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Recognition of presheaf categories

Recognition of presheaf categories: classical results

Simplicial case:

Ordinary case:
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Recognition of presheaf categories: classical results
Simplicial case:
Ordinary case:

Theorem (M. Bunge '69 — PhD

thesis)

& is isomorphic to a presheaf
cateqgory iff it is a cocomplete
atomic regular category with a
generating set o/ of atoms.
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Recognition of presheaf categories

Recognition of presheaf categories: classical results
Simplicial case:
Ordinary case: Theorem (W.G. Dwyer and

Theorem (M. Bunge ’69 — PhD —
thesis) Let .# be a simplicial category

equipped with a set of orbits .
Then there exists a model
structure on .# Quillen
equivalent to P(0).

D. Kan ’84)

& is isomorphic to a presheaf
cateqgory iff it is a cocomplete
atomic regular category with a
generating set o/ of atoms.
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Recognition of presheaf categories: classical results
Simplicial case:
Ordinary case: Theorem (W.G. Dwyer and

Theorem (M. Bunge ’69 — PhD —
thesis) Let .# be a simplicial category

equipped with a set of orbits .
Then there exists a model
structure on .# Quillen
equivalent to P(0).

D. Kan ’84)

& is isomorphic to a presheaf
cateqgory iff it is a cocomplete
atomic regular category with a
generating set o/ of atoms.

éa ~ Setﬁop % :Q SﬁOP

Boris Chorny joint w/ D. White Homotopical recognition of diagram categories



Introduction

Recognition of presheaf categories

Recognition of presheaf categories: classical results
Simplicial case:
Ordinary case: Theorem (W.G. Dwyer and

Theorem (M. Bunge ’69 — PhD —
thesis) Let .# be a simplicial category

equipped with a set of orbits .
Then there exists a model
structure on .# Quillen
equivalent to P(0).

D. Kan ’84)

& is isomorphic to a presheaf
cateqgory iff it is a cocomplete
atomic regular category with a
generating set o/ of atoms.

éa ~ Setﬁop % :Q SﬁOP

A € & is an atom if hom(A, —)
commutes with all colimits.
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Recognition of presheaf categories

Recognition of presheaf categories: classical results

Ordinary case:

Theorem (M. Bunge '69 — PhD

thesis)

& is isomorphic to a presheaf
cateqgory iff it is a cocomplete
atomic regular category with a
generating set o/ of atoms.

& ~ Set””
A € &/ is an atom if hom(A, —)
commutes with all colimits.
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Simplicial case:

Theorem (W.G. Dwyer and

D. Kan ’84)

Let .« be a simplicial category
equipped with a set of orbits .
Then there exists a model
structure on .# Quillen
equivalent to P(0).

M ~a Sﬁop
O € O is an orbit if hom(O, —)
commutes with cellular
constructions up to homotopy.
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Recognition of presheaf categories

Bunge’s conditions: Dwyer-Kan orbits: .7 is
& cocomplete, atomic, regular equipped with a set of orbits
{Oc}teck if
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Introduction
Recognition of presheaf categories

Bunge’s conditions: Dwyer-Kan orbits: .7 is
& cocomplete, atomic, regular equipped with a set of orbits

cocomplete: & is closed under {Oe}eck if
arbitrary colimits; QO: .# is closed under arbitrary

limits and colimits;
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Introduction
Recognition of presheaf categories

Bunge’s conditions: Dwyer-Kan orbits: .7 is

& cocomplete, atomic, regular equipped with a set of orbits
{Oe}eck if

QO: . is closed under arbitrary

atomic: & has a dense limits and colimits;
subcategory <7 of universally Q1: Ve€ E,
presentable objects; (O ® K)9o — XOe

hom. p.-o. J

(Op @ L)% —— X2,

where (K < L) € Stin;

cocomplete: & is closed under
arbitrary colimits;
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Introduction
Recognition of presheaf categories

Bunge’s conditions: Dwyer-Kan orbits: .7 is
& cocomplete, atomic, regular equipped with a set of orbits
{Octeck if

cocomplete: & is closed under
arbitrary colimits; QO: .# is closed under arbitrary

atomic: & has a dense limits and colimits;

subcategory <7 of universally Q1: Ve€ E,
presentable objects; (Oy ® K)9o — XOe
dense: every object is [ hom. p.-o. J
canonically a colimit of objects
in .« . (Oo @ L)% —— X2,
where (K < L) € Stin;
Q2: Yave € E,

(colim X5)©¢ ~ colim X°;
a<a a<o
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Introduction
Recognition of presheaf categories

Bunge’s conditions: Dwyer-Kan orbits: .7 is

& cocomplete, atomic, regular equipped_with a set of orbits
cocomplete: & is closed under {Oe}ece f

arbitrary colimits; QO: .# is closed under arbitrary

atomic: & has a dense limits and colimits;

subcategory <7 of universally Q1: Ve€ E,

presentable objects; (Oy ® K)9o — XOe

dense: every objectis hom. p.-o. J

canonically a colimit of objects

in . (Oo @ L)% —— X2,

regular: & has finite limits, where (K < L) € Stin;

kernel pairs, and satisfies Q2: Vave € E,

exactness conditions like (colim Xa)oe ~ colim Xge;
a<a a<a

existence of images and the
image factorization (regular
epi-mono).

Q3: Ik : Ve € E,
(colim X5)© = colim X2.
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Theorem: (Dwyer-Kan, '84)

Theorem

Let .# be a simplicial category equipped with a set of orbits
O = {Oe¢}ece. Then .7 is a model category withf: X — Y a
W.E. or a fib if the induced map

hom(QOeg, f): hom(Oe, X) — hom(Oe, Y) is a W.E. or a fib.,
respectively. Moreover, the adjunction

—®oelnc
M 89 Inc: O A
hom(O,—)

is a Quillen equivalence if the category of presheaves is
equipped with the projective model structure.

Boris Chorny joint w/ D. White Homotopical recognition of diagram categories



Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Examples of Dwyer-Kan orbits

@ Bredon homotopy theory: .# = S¢, Og = {G/H|H < G}
Elmendorf op
O Fe——

fixed points
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Examples of Dwyer-Kan orbits

@ Bredon homotopy theory: .# = S¢, Og = {G/H|H < G}

Elmendorf op
S

fixed points

@ Relative homotopy theory: Balmer-Matthey (2004)
M=87 ¢€cP, O={R°=hom(C,—)|Ce €}~ EP

] —®(/)|HC
S/ 8% Inc: O A
hom(0,—)
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Examples of Dwyer-Kan orbits

@ Bredon homotopy theory: .# = S¢, Og = {G/H|H < G}

Elmendorf op
S

fixed points

@ Relative homotopy theory: Balmer-Matthey (2004)
M=87 ¢€cP, O={R°=hom(C,—)|Ce €}~ EP

] —®(/)|HC
S/ 8% Inc: O A
hom(0,—)

@ Farjoun-Zabrodsky orbits (1986): .# = SP, evenif D is
small, Op = {T | colimp T = %} may be large, and .# not
cofibrantly generated.
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Homotopy Atoms

Let .# be a ¥-model category, ¥ combinatorial, generated by
/'y/:{A,"—)B,'|I'€/}.

A is equipped with a set of homotopy atoms if there exists a
set of cofibrant objects # C .# such that
@ The functors {hom(T,—)| T € H} jointly reflect weak
equivalences between fibrant objects;
@ The functors {hom(T,~)| T € #} commute with homotopy
pushouts, sequential homotopy colimits, and — ® A; and
— ® B;, up to weak equivalence.
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Homotopy Atoms

Let .# be a ¥-model category, ¥ combinatorial, generated by
/'y/:{A,"—)B,'|I'€/}.

A is equipped with a set of homotopy atoms if there exists a
set of cofibrant objects # C .# such that
@ The functors {hom(T,—)| T € H} jointly reflect weak
equivalences between fibrant objects;
@ The functors {hom(T,~)| T € #} commute with homotopy
pushouts, sequential homotopy colimits, and — ® A; and
— ® B;, up to weak equivalence.

Related work: Anna Montarulli, ‘Representation theorems for
abelian and model categories’. 2023
Guillou-May ‘Enriched mod. cat. and presheaf cat.” 2010.
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

Boris Chorny joint w/ D. White Homotopical recognition of diagram categories



Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:
(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note
RM(C) = hom(T¢, M) by Yoneda.
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Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:

(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note
RM(C) = hom(T¢, M) by Yoneda.

Representable functors in proj. model str. are cofibrant.
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Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:

(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note

RM(C) = hom(T¢, M) by Yoneda.

Representable functors in proj. model str. are cofibrant.

Yoga of weighted homotopy colimits to check homotopy atoms.
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Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:

(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note

RM(C) = hom(T¢, M) by Yoneda.

Representable functors in proj. model str. are cofibrant.

Yoga of weighted homotopy colimits to check homotopy atoms.
(<) proof idea: Let € be full ¥-subcat. of .# on objects .
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:

(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note

RM(C) = hom(T¢, M) by Yoneda.

Representable functors in proj. model str. are cofibrant.

Yoga of weighted homotopy colimits to check homotopy atoms.
(<) proof idea: Let & be full ¥"-subcat. of .# on objects H. Let
BM(T) = hom(T,M)and L(—) = (-) ®4 Hwhere H: ¢ — ..
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Dwyer-Kan orbits
Homotopical recognition of diagram categories Homotopy atoms
Main recognition result

Main Theorem

Let .« be a v -model category. There exists a small ¥ -category

¢ and a Quillen equivalence R: .# ‘1 v :Liff .
may be equipped with a set of homotopy atoms.

proof idea:

(=) define H = {T¢ = L(hom(—, C) | C € €'}. Note

RM(C) = hom(T¢, M) by Yoneda.

Representable functors in proj. model str. are cofibrant.

Yoga of weighted homotopy colimits to check homotopy atoms.
(<) proof idea: Let & be full ¥"-subcat. of .# on objects H. Let
BM(T) = hom(T,M)and L(—) = (-) ®4 Hwhere H: ¢ — ..
Prove Q.E. using cellular induction.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Examples of homotopy atoms |

Example 1: Dwyer-Kan orbits in a simplicial category .# are
homotopy atoms with respect to the model structure they
induce on .Z .
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Examples of homotopy atoms |

Example 1: Dwyer-Kan orbits in a simplicial category .# are
homotopy atoms with respect to the model structure they
induce on .Z .

Example 2 (Schwede-Shipley ‘03): Let .# be a stable simplicial
model category equipped with a set of (cofibrant) compact
generators G, then the spectral category Sp>(.#) is also
equipped with a set of compact generators ¥°°G and it is
Quillen equivalent to the category of modules over a ‘ring with
several objects’ & = End(Gp)

Sp(.#) L 8p""

Then Sp>(.#) is equipped with a set of homotopy atoms.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Examples of homotopy atoms |l

Example 3: Equivariant spaces + Elmendorf’s theorem.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Examples of homotopy atoms |l

Example 3: Equivariant spaces + Elmendorf’s theorem.

Example 4: Sarah Yeakel’s isovariant homotopy theory +
isovariant EImendorf theorem (equivariant maps f: X — Y plus
equality of stabilizers Gx = Gy(x))-
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Examples of homotopy atoms |l

Example 3: Equivariant spaces + Elmendorf’s theorem.

Example 4: Sarah Yeakel’s isovariant homotopy theory +
isovariant EImendorf theorem (equivariant maps f: X — Y plus
equality of stabilizers Gx = Gy(x))-

Example 5: Gu’s model structures on diagrams of categories,
with orbit model structures.

Boris Chorny joint w/ D. White Homotopical recognition of diagram categories



Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Categories of functors (not necessarily presheaves)

Next goal: Learn to recognize functor categories of the form
/D where .+ is a combinatorial #-category and D is a small
¥ -category.

Suppose & C ./ is a full subcategory such that .4 is Quillen
equivalent to the localization of #** w.rt. a set of maps F. A
¥ -category ./ is equipped with a natural function complex in
N if M isay®™P-category andVf € FM e .4, fo Mis aw.eq.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Categories of functors (not necessarily presheaves)

Next goal: Learn to recognize functor categories of the form
/D where .+ is a combinatorial #-category and D is a small
¥ -category.

Suppose & C ./ is a full subcategory such that .4 is Quillen
equivalent to the localization of #** w.rt. a set of maps F. A
¥ -category ./ is equipped with a natural function complex in
N if M isay®™P-category andVf € FM e .4, fo Mis aw.eq.

Example: let ¥ = S., and Sp = Bousfield-Friedlander spectra =
S2P" where homgp (i, j) = §7if i < j and * otherwise. Let

& ={x(x>8%|i >0}, and S¢* < Sp is a Quillen pair that
becomes a Quillen equivalence after a left Bousfield
localization that turns homotopy pullbacks into homotopy
pushouts. Then Sp is equipped with a natural function complex
over Sp and so are categories of diagrams of spectra.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Recognition of functor categories

Suppose . is equipped with a natural function complex in
N =(¥¢*®)rand |, = {A — B; | i I} is a set of generating
cofibrations. Suppose in addition that there is a full subcategory
F C ./ such that
@ The functors {Nat(F,—)| F € #} jointly reflect weak
equivalences of fibrant objects;
@ The functors {Nat(F, =) | F € .#} commute with homotopy
pushouts, sequential homotopy colimits, and — ® A; and
— ® B;, up to weak equivalence.

The objects of .# are called homotopy ./ -atoms.

M is equipped with a set of homotopy ./ -atoms .% if and only
if .4 is Quillen equivalent to the diagram category 7.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.

fin

Notation: ¥ = S,, # = (SpS* )n-exc;
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.

fin

Notation: ¥ = 8., # = (SP°* )nexc: RSO(—) = hom(S?, -),
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.
fin

Notation: ¥ = 8., # = (SP°* )n-exc: RSO(—) = hom(S?, -),
0
F = {2\t B oot} iy
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Examples of homotopy atoms

Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.
fin

Notation: ¥ = 8., # = (SP°* )n-exc: RSO(—) = hom(S?, -),
0
F = {2\t B oot} iy

Lemma (Biedermann-Ch.-Réndigs, '07)

For homotopy functor F € Spsgn, the n-th cross-efffect may be
computed as Nat (ZC’O(/\,”:1 RS )eof F) = cr(S°,...,80).
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Examples of homotopy atoms

Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.
fin

Notation: ¥ = 8., # = (SP°* )n-exc: RSO(—) = hom(S?, -),
0
F = {2\t B oot} iy

Lemma (Biedermann-Ch.-Réndigs, '07)

For homotopy functor F € Spsgn, the n-th cross-efffect may be
computed as Nat (ZC’O(/\,”:1 RS )eof F) = cr(S°,...,80).

Goodwillie: VF, G € SpS* n-homogeneous, if f: F — G is such
that cry(f) is a weak equivalence, then f is a weak equivalence.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors |

n-excisive = ‘polynomial of degree < n’: takes strongly
cocartesian (n+ 1)-cubes to cartesian.

fln

Notation: ¥ = 8., # = (SP°* )n-exc: RSO(—) = hom(S?, -),
0
F = {Z2(N2t B oot Hir-

Lemma (Biedermann-Ch.-Réndigs, '07)

For homotopy functor F € Spsgn, the n-th cross-efffect may be
computed as Nat (ZOO(A7:1 RS )eof F) = cr(S°,...,80).

Goodwillie: VF, G € Sp®* n-homogeneous, if f: F — G is such
that cry(f) is a weak equivalence, then f is a weak equivalence.
Inductive argument, using Goodwillie’s delooping theorem
shows that {Nat(F,—)| F € .7} jointly reflect weak
equivalences of n-excisive functors.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors Il

(Spsﬂn) n-exc IS Quillen equivalent to the projective model
structure on Sp”"" .
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors Il

(Spsﬂn) n-exc IS Quillen equivalent to the projective model
structure on Sp”"" .

Notation: Let Q<p be the category of finite non-empty sets with
surjections as morphisms, and Q’SL,, is the category on the
same objects and QL (m, k) = Q<n(m, k)"
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors Il

(Spsﬂn) n-exc IS Quillen equivalent to the projective model
structure on Sp”"" .

Notation: Let Q<, be the category of finite non-empty sets with
surjections as rﬁorphisms, and Qf is the category on the
same objects and QF (m, k) = Q<n(m, k)T

Previous results: Dwyer-Rezk(unpublished), Arone-Ching ('16)
There is a Quillen equivalence Sp?<" < (Sp>* ) pexc.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors Il

(Spsgn) n-exc IS Quillen equivalent to the projective model
structure on Sp”"" .

Notation: Let Q<p be the category of finite non-empty sets with
surjections as morphisms, and Q. is the category on the
same objects and QF,(m, k) = Q<,(m, k)T

Previous results: Dwyer-Rezk(unpublished), Arone-Ching (16)
There is a Quillen equivalence Sp?<" < (Sp>* ) pexc.
Comparison of the results: There is a Dwyer-Kan equivalence
of categories Q<,(m, k)™ — .7°P, hence the equivalence of the
oo-categories of functors.
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Examples of homotopy atoms
Categories of functors (not necessarily presheaves)
Applications Classification of polynomial functors

Classification of (finitary) polynomial functors Il

(Spsgn) n-exc IS Quillen equivalent to the projective model

op
structure on Sp” .

Notation: Let Q<p be the category of finite non-empty sets with
surjections as morphisms, and Q. is the category on the
same objects and QF,(m, k) = Q<,(m, k)T

Previous results: Dwyer-Rezk(unpublished), Arone-Ching (16)
There is a Quillen equivalence Sp?<" < (Sp>* ) pexc.
Comparison of the results: There is a Dwyer-Kan equivalence
of categories Q<,(m, k)™ — .7°P, hence the equivalence of the
oo-categories of functors. But the underlying categories of
SpQEH € S-cat. and Sp’s” € S,-cat. are isomorphic, hence
carry the same model structure.
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