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G L-monoid

Definition

A G L-monoid is a complete lattice enriched a further binary

operation %, i.e., a triple (L, <, %) such that:

1.

* is monotone, i.e., « < f implies axv < Bxvy Va, 8,7 € L;
2. x is commutative, i.e., a*x § = f*x a Va, 5 € L;
3.

4. (L,<,x) is integral, i.e., 11 acts as the unity:

* is associative, i.e., a x (B x7y) = (a* 8) xy Vo, 8,7 € L;

axlp =aVa € L;

0z, acts as the zero element in (L, <, %), i.e.
ax07 =07 Va € L;

x is distribute over arbitrary joins, i.e.,

ax (V;8) = VjlaxBy) Ya € L,V{; | j € J} C L;
(L, <, %) is divisble, i.e., & <  implies the existence of
v € L such that a = 3 * .
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L-fuzzy category

Definition
An L-fuzzy category is a quintuple C = (Ob(C),w, M(C), i, o)
where (Ob(C), M(C), o) is a classical category and
w: Ob(C) = L, u: M(C) — L. Additionally w and p satisfy the
following conditions:

1. if f: X =Y, then pu(f) <w(X) Aw(Y);

2. u(go f) > u(g) = u(f) whenever g o f is defined;

3. ifidx: X — X is the identity morphism, then
lidx) = w(X).
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Crisp categories from fuzzy categories

Let Obo(C) = {X € Ob(C) | w(X) > a} be the set of a-objects
and M, (C) ={f € M(C) | u(f) > a} the set of a-morphisms.

Given an L-fuzzy category C = (Ob(C),w, M(C), i, ) one can
obtain a crisp category, called a threshold category, by taking
any idempotent element ¢ of L and setting

C, = (0b,(C), M,(C),0).

In the case when + = 1 = 07, we get the crisp category
C1 = (0b(C), M(C), o) which is called the (crisp) bottom frame
of C.

In the case when « = T = 1, we get the crisp category

Ct = (0b(C), M(C),0) which is called the (crisp) top frame of
C.
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Fuzzy category F'L — Set

Objects of the fuzzy category F'L — Set are L-sets, i. e. pairs
X = (X,A), where X is a crisp set and A: X — L is its fuzzy
subset. There is a morphism f € M(X,)) between X and Y,
where Y = (Y, B), if and only if the map f: X — Y satisfies
Bo f > A. The membership degrees are defined as:

w(X) = N\ A).

zeX

p(f) = w(X) Aw(d).

The top frame of this category is Set, but the bottom frame
isL, — Set.
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Functors

Definition

Let C = (0Ob(C),we, M(C), ¢, 0) and

D = (Ob(D),wp, M(D), up, o) be L-fuzzy categories and let
Fi: Ob(C) — Ob(D) and Fy: M(C) — M(D) be maps. The
quadruple F' = (C, D, F1, F») is a called a §-functor from C to D
(F': C — D) provided the following properties are satisfied:

1. fe Mc(X,Y) implies Fo(f) € Mp (F1(X), Fa(X));

2. I preserves identities, i.e, Fa(idx) = idp (x) for any
X € 0b(C);

3. F, preserves composition, i.e. Fa(go f) = Fa(g) o Fa(f)
provided the composition g o f is defined;

4. pe(f) 6 < pp(F(f)) for any f € M(C).
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L-set category

Theorem [A. Pultr, 1976]

Let Q = (L, <,%,11) be a quantale, where * is a t-norm, then
the structure (L — Set, ®, ({x},1)) is a symmetric monoidal
closed category, where ® is Cartesian product, that is matched
with the t-norm *.

7/14



Representable V-enriched functors

Representable V-enriched functor

Let C be a V-category, where V is a symmetrical monoidal
closed category. A V-enriched functor F': C — V is called
representable if there is a K € Ob(C) and a V-enriched natural
transformation n: F = C(K, —).
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Functors in threshold categories

Proposition

If F: C — D is a o-functor and ¢ is an idempotent element, then
the restriction of F' to the threshold categories Fs: C5 — Dy is a
crisp functor between the corresponding categories.

A functor F': C — D is a O-functor if and only if the restriction
of F' to the bottom frame categories F'| : C; — D, is a crisp
functor between the corresponding categories.
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Fuzzy functor representation

Suppose C = (0Ob(C),w, M(C), u,0) is a fuzzy category and
F: C — FL-Set is an a-functor and there is an a-object
K € Ob(C) and an a-natural transformation

n: F = Hom¢ (K, —).

Then for each idempotent ¢ < «
1. F,: C, — FL-Set, is a functor;
2. K € 0b(C,);
3. m,: F, = Homg, (K, —) is a natural transformation
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Fuzzy functor representation

Since C is a fuzzy category, the threshold category C, can inherit
morphism membership degrees from C.

Each morphism from Homg, (A, B) can be assigned a value from
the lattice L.

This means that if C is a locally small category, then

Homyg, (A4, B) can be considered as a hom-object from the
monoidal category L — Set.
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Fuzzy functor representation

Suppose C = (0Ob(C),w, M(C), u,0) is a fuzzy category and

F: C — FL-Set is an a-functor and there is an a-object

K € Ob(C) and an a-natural transformation

n: F' = Hom¢ (K, —). Then for each idempotent ¢ < o the
functor F, is a representable L — Set-functor when C, is viewed
as an enriched category over L — Set.
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Thank you for your attention!



