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The setup

Let 𝒞 be a monoidal, and ℳ,𝒩 (left) 𝒞-module categories.

⊗ : 𝒞 ×𝒞 −→ 𝒞, ⊲ : 𝒞 ×ℳ −→ℳ.

such that for all 𝑥, 𝑦, 𝑧 ∈ 𝒞 and 𝑚 ∈ ℳ, e.g.,

(𝑥 ⊗ 𝑦) ⊗ 𝑧 � 𝑥 ⊗ (𝑦 ⊗ 𝑧) and (𝑥 ⊗ 𝑦) ⊲ 𝑚 � 𝑥 ⊲ (𝑦 ⊲ 𝑚).
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Module categories as deloopings

The delooping of a monoidal category is a bicategory with one object.

1

𝑥

𝑚
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Module categories as deloopings

The delooping of a module category is a bicategory with two objects.

1

𝑥

𝑚
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Given a monoidal category 𝒞, are all left
𝒞-module categories equivalent to the

modules of an algebra object in 𝒞?



Theorem (Ostrik, Etingof–Gelaki–Nikshych–Ostrik)

• 𝒞 finite tensor category;

• ℳ finite abelian 𝒞-module category; and
• the functor − ⊲ 𝑚 : 𝒞 −→ℳ is exact for all 𝑚 ∈ ℳ.

Then there exists an algebra object 𝐴 ∈ 𝒞 such that there is an equivalence of
𝒞-module categories mod𝒞 𝐴 ≃ℳ.

Proposition (Douglas–Schommer-Pries–Snyder)
In the absence of rigidity, there are finite abelian 𝒞-module categories that cannot
be realised as the modules of an algebra object in 𝒞.
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Given a monoidal category 𝒞, are all left
𝒞-module categories equivalent to the

modules of a monad on 𝒞?



Lax module functors

A functor 𝐹 : ℳ −→ 𝒩 is a lax 𝒞-module functor if there exists an associative

and unital natural transformation

𝐹2 : − ⊲ 𝐹(=) =⇒ 𝐹(− ⊲ =).

𝐺(−) ⊗ 𝐺(=) =⇒ 𝐺(− ⊗ =)

𝐹

𝐹

𝐹 can also be. . .

• oplax: 𝐹(− ⊲ =) =⇒ − ⊲ 𝐹(=);
• strong: − ⊲ 𝐹(=) ∼=⇒ 𝐹(− ⊲ =).
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The Yoneda lemma™

Proposition
There is an equivalence of 𝒞-module categories

ℳ ≃ Str𝒞Mod(𝒞,ℳ),

𝑚 ↦−→ − ⊲ 𝑚, 𝐹1←−[ 𝐹.

In particular, 𝒞rev ≃ Str𝒞Mod(𝒞,𝒞).
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Study cases in which − ⊲ 𝑚 admits a right
adjoint.

The resulting monad canonically
has a lax 𝒞-module structure. Then apply

Beck’s monadicity theorem.
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To Kelly and Beck

Theorem (Kelly)
Given an adjunction 𝐹 : 𝒞 ⇄ 𝒟 :𝑈 between monoidal categories, oplax
monoidal structures on 𝐹 are in bĳective correspondence with lax monoidal
structures on 𝑈 .

Theorem (Beck’s monadicity theorem)
An adjunction 𝐹 : 𝒞 ⇄ 𝒟 :𝑈 is monadic if and only if 𝑈 is conservative, 𝒟 has
coequalisers of 𝑈-split pairs, and 𝑈 preserves them.
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Given an adjunction 𝐹 : ℳ ⇄ 𝒩 :𝑈 between 𝒞-module categories, oplax
𝒞-module structures on 𝐹 are in bĳective correspondence with lax 𝒞-module
structures on 𝑈 .

Theorem (Abelian monadicity)
An adjunction 𝐹 : 𝒞 ⇄ 𝒟 :𝑈 is monadic if 𝑈 is exact and reflects zero objects.
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Internal projectives

Let 𝒞 and ℳ be abelian.

An object ℓ ∈ ℳ is closed if there is an adjunction

− ⊲ ℓ : 𝒞 ⇄ ℳ :⌊ℓ ,−⌋.

− ⊗ 𝑥 : 𝒞 ⇄ 𝒞 :− ⊗ ∨𝑥

A closed object is called 𝒞-projective if ⌊ℓ ,−⌋ is (right) exact. and a

𝒞-generator if ⌊ℓ ,−⌋ is faithful.

Example

• Every object in a rigid monoidal category 𝒞 is 𝒞-projective.

• Finite 𝒞-module categories over finite tensor categories always

admit 𝒞-projective 𝒞-generators.
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The Eilenberg–Moore category of a lax
𝒞-module monad does not carry a

canonical 𝒞-module structure.



A module structure for the Eilenberg–Moore category

Theorem (Linton, Day, Aguiar–Haim–López Franco, Stroiński–Z)
The Eilenberg–Moore category of any right exact lax 𝒞-module monad can be
equipped with a canonical 𝒞-module structure by means of Linton coequalisers.

Definition

The Linton coequaliser of 𝑥 ∈ 𝒞 and (𝑚,∇𝑚) ∈ ℳ𝑇
is:

𝑇(𝑥 ⊲ 𝑇𝑚) 𝑇(𝑥 ⊲ 𝑚) 𝑥 ▶ 𝑚.
𝑇(𝑥 ⊲∇𝑚)

𝜇𝑥⊲𝑚◦𝑇𝑇2;𝑥,𝑚
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The reconstruction result

Theorem (Stroiński–Z)
Let 𝒞 be an abelian monoidal category, ℳ an abelian 𝒞-module category, and
assume that ℓ ∈ ℳ is a closed 𝒞-projective 𝒞-generator.

Then

ℳ ≃⊲ 𝒞⌊ℓ ,− ⊲ ℓ⌋.

Furthermore, there is a bĳection

{(ℳ, ℓ ) as above}⧸ℳ ≃ 𝒩
�←→

{
Right exact lax 𝒞-module
monads on 𝒞

}
/𝒞𝑇≃𝒞𝑆
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Furthermore, there is a bĳection

{(ℳ, ℓ ) as above}⧸ℳ ≃ 𝒩
�←→

{
Right exact lax 𝒞-module
monads on 𝒞

}
/𝒞𝑇≃𝒞𝑆

10



Thanks!

tony-zorman.com/ct2025

Reconstruction of module categories

in the infinite and non-rigid settings.
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Hopf trimodules

Theorem (Stroiński–Z)

Let 𝐵 be a bialgebra, and define 𝒱 ..= 𝐵Vect.

There is a monoidal equivalence

𝐵
𝐵Vect𝐵 −→ LexfLax𝒱Mod(𝒱 ,𝒱 )

𝑋 ↦−→ (𝑋 □𝐵 −, 𝜒)

between the category of Hopf trimodules, and the category of left exact finitary
lax 𝒱 -module endofunctors on 𝒱 .



Hopf trimodules

Theorem (Stroiński–Z)

Let 𝐵 be a bialgebra, and define 𝒱 ..= 𝐵Vect. There is a monoidal equivalence

𝐵
𝐵Vect𝐵 −→ LexfLax𝒱Mod(𝒱 ,𝒱 )

𝑋 ↦−→ (𝑋 □𝐵 −, 𝜒)

between the category of Hopf trimodules, and the category of left exact finitary
lax 𝒱 -module endofunctors on 𝒱 .



The Yetter–Drinfeld braiding

For all 𝑀, 𝑁 ∈ 𝐵Vect, the arrow

𝜒𝑀,𝑁 : 𝑀 ⊗k (𝑋 □𝐵 𝑁) −→ 𝑋 □𝐵 (𝑀 ⊗k 𝑁)

is defined by

2 2

1 1

𝑀 𝑋 𝑁

𝐵

𝑋 𝑀 𝑁
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2 2

1 1
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Deducing a theorem for Hopf trimodules

Proposition
Let 𝒞 be a left closed monoidal category such that the canonical embedding

Str𝒞Mod(𝒞,𝒞) ↩−→ Lax𝒞Mod(𝒞,𝒞)

is an equivalence.

Then 𝒞 is left rigid.

Corollary (Stroiński–Z)
A bialgebra 𝐵 admits a twisted antipode if and only if the canonical functor
𝐵 ⊗k − :

𝐵Vect −→ 𝐵
𝐵Vect𝐵 is an equivalence.
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Fusion operators for Hopf monads

Proposition (Stroiński–Z)
The bimonad 𝑇 ..= 𝑈𝐹 of an oplax monoidal adjunction 𝐹 : 𝒞 ⇄ 𝒟 :𝑈 is
canonically an oplax 𝒟-module monad.

The right fusion operator is the “free part” of the coherence morphism:

𝑇2;𝐹,Id = 𝑇rf : 𝑇(𝑇 ⊗ Id) =⇒ 𝑇 ⊗ 𝑇,

and 𝑇rf is an isomorphism if and only if 𝑇2 is.
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