category of schemes.
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