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J\ASt oS FO(‘M )
Faci\itating o uniform study of their properties
ond the constructions they support, so too

Ao form
: Facilitating their study.

In other words, once we have accepted that
categories are important, two-dimensional

Catesoﬁes ore



Sim\larhj, the study of two-dimensional categories
(and hence merely of categories) renders the

necess itﬂ of Catesories nevitable,

4.2. REMARK. Unfortunately, we do not know of any universal property satisfied by this

construction. In particular, H-KI(X,T") is not a Kleisli object for 7" in vDbl in the sense [ C S | O]
of [Str72al; the latter would instead contain vertical Kleisli arrows. In fact, for general X

there need not even be a canonical functor X — H-KI(X, T").

» [CKSW] talk about a smooth three-dimensional structure of P ‘-S
bicategories, lax functors, modules and modulations. afl

» What is this?

els to pull back along morphisms between theories. For this, we must go beyond the
two-dimensional framework developed here to a fully three-dimensional structure en- [Lp 24]

compassing at least double categories, lax functors, lax transformations, modules, and
multimodulations. As the proper understanding of categorical logic requires at least a




It is well known that Categories, functors, and
notural troansformations assemble into a

However, it is becom'ms 'mcreasingla a‘oereciated
that this skructure s insufficient for many
concepts In cokegory theory, e.gq. )

) )

The M'\SSina puzzle piece is the notion of
, whidh oxiowmatises
between objects of different categories.



o € —+—> D between CQtesorieS
€ and D comprises, for each C<€ and DeD,

a collection of

C~D
{:osetlner with composition operations with
MOV‘P\A\SMS of € and D.
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Small categories, functors (— ), distributors (+),
and natural transformations asSemble into a (weak)

A 2-cell (left) comprises a natural Fomilg (right).
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It s well known that bicategories, Pseudo(:unctors,
pseudonatural transformations, and rmodifications

assemble into a [cPsas].

In other words, weak 2-dimensional

catesories assemble into a weak 3-dimensional
categorg.

Ana\osou.sla, we M'\S\ﬂt hope that weak 2-dimen-

Sional Catesories should assemble into a
weak 3-dimensional Cod:esorg.



A distributor between categories expresses a collection

of between objectS of two different
Catesories.

Double categories have tWo Kinds of mMorphis m.
Conseguentla’ there are

between double categories, cofresponding to two
kKinds of heteromorphism.



A between double catesories
X and Y comorises
e for each XeX and Yéy, o collection of
X~>Y

e for each X-+X' and Y-H)',' o collection of

X —t—> X

S 7 3 (plus composition)

N A—



A between double catesories
X and y comprises
o for each XeX and Ve Y, o collection of

X~—>Y

e for each X—X' and Y-—»)': o collection of

X~— VY

l ¢ L (plus composition)

xf\k\)\/



We might hope that fuactors, tight distributors,
ond loose distributors form the three kinds of
1-cell in & ° ' of weak double

categorieS. Unfortunately, this is not the case.

There does not exist a (weakly) associative
composition of distributors between double

categor 1es.



We cannot compose distributorS between double
categories. However, this is actua\lﬂ not & problem.

In fact, there exist many structures throughout
category theory that exhibit similar phenomena..

o Cospans n co.te.gorie.s
e Matrices N monoidal categories

e Distributors between categories



—W\e treatment {:or lack OF Composites is to
instead. describe o\'\rectla the fundamental structure

expressed. by Composites

This iS the Same principle at work as when one
moves from monoidal categories to multicategories.

What's more, this approach is often desirable
Composites exist, as it leads to a

de.SCfipbion of the Sstructures
"N Q,u\estion, oS well oS theic



A s like o double
Category, but in which we do not impose the

exiStence of ofr of loose
MOfPW\SMS.
Instead., we have 2-cells with domain.

O ——>0 ——30 >0 —> 0O
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\/irt\Aa\ doubl\e ca’cesories

Just as in a multicategory, we have identities
ono composite.s of multiary 2-cells.
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The virtual double ca‘tegor‘d of cate.ﬂories

Categories, Functors, distributors and natural
transformations assemble into a virtual double

cod:eso ry.

A 2-cell (left) comprises a natural F"‘"”ﬁ (right).

e f-'» é. f-z» ngi C.S P(Co,C1) X P?-(C"C’) e Ps(cz,cﬂ
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Our '\v\s'\a\nt 1s that, while double categories
do not assemble into a triple category,

double categories do assermble into a
triple cotegory, whose 1-cells are the

funckors | tight distributors, and loose
distributors.

But what exac£|3 1S a virtual triple cad:e,aonj?



CompriSeS:
1. A virtual double Categoroj

® ——>e —4+>oe —l—)ok ObjeCtS

bﬂ‘"t 1-cells J, tight 2-cell l

& loose 1-cells

2. A third collection of 1l-cells o _ 45



3. A collection of 2-cells

e —H—> o —H—> o —H> o

loose
—ﬁ -
1-cells t loose 2-cell i;

\ slack 1-cells
& A collection of 2-cells /
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Virt unal triele catejories

5. A collection of 3J-cells
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Vir{ unal triele catejorie.s

6- Composites ona, io\entities
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There is a virtual triple category
OF Virtual double Categories,



E:eFore e\a\bora’cing on our construction, let
us take a look at some conseguences.

33 restr'\ctins the virtual triple category of
virtual double categories to various
subca\tegories, we obtain rich 3-dimensional
structures that both aenerq\ise and coherently

arrange Familiar concepts N
and category tlr\eor:j



“There is a virtual {:rip\e cate.somd whose
e objects are
. tight 1-cells are
o loose 1-cells are
o Slack 1-cells are
o tis\nt 2-cells generalise
o loose 2-cells generalise

o boumdar& 2-cells are
o 3-cells generalise



“There is a virtual {:rip\e cate.somd whose
e objects are
. tight 1-cells are
o loose 1-cells are
o Slack 1-cells are
o tis\nt 2-cells generalise
o loose 2-cells generalise

o boumdar& 2-cells are
o 3-cells generalise



ln 2002, Ke.\lﬁ—LabellaL—Sc\nmitt-—Street introduced.
two 3e,nera\isa\:ions of enriched categories,

° Categor e N ‘W generalise
‘W - enriched categories.

. Categor\es N ‘W generalise
Srao\edu categones 1.e. fw enfiched cat's.

Categories graded on two sides = tight distributors.



“There is a virtual {:rip\e cate.somd whose
e objects are
o tight 1-cells are
o loose 1-cells are
o Slack 1-cells are
o tis\nt 2-cells generalise

o loose 2-cells generalise

o boumdara 2-cells generalise
o 3-cells generalise



“There is a virtual {:rip\e cate.somd whose
e objects are
. tight 1-cells are
o loose 1-cells are
o Slack 1-cells are
o tis\nt 2-cells generalise
o loose 2-cells generalise

o boumdar& 2-cells are
o 3-cells generalise



While it s strqiahtForward, to construct the virtual
double category of categories b5 hand, there is a
more elegant Construction. The key observation is
that the compesition of a category eguips it with
the structure of a in the virtual double
catesorg of and

The virtual double category of categories
and. diskributors is Mnd($?0m).



Given a virtual triple Category 3¢, there
iS a virtual triple category Mnd (3€) of
MmoNnads in .

The virtual triple category of virtual
double categories is Mnd(Eoan).



For each n <, virtual n-tuple categories
assemble into a virtwal n+1-tuple categonj.

0. Sets assemble into a ca‘teﬁort:,.
1. Categories assemble into a virtual double

cateaor(j.
y
n. Ongoing work.



o Weak double categories Ao not assemble
into a weak triple category.

o Virtual double categories Ao assemble
into a virtual triple category.

* As a conseqguence, We obtain coherent
three-dimensional structuces of rMonoidal
categories, bicategories, double categories.

. These methods conseguently are usetul
even for globular higher categories.
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Let T be a nice monad on a category ¢ . TThnere

1S & monadic adjunction C,
T-Cot &— TCf \'CQ
14l
T-CGrph
inducing a T on T-Corph

This monad is again nice, permitting the
construction to be iterated [LCICW].
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