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General Systems Theory
· A system is a complex structure formed by

interacting component systems
· Tasks of General Systems Theory :

0 The design of complex systems
② The analysis of system behavior

③ The specification of desirable system behavior
and the analysis of its satisfaction

... all with a focus on compositionality.



Compositionality
· A system is a complex structure formed by

interacting component systems
· Focus on the compositionality of our tasks

D Modular design through interacting components
② Analysis of composite behavior in terms of

component behavior

③ Assume - Guarantee reasoning abort the satisfaction
⑳of component specs, issoming that the guarantees provided

by other interacting components are met.



Examples of Systems Theories

1 Jan Willems' Behavioral Control Theor
↑· Systems of Ordinary Diffential Egus

!
S Systems are defined as time-varying sets

o Machines & Automata of behaviors
.

· Markov decision processes
· Systems compose by sharing variable

· System "diagrams" !
o "Zooming , Tearing , Linking" ...

o Circuit diagrams
i

o Stock-Flow diagrams
· Flow Charts/Truistion Systems

&

I

o Petri Nets
L

· Hamiltonime/Lagranging
· Partial Diffential Egns

!
·



Categorical Systems Theories

-· A long history ,

but
...

-· One key example :

① Systems of ODEs interact by coupling ODE

② there is an opera (symmetric multicat) (c of interfaces and coupling laws

③ Systems of ODEs form an algebra ODE : W-> Cat
C

② Solutions of ODEs are sheaves on a site IR of time intervals

② Solving ODEs give a morphism of operal algebras : Wa-Lip
i
.e. System S / interface I Ope<Span(SU(FR)
EBehavio of S] - [Behom of 13 " maps to

③ Specification are predicates of the sheaves of behaviors

⑨The internal logic of Sh(IR) has temporal modalities



Double Operadic Systems Theory
Takeaways:

~any kind of system!

① Systems and their maps organize into algebras for
CAT-Operads (Weber)

double operads of interactions.

② Behaviors of systems are often representable
giving (lan) morphisms

Sys(c,
+)

Sys- >Span(set)-Willems' "behavioral"
Systems thony

③ Families of representables indexed bycategories of "clocks" e

land in sheaves on clocks
.

&Sys(-, -)
SyseSpan(Sh(e, i)

The internal logic of these sheaves support modalities,

giving a "temporal" logic for specifications of these systems.



Analogy with Mathematical Logic
(General)

Category Theory Model Theory Systems Theory

structure-presenp element behavior

Structuredobject model system
tured

Struc category theory theory of systems

2-monaliz2-category doctrine doctrine



Logical doctrines

· A Doctine is a 2-functor

Theory And, Model

Both 2-algebraic (Alg(t) for a 2-monad T)
,

but
· Theory is of KE-type
· Model might not be

E.g.
Coherent- >Ultracat

zex -> RFP



Doctrines of Systems Theories

· Composition of systems is via interactions
-

- interactions must be specified as part of the System theory

Gimitation-composte

SystemsTheory-2-Algebra of Systems, interacting
↓ ↓

InteractionTheory 2- Algebra for Interaction



Why is 2-algebra important?
· Suppose K is a 2-cat wo/pullbacks of discrete opfibrations

and a discrete opfibration classifierNock

Thm (Capucci-M.) : For
any Zimonal T : k+K

,

contesica along and

preserving discrete opfibrations,

then the classifying map
TM. EisD.

↓
>

Le becomes a strict
*

T-hom

Th =1
W

and it classifies Strict discrete opfibrations in Alg
**(T).

· If k = [6
, Cit]

,
then &(g) 96 + glo , Set] is an

algebra of generalized Spans Mesiti

=> representable features of systems compose as generalized spans !



2-algebra of Systems Theories

Sorts "

Gimitation-composte
and maps

between them.

E
.

g.
① Algebras for Double Operads (CAT-operads)
② Symmetric Monoidal Roose right modules of

symmetric mondial double categories.
isofibrant

↓Conjecture: The 2-categories of isofibrant & and
representable

O

are pseudo-morphisms are equivalent

↓ but not (20)k !



Symmetric Monoidal Loose Right Modules
o Double categories are pseudo-categories in Cat

Do Do
*D



Symmetric Monoidal Loose Right Modules
o Double categories are pseudo-categories in Cat

Do Do
- *

M
M >

* I
Mi
& d
m

Do

Loose right modules are right pseudo-modules



Symmetric Monoidal Loose Right Modules
o Double categories are pseudo-categories in Cat

· Loose right modules are right pseudo-modules

Quick "double barred" definition:

..... [0+13
SModDbI ↓ Loose "Walking loose arrow"

-

↓ ↓o

*->Db/
*

lModr is a cartesian 2-category .

Thm /Brown-Carlson - Libkind-M.) :

These two definitions of loose right module agree

Proof : Via percado-models of F-sketches
& new !



Symmetric Monoidal Loose Right Modules
o Double categories are pseudo-categories in Cat

· Loose right modules are right pseudo-modules

Quick "double barred" definition:

..... [0+13
SModDbI ↓ Loose "Walking loose arrow"

-

↓ ↓o

*->Db/
*

lModr is a cartesian 2-category .

Def : A symmetric monoidal loose right module is

a symmetric pseudo-monoid in &Modr



Constructing Loose Right Modules

· Loose+ -
: Dbl> Dbl + Roose give

loose hom bimodules.

Thm /Brown-Colson -Libkind-M .
) :

Restriction of loose bimodules gives a cartaican pseudo-functi

Niche i> DbI ↓ Loose

Cor: Restriction of Symmetric monoidal loose right modules

along lax symmetric monoidal double functors whose unitors and

laxitors are commuter transformations is still symmetric monoidal.
D(1,-)

-E
.g. --- - - -)1

It it res. Li
DIY D



Examples of System Doctrines (Libkino .
-M

.)

Q. "parameter setting" generalized Moore machine
Spirale-lenses

"notion of ·
E.g. t- Kensz(T-, -Moore machine

ODEs
Markov decision ProcessTangency -(ModrY Span(E,

let,cor)

"Open" Coalgebras ↓ ↓
Fib Fens-Dbl

Note: Every cortorium category has a simple fibration

Zenses in the simple fibration of a free curtain out are

directed wiring diagram
So werecover the SchultzSpirak-Vasilakopoulou algebres



Examples of System Doctrines (Libkino .
-M

.)

14 Structured
⑫ "Port-plugging Decorated Cospans (Fong ,

Bazz
,

Courser
,

Patterson
... )

E.g.
Petri Nets

once->Dospan(e)(0,
i+)

Zabel transition Systems Cat ↓ Ure-(Modr↑Stock-Flow diagim ↓ a "hypergraph double cat"
Causal Loop diagram d

ospan(Fra)
- DalCircuit diagram

Note: Cospons in free Rex categories are "undirected
wiring diagrams"

Thm /FongiSpirak) : Algebras for such cospan operade are

hypergraph categories



Specifications & Graphical Regular Logic (Clingman, - Forg ·Spiral)

Specifications compose by sharing variables,

live the behaviors of systems
mondia Pred

Thm/Siguera) : A regular hyperdoctrine Ctx- Pos corresponds to
Predi

a lay monoidal double factor Span(Etx)o ->Qt(Pos)
whose unitors + kuitis are companion commuters (equir to Frobenius

If It = (Finhto is free lex on a set of "types" T,
the

Qt(pos) (+, Predi(-)

↳
--Kospan(Fin +Tl graphicalIl

res Span((Fin +(op)op

regular
↓ Predi Logic"

Qt(Pos)-At(Pos)
Qt(Pos)(- 1 +
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