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Introduction of A

Motivation: Simpson’s conjecture

o Motivation for Kock (2006) to introduce A:

o The simplex category A with degeneracies up to homotopy
o The identity coherence structure is part of the data as objects

o Motivation, in low dimension, for Paoli (2025) to study A further
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Introduction of A

Motivation: Simpson’s conjecture

o Motivation for Kock (2006) to introduce A:

o The simplex category A with degeneracies up to homotopy
o The identity coherence structure is part of the data as objects

o Motivation, in low dimension, for Paoli (2025) to study A further

Motivation: higher categories in homotopical type theories

o Construct Reedy fibrant diagrams over direct categories
o Use simplicial methods

Obstacle: A is not a direct category ~ Need a direct replacement
o Introduction of a variation of A by Kraus and Sattler (2017)
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Study via monads with arities (arXiv:2503.10963)

Joint work with Tom de Jong, Nicolai Kraus and Simona Paoli.
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Study via monads with arities (arXiv:2503.10963)

Joint work with Tom de Jong, Nicolai Kraus and Simona Paoli.

Proposition (de Jong, Kraus, Paoli, and P. 2025)

The free relative non-unital category monad on relative graphs

T : RelGraph — RelGraph is strongly cartesian (cartesian + local right adjoint),
and hence a monad with arities.
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Study via monads with arities (arXiv:2503.10963)

Joint work with Tom de Jong, Nicolai Kraus and Simona Paoli.

Proposition (de Jong, Kraus, Paoli, and P. 2025)

The free relative non-unital category monad on relative graphs

T : RelGraph — RelGraph is strongly cartesian (cartesian + local right adjoint),
and hence a monad with arities.

Theorem (de Jong, Kraus, Paoli, and P. 2025)

o The nerve functor N : RelSemiCat — é is fully faithful, and the essential
image is spanned by the presheaves satisfying (generalised) Segal conditions.

o The category A has an active-inert factorisation system (A,, A,) consisting
of distance-preserving and endpoint-preserving morphisms.

o The category A is an extentional and unital hypermoment category in the
sense of Berger 2022.
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Presentation by generators and relations (arXiv:2506.01717)

The category A can be described in terms of A as follows.

Definition (Kock 2006)

The objects are epimorphisms 7 : [n] — [m] in A and maps f : K — 7 are
commutative squares of the form:

[K] —— [n]

w| In

[l —— [m]
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Presentation by generators and relations (arXiv:2506.01717)

The category A can be described in terms of A as follows.

Definition (Kock 2006)

The objects are epimorphisms 7 : [n] — [m] in A and maps f : K — 7 are
commutative squares of the form:

[K] —— [n]

w| In

[l —— [m]

Using the simplicial cofaces and codegeneracies, we can identify 3 classes of
elementary morphisms in A:
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Presentation by generators and relations (arXiv:2506.01717)

The category A can be described in terms of A as follows.

Definition (Kock 2006)

The objects are epimorphisms 7 : [n] — [m] in A and maps f : K — 7 are
commutative squares of the form:

[K] —— [n]

w| In

[l —— [m]

Using the simplicial cofaces and codegeneracies, we can identify 3 classes of
elementary morphisms in A:

Degenerated cofaces

[m] [m]

nl Sj lbm

[n] —5= [n—=1]
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Presentation by generators and relations (arXiv:2506.01717)

The category A can be described in terms of A as follows.
Definition (Kock 2006)
The objects are epimorphisms 7 : [n] — [m] in A and maps f : K — 7 are

commutative squares of the form:

[K] —— [n]

w| In

[l —— [m]

Using the simplicial cofaces and codegeneracies, we can identify 3 classes of
elementary morphisms in A:

Degenerated cofaces Vertical cofaces
LA
[m] [m] [m—1] —— [m]
nl S lam ai,,l vi . ln
[n] —» [n—1] [n] [n]
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Presentation by generators and relations (arXiv:2506.01717)

The category A can be described in terms of A as follows.

Definition (Kock 2006)

The objects are epimorphisms 7 : [n] — [m] in A and maps f : K — 7 are
commutative squares of the form:

[K] —— [n]

w| In

[l —— [m]

Using the simplicial cofaces and codegeneracies, we can identify 3 classes of

elementary morphisms in A:

Degenerated cofaces

Vertical cofaces

Standard cofaces

[m] [m]

nl Sj lbm

[n] —5= [n—=1]

Stiéphen Pradal
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Presentation by generators and relations (arXiv:2506.01717)

The simplicial relation can be lifted via the codomain projection 7 : A — A.
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Presentation by generators and relations (arXiv:2506.01717)

The simplicial relation can be lifted via the codomain projection 7 : A — A.

SjSi = SiSj+1 i S_] S n
did; = dj;1d; i<j<n
viv = Wty i<j<m

CT2025
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Presentation by generators and relations (arXiv:2506.01717)

The simplicial relation can be lifted via the codomain projection 7 : A — A.

o — {vf“d,- G<j<m

de,' j<§,-
SjSi = SiSj+1 ISJSD s d j—g
.. ; iSi+1—ediy1 J=¢;
didj = dj41d; i<j<n Vs = ”j+ el S i
S N s >iV J#sin
viv =Ty i<j<m

sd: — d,'Sj_l i<j§n
S d;_lsj j+1l<i<n
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Presentation by generators and relations (arXiv:2506.01717)

The simplicial relation can be lifted via the codomain projection 7 : A — A.

dod = {vjﬂd,- G<j<m

de,' j<§,-
SjSi = SiSj+1 ISJSFI s d j—g
.. ; iSi+1—ediy1 J=¢;
didj = dj41d; i<j<n Vs = ”j+ el S i
S N s >iV J#sin
viv =Ty i<j<m

sd: — d,'Sj_l i<j§n
S d;_lsj j+1l<i<n

Theorem (P. 2025)

Any map in A factors uniquely up to these relations as a composition of
degenerated, vertical and standard cofaces.
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Complete fat Segal spaces (work in progress)

Let Sp = [A®P, sSetgk] be the category of A-spaces equipped with the Reedy
model structure.
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Complete fat Segal spaces (work in progress)

Let Sp = [A®P, sSetgk] be the category of A-spaces equipped with the Reedy
model structure.

Vertical condition

Left Bousfield localisation at the verti-
cal morphisms, i.e. morphisms induced
by maps k — n in A of the form

(K] —— [n]

3 In

[m] = [m]
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Complete fat Segal spaces (work in progress)

Let Sp = [A®P, sSetgk] be the category of A-spaces equipped with the Reedy
model structure.

Vertical condition

Left Bousfield localisation at the verti-
cal morphisms, i.e. morphisms induced
by maps k — n in A of the form

(K] —— [n]

3 In

[m] = [m]

Proposition

A Reedy fibrant A-space X € Sp satisfies the vertical condition if and only if it is
local w.r.t. v-horns A} — A" (k is a marked vertex of n € A).

v
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Complete fat Segal spaces (work in progress)

Let Sp = [A®P, sSetgk] be the category of A-spaces equipped with the Reedy
model structure.

Vertical condition Segal condition

Left Bousfield localisation at the verti- | Left Bousfield localisation at the spine
cal morphisms, i.e. morphisms induced | inclusions
by maps k — n in A of the form

Sp” — A",
[k — [n] | o
where the spine Sp” consists of sim-
”l l" plices f : k& — m such that the image
[m] == [m] of f : [k] — [n] is either of the form

{or {j,j+1}.

Proposition

A Reedy fibrant A-space X € Sp satisfies the vertical condition if and only if it is
local w.r.t. v-horns A} — A" (k is a marked vertex of n € A).

v
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Complete fat Segal spaces (work in progress)

A Reedy fibrant A-space X € Sa satisfies the vertical and Segal conditions if and
only if it is local w.r.t. fat horns A}l < A" (k is a marked vertex of n € A or
0 < k < length n). Call such objects fat Segal spaces.
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A Reedy fibrant A-space X € Sp satisfies the vertical and Segal conditions if and
only if it is local w.r.t. fat horns A}l < A" (k is a marked vertex of n € A or
0 < k < length n). Call such objects fat Segal spaces.

Completeness condition
A fat Segal space X is complete if the map

Equx — Map(A%, X)

is an equivalence of simplicial sets.
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Complete fat Segal spaces (work in progress)

A Reedy fibrant A-space X € Sp satisfies the vertical and Segal conditions if and
only if it is local w.r.t. fat horns A}l < A" (k is a marked vertex of n € A or
0 < k < length n). Call such objects fat Segal spaces.

Completeness condition
A fat Segal space X is complete if the map

Equx — Map(A%, X)

is an equivalence of simplicial sets.

There is a Quillen equivalence between the model category of quasi-unital
oo-categories (Harpaz 2015) and the model category of complete fat Segal spaces.
.
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Further reading:

ﬁ de Jong, Tom, Kraus, Nicolai, Paoli, Simona, and P., Stiéphen (2025). A study
of Kock's fat Delta.
@ P., Stiéphen (2025). On combinatorial aspects of fat Delta.
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For more see: https://www.stiephenpradal.com

Thank you!
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