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T he douHe Ca‘l'egwy O'F relations

+he double Ca.TEgory fRel A R D S G

e A ,B,... o sefts $L o Lh o m
| . B > E > H

. £.9 ...  Tunctions al @ Lk S Ln
e R.S. ... biho.ky relations C R = ¥ > 1
&, B,... " implication

Remark

olef

RoOS (q,9_> —, HO(ED (R(Q,O‘.) A S(O(,g-))



FibYaTiOHS QS STages O‘F PV‘EOUCCCI'Q ’Og_ic

Set-theoretic —— Semantics ¢
Q"\aﬁ“'ics with o Tibration ép

sets X.,Y,... Ob)'eCTS I1,J,... in B3
functions T:X =Y, ... mOrPh}sms F:I—J, . nB
subsets PsX,@cY,. . objects P inC1 , @ in &5

L-'Fibeks ——J



Double Ca“egowes oF relations w.r.+ ¥ibm‘rions

the double category ‘-‘P\QI (Fl 53 —’B) N S

e AB,...  objectsin B £l o Lh o m
e £,9,... ' morphisms in B 3? ] ”ik g )TV‘
- AE—*D,... ; objecfs In EAxD C ‘r > F U > 1

¢« A, 3, ... . morphisms in &



Double Ca“egovies oF relations w.r.+ ¥ibmﬂons

the double category HZeI (F‘ : 2—4)3> A R D S G
e A,B,...  objects in B £l o Lh o m
o B———E ——H
. S h B
F.9, morphisms In al & Lk s L
. AE—*D een objecfs in £AxD C a > U > 1
¢« A, 3, ... . morphisms in &
P needs to have structures for 3 and = in order to define composition.

I

e|ew\eh'l'aLry existential Tibrations

* In my thesis, T write this as Bil (p).



Double Ca‘regovies oF relations w.r.t ¥ibm’rions

+he double CQTEQ_OV’Y [Rel (F‘ & —’B)
* A,B,... ° objects in B

ProPosi‘ﬁom.
e ¥,9,... VnovPlnisms in B Rel (p) is
a Carfesian equipment,.
R : .
¢« A+ D A ObJeC‘l's In EAxD
¢« A, 3, ... . morphisms in &
P needs to have structures for 3 and = in order to define composition

I

e|emeh'l'aLry existential Tibrations

* Th my thesis, T write this as Bil (p).
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-Fuchith

o8 :Flbl*'o:hOV\ ComPos]ﬂoh OTF 'FHHC.TEOP\S
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&
lp
B
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/ Functions

o Fibration > V4 composition of Functions

Vv relotions

€
P
B

with finite Pkooluc‘l's

X composition of relotions

<O

O

Virtual double cateqories



Virtual double categories

Definition . A virtual double category (vDc) D consists of
I

. . [/
= ob)'ecfs I,7,.. -vertical arrows lu, .. 'hOVIZDhTal arrows I—HK,...
J
R Rn
'(ViVTuOJ) cells Io _'l’:[' == - _"’Iv\
ul W, 11/ 'Foy h20
Jo S‘ > T,

with comPos'l'rions of vertical arrows and cells thot sa:l-iss-y some laws

Double categor-ies

Virtual double ca'regokies = | |
w/o ovbitary horizontal compos ition.

~>  Double categories == VDCs with hovizental composition.
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|<ey obsevvation

R S
X —|—>\(—l—>Z
“ N\ l In W\e\
X | A

T

yeY (R=yASy.2)) = Tlx.2z) (Vx.2)

L]



|<ey obseyvation

R S
X —|—>\(—l—>Z
\ N\ |
X | >/
T

dyeyY ( R(x.y) A S(\j,z))

R(x.y)AS(y.2) = Ti(x.2)

in Rel

=

T(x.2) (Vx.2)



L]

L]

|<ey obseyvation

R S
X —+=Y —+—/
“ N\ | in Rel
X | >/
-

yeY (R=yASy.2)) = Tlx.2z) (Vx.2)

R(xy)AS(y.z) = T(x.2) (Vx.y, z)

IS hot Mecessak\/ To dE'FiV\e vi\rTua| CGHS l



Qo virtual |

v/ functions
o Fibration /

~ P

composition of functions

with finite products relotions

&
Lp:
B

V4
X composition of relotions
V4

-

virtual cells

P\roPoSiTioV\ [N

Rel (p) is a cartesian Fibrotional vivtual double Category .
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What's the iMPorTahce?

1. This theorem jusﬂfies the idea that

L]

COmPosiﬂoh oT relations Veq_uires 3 and = .

L. ;lemewl‘avy eX}S‘I'EH‘I'ial {:i brotions are assumed

{ﬂr\e Beck-Ckeva“ey Conoli'fion
to So:fiSFy

the FPOEehius kecipkocify

Rel(p) being a cartesian equipment is enough to imply these.
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Corollaries

+ € a cotegory with finite limits ~ Sub(€)—= € : acartesion Tibrotion.

Rel(£) := Bil (Suble) = C) is a corfesian equipment

/fjo.colos(%]
& SublBY—= T is an e.e. Tibretion ¢ 7 € kegular

fa

+ Q @ a A-semilattice =7 Fom(@) — Set @ a cartesion Fibration

@-~Rel := Bil (£fa) is a cortesian equipment

[Jacobs 99]
= tg is an e.e.Fibrotion € ) &« Trame.

/




Detinitions

C

A Fibration P is cartesian if A vestriction of jc'i ls s
* B has Tinite PVOO[UCTS, and 8 =P
o all Fibers &1 have 'F'lhi‘fe PVOdUCTS A ——C

Prese\rveol by the base chamge Functors. the universal cell £ - [9 .

P is elemen-ra\ry existential (e-€) i A VDC is fibrational it it admits all
* IT is carfesian,

he b 3 g | reStrictions .

» The base change Tunctors alon

IxJ 51 2 IxJ "‘""—Aqxﬁ;;. A tibrational VDC s cartesion
have lef+ adjoints, and i+ the right adjoints below exist.

I A

* BC condition and Frobenius reciprocity D 3 1 D7+ D=xD i FUDC.

hold For these adjoints .



