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=what isapromonoid.
A monoid in (e,

0
,1) consists of :

- object X in 2

- morphisms XQX&X
,

IX

sit
.

(*x(XnX&/XX)x*XXI
IxQMXMQX **x An me

XQX X
> XM commute.



Aobject in category [ is a diagram

X:+ C

where It is a cofiltered category.

These form a category , Pro (e) , with

Hom (X&4) := lim colim Home (Xl
Pro(e)



Left.

1

A pa-monoid in (2
,
0

,1) is a pro-object in
The category of monoids in 2 : a pro-object X*ne
with

XiXieXi

for each itI, . .

emma inherits a monoidal structure :

4: I+ 2
,
4: Jet : pro-objects in E

X: 4:-2 : (ij) xigy
>



/

Defmonoid in 2 is a monoid in (Prole), , I%
-

a pro-object X
*

In C with pro-morphisms

XX
*

-X
:

1
:

-X
&

i.e . for each Kell
,

we have

xi*xi- x* for some isjeI

In particular, each pro-monoid (Detn1) is a pro-monoid
(Def . 2)

.



Suppose (C,
0

,1) isright-closed monoidal with

hom-objects
Map(, ) : ex- 2

Then (C
, Mapetit , I) isased

category in the sense of Eilenberg - Kelly :

Mxyz
X En Mope(F,X) Mape(X ,Y)-> Mope(Mape (4,z)

,
Mope(X,7)

-> Mope(X,X)

st
.

Mape(X,X)
I
->

↓ MXXZ ...... commute

I Mape (Mape(X,z)
,
Mape (X,z)



Proposition (Blom-C]
Suppose (C , Mape(-,t ,

1) is a closed category
which admits filtered colimits.

Then Pro (2) inherits a closed structure :

for X: In 2 ; %: -e

define Mappe(X: 7%: -C by

Map ,e(Xy := colim Map (X,y



Def
A monoid in a closed category (2 ,

Mopelit ,
F)

consists of

- an object X in [

- morphisms X-Mape(X,
X)

,

I ZX

MXXXst .

X= Mape(X ,X) - Mape (Mape(X,x) , Mepe (x,x)

i I ↓

Mape (X,X)- Mope) X , Mope(X, x))
----- commute.



Pet. 3

A pro-monoid inT is a monoid in the
-

closed structure on ProCe) : a pro-object X* With

x-> Mappole) (XiX ,

I- X
:

i
.

.e . for each Kell
,
a map

Xi- colim Mape (XiX") for some i

A pro-monoid (Defu . 2) is also a pro-monoid (Defu . 3).



E
. MotivationApplicataa res

in symmon -
cat (A,0, 4)

S
↳ (Ai , Az, .... ) with En-action on An

o : composition product

(AoB)n = partBl
E 1. . . .,n]

I : unit
sym .

seg.
if l= 1

Fe = 3 if est

Then a monoid in (2
,

0
,1) is anad in A



If A is closed sym.mon. Then
o is right-closed :

EMap(A,B)e = It (otof Maa (An ,-Ans , Be)]
El,., n3

Pefn. (Blom-2 .7
A pro-operad in t is a pro-monoid (Defu . 3)
-

in (2 , 0, 1) ,

i
.e .
a pro-symmetric sequence A

-

with
,
for each kE1 , maps

Al - clim Map (A-Are
,An") tosomet



Theorem (Blom-C .)
For any (differentiable) -category

I
,
there is

&

a pro-lo- operad be in spectra st.

& : Poly (2 , Sp)= RMod(02)
Goodwillie]

Remark Sometimes de is a pro-operad (Defu. )
-

i.e. a cofiltered diagram of operads



#I
-

Construction of closed structure on Pro (e)

For closed category C ,

there are notions of
C-enriched category , fructor , nat. Trans.

and fully faithful embeddings

e- Fung(2, e) youen (Fung(e,e) , Set)
X me Map(X ,+

(Eilenberg-Kelly , LaPlaza]



If I has filtered colimits , then Fung(e,2)
has cofiltered limits

,

so we get a canonical extension

ProCe) -> Fun
,
(2
,e)

yo 1 colim Mape(Xi-

which is still fully faithful : for Xi* Proce) :

Nate (colim Mcpe(4, -)
, colim Mape(Xi,+)

= lim Nate (Mape (4",+ , collim Mape (Xi-) = lim colim Hom
,
(xi

,45)



So we have an embedding

Pro(t) 2 Fun (Fury (2, e)
,
Set

and the closed structure on Fun (Fune (t,e) , Set)
restricts to the required closed structure on Prole
Remark
-

Monoids in ProCt) are monoids in Fung(2,e) o

( pro-monoids (Defn .3) (C-enriched comonads (
on C

Defe A module over is a coalgebra over-
-

a pro-monoid X the corresponding comonad.


