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Oplax monoidal, Hopf structures ? !
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Let 6 be a monoidal, and (t, N (left) 6-module categories.
R: BXB— G, >: BX M — J.
such that forall x,y,z € € and m € ML, e.g.,

x®Y)Rz=x® (Y 2z) and (x®y)epm = x> (y»>m).



Module categories as deloopings

The delooping of a monoidal category is a bicategory with one object.



Module categories as deloopings

The delooping of a category is a bicategory with objects.
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Given a monoidal category G, are all left
‘6-module categories equivalent to the
modules of an algebra object in 6?
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Theorem (Ostrik, Etingof-Gelaki-Nikshych—Ostrik)

« B finite tensor category;
- JMU finite abelian ‘6-module category; and
« the functor —>m: € — J is exact for all m € .

Then there exists an algebra object A € € such that there is an equivalence of
@-module categories modg A =~ JL.

Proposition (Douglas-Schommer-Pries-Snyder)

In the absence of rigidity, there are finite abelian ‘6-module categories that cannot
be realised as the modules of an algebra object in 6.



Given a monoidal category G, are all left
‘6-module categories equivalent to the
modules of a on G6?
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Lax module functors

A functor F: Ml — N is a lax €-module functor if there exists an associative
and unital natural transformation

Fy: —» F(=) = F(-»=).
F can also be...

. oplax: F(—->=) = —»> F(=);
 strong: —» F(=) = F(-»=).
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The Yoneda lemma™

Proposition

There is an equivalence of ‘6-module categories
J =~ StreMod(€, L), m — , F1 «—F.

In particular, 8" ~ Str€Mod(6, B).
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Theorem (Kelly, Halbig-7)

Given an adjunction F: Ml 2 N :U between €-module categories, oplax
B-module structures on F are in bijective correspondence with lax 6-module
structures on U.

Theorem (Beck’s monadicity theorem)

An adjunction F: € 2 D :U is monadic if and only if U is conservative, D has
coequalisers of U-split pairs, and U preserves them.



To Kelly and Beck

Theorem (Kelly, Halbig-7)

Given an adjunction F: Ml 2 N :U between €-module categories, oplax
B-module structures on F are in bijective correspondence with lax 6-module
structures on U.

Theorem (Abelian monadicity)

An adjunction F: € 2 D :U is monadic if U is exact and reflects zero objects.
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Internal projectives

Let 6 and Jl be abelian. An object ¢ € Jl is closed if there is an adjunction
> {62 M ¢, -]

A closed object is called G-projective if | ¢, —| is (right) exact and a

@G-generator if | ¢, —] is faithful.

Example

- Every object in a rigid monoidal category € is ‘G-projective.

- Finite ‘6-module categories over finite tensor categories always
admit 6-projective ‘G-generators.



The Eilenberg-Moore category of a lax
‘6-module monad does not carry a
canonical €-module structure.



A module structure for the Eilenberg—-Moore category

Theorem (Linton, Day, Aguiar-Haim-Lépez Franco, Stroifiski-Z)
The Eilenberg—Moore category of any right exact lax €-module monad can be
equipped with a canonical ‘G-module structure by means of Linton coequalisers.



A module structure for the Eilenberg—-Moore category

Theorem (Linton, Day, Aguiar-Haim-Lépez Franco, Stroifiski-Z)
The Eilenberg—Moore category of any right exact lax €-module monad can be
equipped with a canonical ‘G-module structure by means of Linton coequalisers.

Definition
The Linton coequaliser of x € € and (m,V,,) € M is:

T(x> V)

T(x>Tm) —= T(x>m) —>> x» m.
HnmoTTZ;x,m



The reconstruction result

Theorem (Stroifiski—Z)

Let € be an abelian monoidal category, M an abelian G-module category, and
assume that ¢ € A is a closed €-projective ‘G-generator.
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The reconstruction result

Theorem (Stroifiski—Z)

Let € be an abelian monoidal category, M an abelian G-module category, and
assume that ¢ € A is a closed €-projective 6-generator. Then

A=, @4,
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The reconstruction result

Theorem (Stroifiski—Z)

Let € be an abelian monoidal category, M an abelian G-module category, and
assume that ¢ € A is a closed €-projective 6-generator. Then

A=, @4,

Furthermore, there is a bijection

a, ¢ b
{(L, ¢)asa ove}/ﬂsz\r(_>

~ | Right exact lax €-module T S
/6 ~€6
monads on 6
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tony-zorman.com/ct2025

Reconstruction of module categories
in the infinite and non-rigid settings.
arXiv:2409.00793
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Hopf trimodules

Theorem (Stroiniski-Z)
Let B be a bialgebra, and define *V = BVect.



Hopf trimodules

Theorem (Stroifiski-Z)

Let B be a bialgebra, and define °V = BVect. There is a monoidal equivalence

PVect? — LexfLax¥Mod(*V, V)
X — (X DB — X)

between the category of Hopf trimodules, and the category of left exact finitary
lax V-module endofunctors on V.



The Yetter—Drinfeld braiding

For all M, N € BVect, the arrow

AXMN: M® (X0Op N)— X Op (M®N)



The Yetter—Drinfeld braiding

For all M, N € BVect, the arrow
AXMN: M® (X0Op N)— X Op (M®N)

is defined by




Deducing a theorem for Hopf trimodules

Proposition

Let € be a left closed monoidal category such that the canonical embedding
Str6Mod(6, €) — LaxBMod(6, 6)

is an equivalence.
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Deducing a theorem for Hopf trimodules

Proposition

Let € be a left closed monoidal category such that the canonical embedding
Str6Mod(6, €) — LaxBMod(6, 6)
is an equivalence. Then B is left rigid.

Corollary (Stroiniski-Z)

A bialgebra B admits a twisted antipode if and only if the canonical functor
B®; —: PVect — gVectB is an equivalence.
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Fusion operators for Hopf monads

Proposition (Stroifiski-Z)

The bimonad T := UF of an oplax monoidal adjunction F: € 2 P :U is
canonically an oplax D-module monad.

The right fusion operator is the “free part” of the coherenice morphism:
TZ;F,Id =T#: T(T®Id) =TT,

and Ty is an isomorphism if and only if T is.
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