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(B, 0,V) monoidal
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Day convolution inherits monoidal structure of base category
Cartesian Setting: x and ® coincide

2. F and B are different free ~ monoidal structures
Other cases:
Affine ~~ semicocartesian (Tanaka-Power (2006))
Relevant ~~ corelevant

Restrictive in generalising further

Base categories are theories for symmetric monoidal
equational presentations

4/17



Symmetric Monoidal Equational Presentations

Sig = (Sorts, Op, Ar: Op — Sorts* x Sorts) Eq

5/17



Symmetric Monoidal Equational Presentations

Sig = (Sorts, Op, Ar: Op — Sorts* x Sorts) Eq

For X in SMEqP and C symmetric monoidal category
Models: Mod(%,C) Theories: Th(X)

Universal Property: Mod(%, C) = SM(Th(X),C)

5/17



Symmetric Monoidal Equational Presentations

Sig = (Sorts, Op, Ar: Op — Sorts* x Sorts) Eq

For X in SMEqP and C symmetric monoidal category
Models: Mod(%,C) Theories: Th(X)

Universal Property: Mod(%, C) = SM(Th(X),C)

coModels: coMod(%,C) = Mod(X,C°) coTheories: coTh(X)

Universal Property: coMod (X, C) = SM(coTh(X), C)

5/17



Symmetric Monoidal Equational Presentations

Sig = (Sorts, Op, Ar: Op — Sorts* x Sorts) Eq
For X in SMEqP and C symmetric monoidal category
Models: Mod(%,C) Theories: Th(X)
Universal Property: Mod(%, C) = SM(Th(X),C)
coModels: coMod(%,C) = Mod(X,C°) coTheories: coTh(X)
Universal Property: coMod (X, C) = SM(coTh(X), C)
coTh(X) = Th(X)°P

5/17



Equational Presentations § and 8B

3 I—C+—0C,C commutative monoid

Models: Mod(§,C) = CMon(C)  Theory: Th(F) =F

6/17



Equational Presentations § and 8B

3 I—C+—0C,C commutative monoid

Models: Mod(§F,C) = CMon(C)  Theory: Th(F) =

Lany

F — coMod(§, F) —— SM(F°P, F) =2 [F, F]

Q Q) Q) —0Q

6/17



Equational Presentations § and 8B

3 I—C+—0C,C commutative monoid

Models: Mod(§F,C) = CMon(C)  Theory: Th(F) =

F e coMod(§, F) —=— SM(F°P, F) 22 [F, F]
Q Q. Q- —0Q
B: L no equations

Models: Mod(B,C) =C Theory: Th(B) =B

6/17



Equational Presentations § and 8B

S I—C+—0C,C commutative monoid

Models: Mod(§F,C) = CMon(C)  Theory: Th(F) =

Lany

F — coMod(§, F) —— SM(F°P, F) =2 [F, F]
Q » Q. Q< —0Q

B: L no equations

Models: Mod(B,C) =C Theory: Th(B) =B

Lany

B — coMod (B, B) —— SM(B°P, B) —2,
Q » Q. % —0Q

B, B]

6/17



General Formulation

Symmetric Monoidal Equational Presentation: X
Theory: X = Th(X)
Covariant Presheaves: X = Set®

7/17



General Formulation

Symmetric Monoidal Equational Presentation: X
Theory: X = Th(X)
Covariant Presheaves: X = Set®

X c-——3 coMod (X, X) —— SM(X°P, X) N (X, X
Q > Q' y Q¥ r—oQ

7/17



General Formulation

Symmetric Monoidal Equational Presentation: X
Theory: X = Th(X)
Covariant Presheaves: X = Set®

X -3 coMod (X, X) —=— SM(XP, X) 2%, [x x]

Q L Q) L Qo —0Q
(X, 0,V) monoidal
X-Operads: X-Op = Mon(X)

7/17



General Formulation

Symmetric Monoidal Equational Presentation: X
Theory: X = Th(X)
Covariant Presheaves: X = Set®

X -3 coMod (X, X) —=— SM(XP, X) 2%, [x x]

Q L Q) L Qo —0Q
(X, 0,V) monoidal
X-Operads: X-Op = Mon(X)

When is every presheaf equipped with a comodel?

7/17



General Formulation

Symmetric Monoidal Equational Presentation: X
Theory: X = Th(X)
Covariant Presheaves: X = Set®

X -3 coMod (X, X) —=— SM(XP, X) 2%, [x x]

Q L Q) L Qo —0Q
(X, 0,V) monoidal
X-Operads: X-Op = Mon(X)

When is every presheaf equipped with a comodel?

Simple cases: Affine and Relevant ~~ Day tensor

Combined cases are more involved
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For which SMEqP does this construction work?

Superspecies: X € SMEqP
Sorts + Coercions = Join semi-lattice
Coercions respect operations
Bottom element ~~ V unit of substitution tensor

Joins ~» Cr core comonads

eg. N = total order on N, no operations
Graded Operad: 91-Op = Mon(N)
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Fiore-Gambino-Hyland-Winskel (2018):
Relative pseudomonads: Cartesian and Affine Settings

2-monad on Cat ~» Pseudomonad on Prof ~~ Bicategory
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Multiplication p: Collapse tuples of tuples, coerce inner tag
Unit 7: Include objects as 1-tuples with L tag

This works for any superspecies

Problem: Showing sufficient conditions to lift to Prof

Solution: Directly construct bicategory
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