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Lawvere Theories as Monoids

Base Category: F
Free strict cocartesian category on one object

Finite cardinals and functions

Universe of Discourse: F = SetF

Category of covariant presheaves over F
Object Classifier Topos

Substitution Monoidal Structure:

1 Fop F

F

7→1

V

Q

Y

Q×−

LanY (Q×−) = −◦Q

(F , ◦, V ) monoidal

Fiore-Plotkin-Turi (1999): Mon(F) ∼= Law
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Symmetric Operads as Monoids

Base Category: B
Free strict symmetric monoidal category on one object

Finite cardinals and bijections

Universe of Discourse: B = SetB

Category of covariant presheaves over B
Joyal’s category of combinatorial species

Subsitution Monoidal Structure:

1 Bop B

B

7→1

V

Q

Y

Q⊗−

LanY (Q⊗−) = −◦Q

(B, ◦, V ) monoidal

Kelly (2005): Mon(B) ∼= SymOp
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Towards Generalisation

Similar Constructions ⇝ Both model simultaneous substitution

What are the differences?

1. Cartesian uses × vs. Linear uses ⊗
Day convolution inherits monoidal structure of base category

Cartesian Setting: × and ⊗ coincide

2. F and B are different free monoidal structures

Other cases:

Affine ⇝ semicocartesian (Tanaka-Power (2006))

Relevant ⇝ corelevant

Restrictive in generalising further

Base categories are theories for symmetric monoidal
equational presentations
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Symmetric Monoidal Equational Presentations

Sig = (Sorts, Op, Ar : Op → Sorts∗ × Sorts) Eq

For X in SMEqP and C symmetric monoidal category

Models: Mod(X,C) Theories: Th(X)

Universal Property: Mod(X,C) ∼= SM(Th(X),C)

coModels: coMod(X,C) = Mod(X,Cop) coTheories: coTh(X)

Universal Property: coMod(X,C) ∼= SM(coTh(X),C)

coTh(X) ∼= Th(X)op

5 / 17
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Equational Presentations F and B

F: I C C,C commutative monoid

Models: Mod(F,C) = CMon(C) Theory: Th(F) = F

F coMod(F,F) SM(Fop,F) [F ,F ]

Q Q Q×− − ◦Q

∼= LanY

B: L no equations

Models: Mod(B,C) = C Theory: Th(B) = B

B coMod(B,B) SM(Bop,B) [B,B]

Q Q Q⊗− − ◦Q

∼= LanY
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General Formulation

Symmetric Monoidal Equational Presentation: X

Theory: X = Th(X)

Covariant Presheaves: X = SetX

X coMod(X,X ) SM(Xop,X ) [X ,X ]

Q Q Q⊗− − ◦Q

∼= LanY

(X , ◦, V ) monoidal

X-Operads: X-Op = Mon(X )

When is every presheaf equipped with a comodel?

Simple cases: Affine and Relevant ⇝ Day tensor

Combined cases are more involved
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Linear-Cartesian Theories
Variables may be either cartesian or linear

Linear variables may be coerced into cartesian variables

Barber (1996), Fiore (2007), Hyland-Tasson (2020)

L:
I C C,C

L

C commutative monoid

Models: Mod(L,C) = C/U where U : CMon(C) → C
Theory: L = Th(L)

Objects: (ℓ, c) ∈ N2

Morphisms:

(ℓ′, c′)

(ℓL, ℓC + c)

f

(fL,fC)
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Linear-Cartesian Theories

F

Fop F s!(Q)

L

Lop L CCr(Q) Q

ι

Y

ιop s∗ι!s

S

sop

Sop

Y

s!

CCr

⊣ ⊣

⊣

⊣

Cartesian Core: CCr(Q)(ℓ, c) =

{
Q(0, c) ℓ = 0

∅ otherwise

CCr(Q) is a commutative comonoid

The counit CCr(Q) Qε is a comodel of L

L coMod(L,L) SM(Lop,L) [L,L]

Q (ε : CCr(Q) → Q) Q⊗− − ◦Q

∼= LanY

Linear-Cartesian Operads: L-Op = Mon(L)

9 / 17
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∅ otherwise
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Full Substructural Theories

Equational Presentation: M

I C C,C

A R R,R

L

C commutative monoid
A pointed object
R commutative semigroup
Coercions commute and respect operations
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Full Substructural Theories

Theory:

coMonads on Presheaves M:

M

A R

F

⊣ ⊣

⊣

⊣ ⊣

Id

ACr RCr

CCr

ε ε

ε

θ θ

coModel:

Q

ACr(Q) RCr(Q)

CCr(Q)

ε ε

ε

θ θ

M coMod(M,M) SM(Mop,M) [M,M]
∼= LanY

Full Substructural Operads: M-Op = Mon(M)
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Superspecies

For which SMEqP does this construction work?

Superspecies: X ∈ SMEqP

Sorts + Coercions = Join semi-lattice

Coercions respect operations

Bottom element ⇝ V unit of substitution tensor

Joins ⇝ Cr core comonads

eg. N = total order on N, no operations

Graded Operad: N-Op = Mon(N )
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Bicategories of Generalised Species

So far: Only captures single-sorted theories

Fiore-Gambino-Hyland-Winskel (2008):

Bicategory of Generalised Species: Esp

Objects: Small categories

Morphisms: X → Y ⇝ functor B(X) → SetY
op

B : Cat → Cat 2-monad on Cat

B(X) = free symmetric monoidal category on X

⇝ Esp(1,1) ∼= (B, ◦, V )

Fiore-Gambino-Hyland-Winskel (2018):

Relative pseudomonads: Cartesian and Affine Settings

2-monad on Cat ⇝ Pseudomonad on Prof ⇝ Bicategory
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Linear-Cartesian 2-monad

Hyland-Tasson (2020): colax colimits of 2-monads

Universally induced by L ∈ SMEqP:

SM(L(X),C) ∼= Mod(L,CX)

L(X) intuitively:

Objects: Tuples of objects of X “tagged” with sort L or C

Morphisms: Families of morphisms of X respecting tags

Multiplication µ: Collapse tuples of tuples, coerce inner tag

Unit η: Include objects as 1-tuples with L tag

This works for any superspecies

Problem: Showing sufficient conditions to lift to Prof

Solution: Directly construct bicategory
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Bicategory of L-Esp
Objects: Small categories

Morphisms: X → Y ⇝ functor L(X) → SetY
op

Composition:
F : X → Y G : Y → Z

L(X) → SetY
op

L(Y ) → SetX
op

Y op → SetL(X) Zop → SetL(Y )

Y op L(Y )op SetL(Y ) Zop

SetL(X)

ηop

F

Y

F ♯ −◦F

G

G◦F

SM
(
L(Y )op,SetL(X)

)
∼= coMod

(
L,

(
SetL(X)

)Y
)

L-Esp arises as coKleisli category of pseudocomonad on Prof

This construction works for all superspecies
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Free-Forgetful Adjunctions

Every inclusion of equational presentations induces a
free-forgetful adjunction

SMEqP: Theories: 2-monads on Cat:

L

B F

L

B F

L

B F

Bicategories: Presheaves Monoids/Operads:

L-Esp

B-Esp F-Esp

⊣

⊣

⊣

L

B F

⊣
⊣

⊣

L-Op

SymOp Law

⊣

⊣

⊣
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Future Work

More on Superspecies

Gambino-Joyal (2014):

Bimodules Bim(E) of a bicategory E
⇝ Bim(Esp) ∼= SymMultCat symmetric multicategories

⇝ Bim(CEsp) ∼= CartMultCat cartesian multicategories

Investigate the Bim construction in other settings

⇝ Bim(L-Esp) ∼= “linear-cartesian multicategories”?

Simultaneous substitution vs. Single-variable substitution

Substitution Algebras

Fiore-Plotkin-Turi (1999): Cartesian

Fiore-R. (2025): Linear, Affine and Relevant

Investigate substitution algebras in other settings
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