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[Clementino, Rodelo, Enriched aspects of calculus of relations and 2-permutability, J. Algebra and its Appl., 2025, 2650233]

- Aim: Study an Ord-enriched version of the (1-dimensional) Mal'tsev
property and its well-known characterisations through properties on
(internal) relations; we call them here ordinary relations

- Main features:

- Find suitable context

- Introduce notion of Ord-Mal'tsev category and obtain similar
characterisations through properties on special kinds of relations, which
are ideals

- Show that every Mal'tsev category is an Ord-Mal'tsev category, for
any Ord-enrichment

- Give examples of Ord-Mal'tsev categories which are not Mal'tsev
categories
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[Carboni, Kelly, Pedicchio, Some remarks on Maltsev and Goursat categories, Appl. Categ. Struct. 14 (1993) 385-421]

- Thm 1: C regular category. TFAE:

i) V ordinary equiv relations R,S: X—+—X, RS: X——X ordinary equiv relation
ii) V ordinary equiv relations R,S: X——X, (CP) RS = SR

(
(
(i) V ordinary effective equiv relations R,S: X——X, (CP) RS = SR
(iv) V ordinary relation D: X——Y is difunctional, i.e.

(v) V ordinary reflexive relation R: X——X is equivalence relation
(vi) V ordinary reflexive relation R: X——X s transitive
(

vii) V ordinary reflexive relation R: X——X is symmetric
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- Rem: Mal'tsev categories have been widely studied; they capture many group-like

features: homological diagram lemmas, central extensions, commutator theory, etc.
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Ord-enriched cats, ff-(mono)morphisms and so-morphisms

[Kurz, Velebil, Quasivarieties and varieties of ordered algebras: regularity and exactness, Math. Struct. Sci. 27 (2017) 1153-1194]

[Aravantinos-Sotiropoulos, The exact completion for regular categories enriched in posets, JPAA 226(7) (2022) 106885]

[Bourke, Garner, Two-dimensional regularity and exactness, J. Pure Appl. Algebra 218 (2014) 1346-1371]
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- Def: Ord-category: given C define preorder < on every C(X,Y) , preserving
f

- . a N b
(pre)composition, ie. A—>X A Y —B; f=<xg = {
N7
g
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(71, 7p) Jjointly fi-monomorphic

-f=g=1x,write Ix =1x/1x; (a1, @) €Ealx & a1 <x &

Ix plays the role of Ax ‘ from the 1-dimensional setting
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations
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- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, X'y y,y’s we have’(xR_y, X <x,y<y) = xRy
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X & Y ideal % R°: Y——X ideal
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, X'y y,y’s we have’(xR_y, X <x,y<y) = xRy

;denote R: X+ Y

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)

y

- Ex: Any comma object is an ideal f/g: X & Y A /_\
<‘5‘7Xi

flg—Y

7r1¢/ < \Lg

X—f)Z
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- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative
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- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY
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y

- Ex: Any comma object is an ideal f/g: X & Y A /_\
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)

y

- Ex: Any comma object is an ideal f/g: X & Y A /_\
<‘5‘7Xi

’(x,y)eAf/gc) fx <gy‘ flg ™y
(x*sxy<y = &K <fx<sgy<gy’ = (x',y) €af/g) ¥ mi/ A ‘Lg
X—f)Z
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)

- Ex: Any comma object is an ideal f/g: X & Y

(y) €afls & fx < gy
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)

- Ex: Any comma object is an ideal f/g: X & Y

(y) €afls & fx < gy

- Rem: Many properties of ordinary relations (for regular categories) have an

Ord-enriched version wrt relations/ideals (for quasi-regular) Ord-categories
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Relations and ideals in quasi-regular Ord-categories

- Prop 3: C quasi-regular ~» possible to compose relations and comp. is associative

- Rem: To capture more enriched features of quasi-regular Ord-categories we

consider a sort of “compatibility” property on relations

- Def: A relation R — X X Y s called an ideal when, given generalised elements

x, %', y,y’, we have’(ny, X' <x,y<y') = xRy’ |;denote R: XY

Composition of ideals is ideal; R: X &5 Y ideal = R°: Y——X ideal (Carefull)

- Ex: Any comma object is an ideal f/g: X & Y

(y) €afls & fx < gy

- Rem: Many properties of ordinary relations (for regular categories) have an

Ord-enriched version wrt relations/ideals (for quasi-regular) Ord-categories
THIS IS THE SETTING!
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y
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satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category
Proof. From (OrdD) we deduce xDy’ and uDv, since D is ideal
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category
Proof. From (OrdD) we deduce xDy’ and uDv, since D is ideal

This gives (D) x D y
u D y
u D v
x D v
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for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category

- Prop 5: C quasi-regular Ord-category. An ideal D: X &~ Y satisfies property

(OrdD) iff |D = DD*D = DD°D| [ D ideal » D° ideal
D* smallest ideal sth D° C D*
D ideal = DD°D ideal
D = DD°D is 1-dimensional difunctionality
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reflexive and transitive; it's called effective when R 22 f/f, for some f
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category

- Prop 5: C quasi-regular Ord-category. An ideal D: X &~ Y satisfies property

(OrdD) iff |D = DD*D = DD°D

Like equivalence, minus symmetry

- Def: C Ord-category. Anideal R: X 3 Y s called a congruence when it is

reflexive and transitive; it's called effective when R 22 f/f, for some f
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category

- Prop 5: C quasi-regular Ord-category. An ideal D: X &~ Y satisfies property

(OrdD) iff |D = DD*D = DD°D

Like equivalence, minus symmetry

AxCR & IxCR
- ver: {  ura-category. Anideal R: X & Y s called a congruence when it is

reflexive and transitive; it's called effective when R 22 f/f, for some f
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The Mal'tsev property in Ord-categories

- Def: C Ord-category is an Ord-Mal'tsev category when every ideal D: X &+ Y

satisfies the property (OrdD) x D y
A
u D y
A
v D v
x D v

for generalised elements x,u,u’: A — X, y,y’,v:A— Y

- Prop 4: C Mal'tsev cat = any Ord-enrichment of C is Ord-Mal'tsev category

- Prop 5: C quasi-regular Ord-category. An ideal D: X &~ Y satisfies property

(OrdD) iff |D = DD*D = DD°D

Like equivalence, minus symmetry
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reflexive and transitive; it's called effective when R 22 f/f, for some f
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Ord-enrichment of Thm 1

- Aim: We want an Ord-enriched version of
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Ord-enrichment of Thm 1

- Aim: We want an Ord-enriched version of

Thm 1: C regular category. TFAE:
i) V ordinary equiv relations R,S: X——X, RS: X——X ordinary equiv relation
ii) V ordinary equiv relations R,S: X——X, (CP) RS = SR

(
(
(i) V ordinary effective equiv relations R,S: X——X, (CP) RS = SR
(iv) V ordinary relation D: X——Y is difunctional, i,e. DD°D = D

(v) V ordinary reflexive relation R: X——X is equivalence relation
(vi) V ordinary reflexive relation R: X ——X is transitive
(vii) V ordinary reflexive relation R: X ——X is symmetric
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Thm 1: C regular category. TFAE:
i) V ordinary equiv relations R,S: X——X, RS: X——X ordinary equiv relation
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(

(

(i) V ordinary effective equiv relations R,S: X——X, (CP) RS = SR
(iv) V ordinary relation D: X——Y is difunctional, i,e. DD°D = D
(v) V ordinary reflexive relation R: X——X is equivalence relation

(vi) V ordinary reflexive relation R: X ——X is transitive

(

vii) V ordinary reflexive relation R: X ——X is symmetric

However, we can't deal with symmetry ~» no (vii) and (v)=(vi)
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Ord-enrichment of Thm 1

- Aim: We want an Ord-enriched version of

Thm 1: C regular category. TFAE:

(i) V ordinary equiv relations R,S: X——X, RS: X——X ordinary equiv relation
(ii) V ordinary equiv relations R,S: X——X, (CP) RS = SR

(i) V ordinary effective equiv relations R,S: X——X, (CP) RS = SR

(iv) V ordinary relation D: X——Y is difunctional, i,e. DD°D = D
(
(
(

v) V ordinary reflexive relation R: X——X is equivalence relation
vi) V ordinary reflexive relation R: X——X is transitive
vii) V ordinary reflexive relation R: X ——X is symmetric

However, we can't deal with symmetry ~» no (vii) and (v)=(vi)

- Thm 6: C quasi-regular Ord-category. TFAE:
(i) V congruences R,S: X & X, RS: X & X congruence
(ii) V congruences R,S: X + X, (CP) RS = SR
(iii) V effective congruences R,S: X + X, (CP) RS = SR
(iv) Videal D: X+ Y, DD*D = D (= DD°D)
(

v) V reflexive ideal R: X 9 X is a congruence

[The proof follows that of Thm 1, with the adapted calculus of relations for quasi-regular Ord-categories]
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Given (di,dx): D — X X Y ideal, f,h,h’: A— X and g,g’,k: A — Y sth

f D g
X
h D g O
vet \<[ g>/

-(f,g) €EaDand0<xf = (0,8) €a D
: <07g) < (f,g) = Va € A, 3(!)(73763) €D:

0+ .= f(a) va = f(a)
{g(a)+5,.,=g(a) = { 5. =0 = |(f(a),0) e D, Vac A

-(h',k) EaDand 0 h’ = (0,k) €EaD = (0,k(a)) € D,Vac A

- (F(a),k(@)) €D,Va€ A =

\FE=TTIX A S

‘ Mony. is an Ord-Mal’tsev category ‘
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- Ex 1: Any Ord-enrichment of a Mal'tsev category is an Ord-Mal'tsev category

- Ex 2: Mony. - category of monoids with left cancellation (a+b=a+c = b=rc)

Mon,: is not a Mal'tsev category: < in Np is not difunctional 7

but

FAC NN N
S o

5
5
7
f

X\
Define X A Y iff Vxe X,3(N)yx € Y : f(x)+ y« = g(x); denote Mon,,
~_~7
g
Note that: - yx is uniquely determined because of left cancellation

-0 f forany f: X - Y (each y, = f(x))

Mon,. is an Ord-Mal’tsev category ‘

Variations: f < g iff --- f(x) = g(x) + yx; Mon,c monoids with right cancellation
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Examples of Ord-Mal'tsev categories |l

- Ex 3: GMon - category of gregarious monoids, i.e monoids (X, +,0) sth
Vx € X,Aux,vx E X tux +x+ v =0
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GMon is not a Mal'tsev category (example of non difunctional relation given by
A. Montoli)
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- Ex 3: GMon - category of gregarious monoids, i.e monoids (X, +,0) sth
Vx € X,Aux,vx E X tux +x+ v =0
GMon is not a Mal'tsev category (example of non difunctional relation given by
A. Montoli)

Define fxg iff Vx € X,3(Nyx €Y : f(x)+yx =g(x)
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Examples of Ord-Mal'tsev categories |l

- Ex 3: GMon - category of gregarious monoids, i.e monoids (X, +,0) sth

Vx €
GMon is n( f D g / \
o (0,g)
Define f < h D k (frg)
~ 0=<F, \ /

GMon iz - (f,8) €a D = (f(a),g(a)) e D,Vae A
‘EluaaVaEA:ua+a+Va=0

-(f,g) €EaDand 0= f = (0,8) €Ea D =>
= (0,8(va)); (0,8(va)) € D, Va € A

- (0,g(ua)) + (f(a),g(a)) + (0,g(va)) = (f(a),0) € D| Va€ D
- Similar proof as before ~~
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- Ex 3: GMon - category of gregarious monoids, i.e monoids (X, +,0) sth
Vx € X,Aux,vx E X tux +x+ v =0
GMon is not a Mal'tsev category (example of non difunctional relation given by
A. Montoli)

Define f < g iff Vx € X,3()yx € Y : f(x) + yx = g(x); denote GMon
~ 0<F, forany f

GMon is an Ord-Mal’tsev category ‘

Variations: f < g iff --- f(x) = g(x) + yx
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Examples of Ord-Mal'tsev categories IlI

- Ex 4: OrdGrp - category of preordered groups, i.e groups (X, +,0) equipped with
apreorder < sth x<y,u<v = x+4+u<y+v

Ord-Mal'tsev categories CT2025, Masaryk University, Brno



Examples of Ord-Mal'tsev categories IlI

- Ex 4: OrdGrp - category of preordered groups, i.e groups (X, +,0) equipped with
apreorder < sth x<y,u<v = x+4+u<y+v

Preorder of group X completely determined by positive cone Px = {x€ X : 0 < x}

Ord-Mal'tsev categories CT2025, Masaryk University, Brno



Examples of Ord-Mal'tsev categories IlI

- Ex 4: OrdGrp - category of preordered groups, i.e groups (X, +,0) equipped with
apreorder < sth x<y,u<v = x+4+u<y+v

Preorder of group X completely determined by positive cone Px = {x€ X : 0 < x}

OrdGrp is not a Mal'tsev category ([Clementino, Martins-Ferreira, Montoli, On the
categorical behaviour of preordered groups, J. Pure Appl. Algebra 223 (2019) 4226-4245])
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OrdGrp is not a Mal'tsev category ([Clementino, Martins-Ferreira, Montoli, On the
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Examples of Ord-Mal'tsev categories IlI

- Ex 4: OrdGrp - category of preordered groups, i.e groups (X, +,0) equipped with

a preol X, PX)
f D
Preorder of g i }
h D g’ (, g>
OrdGrp is n ;1*, D k (A, Pa) = (D, Pp)
(f.g)
\ /
Define f < ¢ (Y, Py)
- D ideal D=XXY
@ ideal = X Y, as a group
- Group homomorphism (f,k): A— D = X X Y always exists

- Is (f,k): (A, Pa) — (D, Pp) monotone?

-(0,8) < (f,g) = Va € Pa, (0,g(a)) < (f(a),g(a))
- [0 Pl vo e

- (0, k) Ea,p,) D = (0,k(a)) € Pp,Va € Pa

. (f(a),k(a)) € Pp,Va € Pa =
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Preorder of group X completely determined by positive cone Px = {x€ X : 0 < x}

OrdGrp is not a Mal'tsev category (

Define f x g iff Vx € Px, f(x) < g(x) (= 0= f); denote OrdGrp

OrdGrp is an Ord-Mal'tsev cateanry ‘
Category of (internal) ordinary preorders in

C with “natural” preorder on morphisms;
- Rem: Mony,, GMon and OrdGr  ©Q(C) is quasi-regular

Fixed unital and integral quantale

V = (V,<,®, k) v category iff O(C) is an Ord-Mal'tsev category

- Prop 8: (V-Cat)® is weakly Mal'tsev quasivariety, not Ord-Mal’tsev category
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