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Motivations:

what's a doctrine in categorical logic?
what's a fragment of geometric logic?

Kan injectivity and semantic prescriptions
Syntactic categories and syntactic sites
Kock-Zoberlein doctrines on Lex
Classifying topoi and Diaconescu
Completeness theorems and open problems

From Kock-Zoberlein doctrines on Lex to Lawvererian
doctrines
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Let’s make an example
Let £ be a topos. The following are equivalent (up to retract):
& classifies an essentially algebraic theory.

For every geometric morphism f : X — ), the right Kan
extension above exists.

(Weak Kan Injectivity)

In the recent paper KZ monads and Kan Injectivity by Sousa,
Lobbia and DL this behaviour is called Weak Kan Injectivity (with
respect to a morphism f).
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Construction: The Beth (relative) pseudomonad associated
to a logic
For H a logic, consider the composition below.

e TH

lex: ——— WRInj(#)°? % LEX
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Construction: the classifying topos of an algebra

Every algebra can be equipped with a canonical structure of site,
on which we can take sheaves.

Alg(TH)m cl Topoi®P

SITESMm
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lex —< Topoi®P Topoi®P S N Topoi®P

LEX Pretopoi,,
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Definition

A logic H enjoys conceptual completeness if the 2-functor
exhibiting conceptual soundness Alg(T?)°P — WRInj(#) is in
fact 2-fully faithful.

Question
What logics H enjoy conceptual completeness?
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Toy theorem (DL-Ye): propositional boost

If a fragment of geometric logic admits a completeness theorem
over Set-models for its propositional truncation, then it admits a
completeness theorem also for its predicate version.

Achtung!

Of course this theorem ought to be true, but until recently we did
not even have the language to state (especially in categorical
language).
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