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Lawrere Thermodynamics 19841

State space X TRO category entropicspace

Entropy Ro functor X E A 0

Baez Lynch Moeller Thermostatics 20211
State space X convex space

Entropy concave map X E x x

GOAL Synthesise these to get a category of
convex entropic spaces concave maps

Inspiration Fritz Perrone approach to convexity

monad on metric spaces
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Enrichoveracommutativequantalerf bR.s1 t 0 0

ie co complete skeletal closed syms monoidalthin category

Eg.IR 0,0 0 a ob Max 0 b a

I EX X t 0 a ob b a

R EX X 0 a ob b a

R category X a b obR

Ha b ceX X a b X b c X a b
O X a a

Eg.IT category is generalization of classical metricspace
R category with R a b a b
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Get a category R cat

Morphisms shortmaps distance non increasing maps

closedmonoidal
Ob YZD Shortmaps Y Z

IY.ZDlt.gl pZ fly glyl
Z

EY RI scalar valuedfunctions
or op presheaves
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Convex space A
NEIN α An 20 Edi 1 R In EA

IX X EA
barycentre 4,0

AXIOMS 5

Eg Any R vector space or affine space
O N where xx 1 2 a no 220

E A A where D 1 2 D 0

or can define the other way

Algebras for convexity monad C set set
C S Extx EX 1 formal 4














































































convex quantale

quantaler with obR a convex set and

Ai b Exia Exibi

α a b Exia 0 Ex b

Eg IRI 0,0
II EX X to dominates

X X dominates
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Monad C set set want R.cat R.cat
Em É

x β yi Epigi

Consider I'd X asatinitelysupported probability measure
Get a set map

x xobIX RD obR I'xitxi.tl
Gives

x ob IX RD RD short maps

Pull backthe metric
x Ix X β y sup diffki I'Pitly

FIX RD

Thishas an optimal transport interpretation intermsofcosts 6














































































Weget a category of algebras and algebramapsforC

Algebras are convex R categories convex spaces which are

R categories in a compatibleway

Eg IX X Xi Yi Σ'αiki Exiy
This is sometimes sufficient

Algebramaps are convex linearmaps

fix Y St 12d X diffki
These are the wrong maps
Wewantconcave convex maps

We canfix this 7














































































CP actuallygives an R cat enriched monad
CPD RCT RCAI

The underlyingcategory of any R category is a poset
x xy 03 12 y

Thisgives a 2 monad
objects Rcategories

CPD R CAT R CAT morphisms shortmaps
2Morphisms

Strict algebras convex R categories
Lax colax algebramaps convex concave maps

X X
If CA f Σ'dif 7 t E'α D
y 4 Y convex 8
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There'sanotherway to define a distance between convex linear combination

Optimaltransport plan ofgoods minimize cost

C x Ix X β y int Vij Xi Yill
8ij Ai Vij β

rig is amount of goods tiny
Vij X x y cost of transportation

aka Wasserstein or Kantorovich Rubinstein metric

Not clear tomehowto interpretthis in categorytheory terms

Weakdualityholds

C x Ix X β y x Ix X Piyi


