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1. Premonoidality
▶ double funny and quasi-functors,
▶ classification of binoidal structures,
▶ premonoidality vs monoidality

2. Strong double monads and Kleisli double categories
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Effectful languages

Effectful programming languages
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Premonoidality

Premonoidality

AQB↑

-

foldleg
A Bltes
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&

▶ Tensor product should only be functorial in
each argument separately

In all the settings (dimensions) a premonoidal
structure encompasses:

▶ a binoidal structure A ⋉−, −⋊B (functors) ,
▶ α−,B ,C , αA ,−,C , αA ,B ,−, λ−, ρ− (tr.),
▶ 4 pentagons + 6 triangles (modif.)

(p−,−,−,−, m−,−, l−,−, r−,−).
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Premonoidality

Premonoidality and (tensor) products

The non-coincidence

AQB↑

-

foldleg
A Bltes

4501A

&

is encoded by:

▶ funny functors (funny product)
▶ quasi-functors (Gray product).
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Funny & quasi

Double funny- and quasi-functors
double functor
F : A −→ ⟦B,C⟧

⇔ double quasi-functor H : A × B −→ C

1. (−,A) : B −→ C (B ,−) : A −→ C double functors
2.

18 BOJANA FEMIĆ

3.2. Generating lax double quasi-functors. Having in mind the definition of a
lax double functor and of JB,CK, when writing out the list of the data and relations that
determine a lax double functor F : A −→ JB,CK, one gets the following characterization
of it:

3.3. Proposition. A lax double functor F : A −→ JB,CK of double categories consists of
the following:
1. lax double functors

(−, A) : B −→ C and (B,−) : A −→ C

such that (−, A)|B = (B,−)|A = (B,A), for objects A ∈ A, B ∈ B,
2. 2-cells

(B,A) (B′, A)-(k,A)
(B′, A′)-(B′, K)

?

=

?

=(k,K)

(B,A) (B,A′)-(B,K)
(B′, A′)-(k,A′)

(B,A) (B,A′)-(B,K)

(B̃, A) (B̃, A′)-(B̃,K)?

(u,A)

?

(u,A′)(u,K)

(B,A) (B′, A)-(k,A)

(B, Ã) (B′, Ã)-(k, Ã)?

(B,U)

?

(B′, U)(k, U)

(B,A) (B,A)-=

(B, Ã)
?

(B,U)

(u, U)

(B̃, Ã) (B̃, Ã)-=?
(u, Ã)

?
(B̃, U)

(B̃, A)
?

(u,A)

in C for every 1h-cells A
K−→ A′ and B

k−→ B′ and 1v-cells A
U−→ Ã and B

u−→ B̃ which
satisfy:
• ((1B, K))

(B,A) (B,A)-=

(B,A) (B,A)-(1B, A)

(B,A′)-(B,K)

(B,A′)-(B,K)?
=

?
=(−, A)B

?
=Id(B,K)

?
=

?
=

(B,A) (B,A′)-(B,K)
(B,A′)-(1B, A

′)

(1B, K)
=

(B,A) -(B,K)
(B,A′) (B,A′)-=

?
=

?
=

?
=

(B,A) -(B,K)

(−, A′)B

(B,A′) (B,A′)-(1B, A
′)

Id(B,K)

3. satisfying 20/16/11/0 axioms
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Funny & quasi

Funny and quasi multicategories

Define ternary,..., n-ary funny/quasi-functors...,

their transf. and modif.

{ double cats fn-[A1 × · · · ×An,B] and qn-[A1 × · · · ×An,B]

{ funny multicategories quasi multicategories
multimaps: (mixed/purely) funny functors quasi-functors

{ biclosed monoidal cats (Dbl,□f ), (Dbl,□), (Dbl,⊗)
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Funny & quasi

Premonoidal double cats as (pseudo)monoids

Def. A strict premonoidal double cat. is a monoid in (Dbl,□f ).

Thm. A pseudomonoid in the monoidal 2-cat. (Dbl2,−□2−) is a premonoidal
double cat. (with a strict binoidal str. given by a funny functor and satisfying the
0 + 6 + 6 + 6 axioms).
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Classification

Classification of binoidal structures
binoidal structure (⋉,⋊) given by some H : D ×D −→ D

any generic purely funny functor

satisfying the 0 + 6 + 6 + 6 axioms mixed funny functor

“purely central” quasi-functor

K ⋉ −|k = (− ⋊ k |K )−1, U ⋉ −|u = (− ⋊ u|U)−1,

K ⋉ −|u = − ⋊ u|K , U ⋉ −|k = − ⋊ k |U

A quasi-functor (pure centrality) determines a “pure center” double cat. (Zp(D),H).

Thm. D p.c. premonoidal⇔ D monoidal. Then Zst
p (D) is monoidal.

(qn-Psst(Dn,D) � Ps(Dn,D))
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Lifting

Lifting vertical structures and relation to bicategories
Key: liftable vertical transf.

liftable vertical struct. lift to horizontal str. yield in underlying H(D)

vert. tr. σ horiz. tr. σ̂ ps. nat. tr. H(σ̂)

identity vert. modif. inv. horiz. modif. bicat. modif.
A A-=

B B-=
?

u
?
vω

A B-v̂

A B-û?
=

?
=ω̂ clear

monoidal d. cat. horizontally monoidal d. cat. monoidal bicat.
α, λ, ρ vert. tr. α̂, λ̂, ρ̂ horiz. tr. H(α̂),H(λ̂),H(ρ̂)

p,m, l, r identity vert. modif. p̂, m̂, l̂, r̂ inv. horiz. modif. H(p̂),H(m̂),H (̂l),H(r̂)
premonoidal d. cat. ⇒ premonoidal bicategory

(D, α, λ, ρ) (H(D),H(α̂),H(λ̂),H(ρ̂))

D,Zst
p (D) monoidal ⇒ H(D),Zp(H(D)) monoidal
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=

?
=ω̂ clear

monoidal d. cat. horizontally monoidal d. cat. monoidal bicat.
α, λ, ρ vert. tr. α̂, λ̂, ρ̂ horiz. tr. H(α̂),H(λ̂),H(ρ̂)

p,m, l, r identity vert. modif. p̂, m̂, l̂, r̂ inv. horiz. modif. H(p̂),H(m̂),H (̂l),H(r̂)
premonoidal d. cat. ⇒ premonoidal bicategory

(D, α, λ, ρ) (H(D),H(α̂),H(λ̂),H(ρ̂))

D,Zst
p (D) monoidal ⇒ H(D),Zp(H(D)) monoidal



Effectful languages Premonoidality (Bi)strength

Lifting

Lifting vertical structures and relation to bicategories
Key: liftable vertical transf.

liftable vertical struct. lift to horizontal str. yield in underlying H(D)

vert. tr. σ horiz. tr. σ̂ ps. nat. tr. H(σ̂)

identity vert. modif. inv. horiz. modif. bicat. modif.
A A-=

B B-=
?

u
?
vω

A B-v̂

A B-û?
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(Bi)strength

(Bi)strong double monads
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(Bi)strength

(Bi)strong double monads and actions

notion vertical horizontal
vert. tr. horiz. tr.

id. vert. modif. inv. horiz. modif.
double monadsknown

• •

strength • •

action • •

bistrength • mixed •
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(Bi)strength

Strength vs extensions * bistrength yields premonoidality

Teo. (1v)
vertic. mon. (D, α, λ, ρ) ⇒ vertic. act. D ▷Kl(T̂) ⇒ horiz. act. D̂ ▷Kl(T̂)

vertic. (T , µ, η) vertic. icon. θ horiz. icon. θ̂
vertic. strength t

extension of the
canonical action D ▷D

Teo. (1h)
horiz. mon. (D, α, λ, ρ) ⇔ extension

horiz. (S , µ, η)
horiz. strength s

Teo. (2v) vertic. mon. (D, α, λ, ρ) ⇒ Kl(T̂) is premonoidal
vertic. (T , µ, η)

bistrength (t , s,q) { αA ,B ,−, α−,B ,C
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