The commuting tensor product of
multicategories

Nicola Gambino, Richard Garner, Christina Vasilakopoulou

National Technical University of Athens, Greece

CT2025
Masaryk University, Brno

14 July 2025
SRy HFRI

GENERAL SECRETARIAT FOR Helleic Foundation for
RESEARCH AND TECHNOLOGY Research & tnnovation



Context and motivation

Christina Vasilakopoulou (NTUA)

Commuting tensor product of multicategories

2/3



Context and motivation

BMod
objects rings
vertical homomorphisms
1-cells P
horizontal | bimodules
1-cells M:R—+S

Christina Vasilakopoulou (NTUA)

Commuting tensor product of multicategories

2/3



Context and motivation

BMod
objects rings
vertical .

homomorphisms
1-cells
commuting RS
tensor
horizontal | bimodules
1-cells M:R—+ S
commuting MoM!

/ !

tensor ROR" = 5©5

Christina Vasilakopoulou (NTUA)

Commuting tensor product of multicategories

2/3



Context and motivation

BMod Prof
objects rings categories
vertical .

homomorphisms | functors
1-cells
commuting R®S
tensor
horizontal | bimodules profunctors
1-cells M:R—+S F: A—+— B
commuting MoM!

/ !
tensor ROR" =+ 5&5

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories



Context and motivation

BMod Prof
objects rings categories
vertical .

homomorphisms | functors
1-cells
commuting RS AxB
tensor
horizontal | bimodules profunctors
1-cells M:R—+S F: A—+— B
commuting MM FxG

/ ! / /

tensor ReR" — S®S" | AxA" — BxB

Christina Vasilakopoulou (NTUA)

Commuting tensor product of multicategories

2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB
tensor
horizontal | bimodules profunctors .
1-cells M:R-+S F: A B bimodules A — B
commuting MeM! FxG

/ ! / /

tensor R®R" — S®§" | AxA" — BxB

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB A®py B
tensor
horizontal | bimodules profunctors .
1-cells M:R-+S F: A B bimodules A = B
commuting MM FxG

/ ! / /

tensor R®R" — S®§" | AxA" — BxB

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB A®py B
tensor
horizontal | bimodules profunctors .
1-cells M:R - S F:A—B bimodules A = B
commuting MeM! FxG

/ ! l / ?

tensor ReR"— S®S" | AxA" — BxB !

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB A®py B
tensor
horizontal | bimodules profunctors .
1-cells M:R - S F:A—B bimodules A = B
commuting MeM! FxG

/ ! l / ?

tensor ReR"— S®S" | AxA" — BxB !

* Goal: uniform account for double categories Bim(C)

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB A®py B
tensor
horizontal | bimodules profunctors .
1-cells M:R - S F:A—B bimodules A = B
commuting MeM! FxG

/ ! l / ?

tensor ReR"— S®S" | AxA" — BxB !

* Goal: uniform account for double categories Bim(C) of monads, monad
maps (i.e. Mnd(C) vertically)

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
objects rings categories sym.multicategories
vertical . .

homomorphisms | functors sym.multifunctors
1-cells
commuting RS AxB A®py B
tensor
horizontal | bimodules profunctors .
1-cells M:R - S F:A—B bimodules A = B
commuting MeM! FxG

/ ! l / ?

tensor ReR"— S®S" | AxA" — BxB !

* Goal: uniform account for double categories Bim(C) of monads, monad
maps (i.e. Mnd(C) vertically), bimodules and bimodule maps in C.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Context and motivation

BMod Prof SMultProf
Bim(Ab) Bim(Mat) Bim(Sym)

objects rings categories sym.multicategories

vertical . .
homomorphisms | functors sym.multifunctors

1-cells

commuting RS AxB A®py B

tensor

horizontal | bimodules profunctors .

1-cells M:R - S F:A—B bimodules A = B

commutin / FxG

o8 RoRM Y sesr | Axa A Bxp ?

* Goal: uniform account for double categories Bim(C) of monads, monad
maps (i.e. Mnd(C) vertically), bimodules and bimodule maps in C.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 2/3



Fix a

Christina Vasilakopoulou (NTUA)

fibrant double category (C, X, /)

Commuting tensor product of multicategories

3/3



Fix an oplax monoidal

Christina Vasilakopoulou (NTUA)

fibrant double category (C, X, /)

Commuting tensor product of multicategories

3/3



Fix an oplax monoidal

A1 X Ay

Al Ay ——

Christina Vasilakopoulou (NTUA)

fibrant double category (C, X, /)

(y10x1)K(y20x2)

x1Xxo

: GXG
e |
B,XKB, Y52 R G,

Commuting tensor product of multicategories

3/3



Fix an oplax monoidal closed and fibrant double category (C, X, /)

ALK Ay (}’10X1)$(Y20X2) G KRG

I 4 I
ARA 222 BB, 5% O RG

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories

3/3



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+..

ALK Ay (}’10X1)$(Y20X2) G KRG
H x1Xx: v X H
ARA, 222 BRB, 22 GXG

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories

)

3/3



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+..

ALK Ay (}’10X1)$(Y20X2) G KRG
H x1Xx: v X H
ARA, 222 BRB, 22 GXG

Theorem: The double category Bim(C) is oplax monoidal closed.

)

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories

3/3



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+...)

(y10x1)X(y20%2)

A1 X A2 Cl X C2
I
AR A, 5% BIRB, 5 G R G
Theorem: The double category Bim(C) is oplax monoidal closed. J

Monads with multimaps form a representable closed multicategory.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories 3/3



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+. ..

ALK Ay (}’10X1)$(Y20X2) G KRG
H x1Xx: v X H
ARA, 222 BRB, 22 GXG

Theorem: The double category Bim(C) is oplax monoidal closed.

Monads with multimaps form a representable closed multicategory.

~~ Mnd(C) with a0 b =aX 1+ 1 X b is a monoidal closed category.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+. ..

ALK Ay (}’10X1)?(Y20X2) G KRG
e
ARA, 222 BRB, 22 GXG

Theorem: The double category Bim(C) is oplax monoidal closed.

Monads with multimaps form a representable closed multicategory.

~~ Mnd(C) with a0 b =aX 1+ 1 X b is a monoidal closed category.

Monads with commuting multimaps form a rep. closed multicategory.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+..

ALK Ay (}’10X1)?()/20X2) G KRG

I e I
ARA 222 BB, 5% O RG

Theorem: The double category Bim(C) is oplax monoidal closed.

)

Monads with multimaps form a representable closed multicategory.

~~ Mnd(C) with a0 b =aX 1+ 1 X b is a monoidal closed category.

Monads with commuting multimaps form a rep. closed multicategory.

~~ Mnd(C) with a® b, coequalizer of a¥ b =% ald b, is monoidal closed.

Christina Vasilakopoulou (NTUA) Commuting tensor product of multicategories

3/3



Fix an oplax monoidal closed and fibrant double category (C,X, /) (+..

ALK Ay (}’10X1)?()/20X2) G KRG
e
ARA, 222 BRB, 22 GXG

Theorem: The double category Bim(C) is oplax monoidal closed.

)

Monads with multimaps form a representable closed multicategory.

~~ Mnd(C) with a0 b =aX 1+ 1 X b is a monoidal closed category.

Monads with commuting multimaps form a rep. closed multicategory.

~~ Mnd(C) with a® b, coequalizer of a¥ b =% ald b, is monoidal closed.

Define m ® n on bimodules of monads, using X on free ones and
extending via reflexive coequalizers.
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