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Usual Algebraic Geometry on

the big site of affine schemes

Relative Algebraic Geometry
[Toén and Vaquié, 2009]
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CRing

Comm(t) (commutative monoids in )

Zaricki Site : AffSch

\ " . OP
Zarigki Site :  Affp:= Comm(€) (affines)

Schemes

€ — Schemes




» Tosn and Vaquié uged actiong of commutative monoide in € on objecte of
op

to define a Grothendieck topology on Aff,, = Comm(e) -

Microcosm Principle 3 Categorification allows Internalization

(aymmetric) Monoidal Categorieg Acteqorieg

/N AN

Vertical Categorification

(commutative) monoidg Actiong



nhework ¢+ (£,0,1) T (M, ®)
( )

Bénabou cosmos left €- actegory

B
bicomplete , ©xM —> M
cocontinuous in both arguments

Comm(t) —> M - Zaricki gi:f —> M -Schemes

A\‘\‘ﬁ = Comm(€t)

( affines)

(comm. monoids in €)



. ce Comm(®) — monad c¢c®— on M

CR®—

Mod M(c) o= M, * Eilenberg-Moore category
Cacﬁons of ¢ in M,>

0 Mod M,(C) forgettu > M,  creates limits and colimits

:> Mod () is bicomplete o(* = Extension
.
:> %020 duces ; MOdM‘(ON) 1 MOdM(b)
in Comm(€) <

Xy = Restriction



The construetion

0(,\L : > \Lo(* = extension of scalars
b —— Modﬂ(b)

defines a pseudo-functor Comm(€) > Cat

op
Notation 5 Comm(e) 2 &  ~——~ Spec(a) € Aﬁ‘t= Comm(¢)
(affine)



x:*

7 Qpec(a,)} X"\ Zariski M.-cover

Defn. ° % Spec(o;) .
el

g if viel, o: o. —> o in Comm(€) isan

M - flat + epimorphism  +  of finite type
T ;
) = ) o (%4, —) * Commie) —> Sef
MOdM(o" H MOd M(Q.\ /Comm(.e) \ ) o omm
ie left - exact preserves filtered colimits

i collectively conservative.
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¥ 3 Kf‘f\:_n} T such that {%K}KEK



2aricki M-cite 2 (Affg,Jy)  where Jy has as bagis

Zarigki M-covers for
s D8 —> }
Aff o > Spec () { Spec(o)

o [nparticular, (M_) g} = (f/ ®> recovers Toén and Vagquié’s theory.

o Jm is not always subcanonical !
Call M. to be subeanonical if JM. ig subeanonieal.



Example

cartegian monoidal category A (Digrph X 1>
of directed - graphs o

The <Digrph, X, {1.> - actegory structure on (Digrph, x) restricte under

di forgetful
et — 0 N gt — 20 S Digrh

to make Digrph into a subcanonical (Set, x, 1) - actegory.



M - scheme & Sheaf F: A, > Set w.rt Jy, which can be

“nicely covered” by representables in Sh(Aff, ,Jy ).

e
=

N,V

" zaricki M- immergion’ z %




Sch(€)y, : full subeategory of Sh(Aff, ,Jp ) consisting of
M.- schemes.

o Sch(tly <——> ShlAffe,Jy ) is closed under pullbacks, coproducts,

quotients by “nice” equivalence relations.

/yoneda\

* Al > SHAR,,Jy) ——> DSAR,)
SR

N
~ Qehle),,




Change of Base
B

/> — induces adjunctions
. an adjuncﬁon in sgmMonCatl . t ./ % of Comm’s and Affs

ax
A
e ¢ -actegory M., & -actegory N’ [not necessarily subcanonical]

B s strong monoidal = O -action on N’ restricts along & to a ¢ - action on l\ﬂ

m—

o alax € -linear functor L : N —— M



Theorem : If

® A:9D >, € preserves filtered colimits,

@ L: N > M, is congervative and left - exact,

@ a |[technical condition| holds,




then,

op
(D the functor —© B s PSh(Afly) ——> PSh(AFf, ) restricts to a

functor B! : ShAffy ,Jp ) —> Sh(AFFt,JM) which hag a
left - adjoint A, -

@ ¥ M and N are subcanonical, the left - adjoint A, restricts to a

funetor Seh(t) M > Qeh(D) N



such that the following diagram commutes upto a natural isomorphism :

A,
eh(€ )y, > Seh(D)yp
N o N
J N y
Aff, ~ > Affg
B
8

Comm(¢) > Comm(d)
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