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For a bundle 7 : E — M consider the equivalence relation on
[(E): s~ s iff s — s € mF*t1 . T(FE), where m,, ¢ C®°(M) is the
max. ideal of # € M. The equiv. classes j¥s = the jet-space J*r.

In local coordinates (z*,u’) on E the Taylor expansion of sections
s : x> u(x) yields coordinates (z°,u}) with |o| < k. This defines
the jet-lift j* : T(E) — T'(J*7), s — j¥s. We have the projections

Jr s oo s Jhr s gl o 5 % =E 5 M.

Choose a point a; € J*m with i 1(ag) = a; for k > 1, ap = a,
m(a) = x. Let F = Ker(d,m) C ToE, T = T, M. Then we identify
V(ay) = Ker(do, mp k1) = S*T* @ F.

Compactification: a manifold F and jets of m-dim submanifolds

M C E. The last projection 7 : J = E — M does not exist and oy
Ker(do, mg p—1) = S*T* @ F, where T = T,M, F = T,E/T,M. &
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Cartan distribution

Cartan distribution is given by the formula
C(ax) = span{L(ag+1) : ax+1 € 7rk_+117k(ak)} C T, J*r,

where L(agy1) = Ty, (5%s) for apr1 = j¥Hs, a, = j¥s. In local
coordinates we have:

Clar) = (DX = 0, + 3 vl 41,8,9,0,4 ¢ I = b).

lo|<k
We have: C(ay) = L(axy1) ® V(ag) and dg, 7p ;—1C(ax) = L(ag).

On J°7 we have integrable distribution

C(aoo) = L(aoo) = <DZ = Opi + Zu§+1iauj>

0 - U
! 5
koL o

where D; = DEOO) is the operator of total derivative along z'.
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Differential equations

Geometrically differential equation of order k is a submanifold
&, C J*r that submerses on J*~1x. We let & = Jim for i < k
and & = Slgz_k) C Jim be the (i — k)-th prolongation. The s-th
prolongations of & = {f = 0} has defining equations D, f = 0,
|7| = s, where D, = D;, --- D;_ for 7 = (iy,...,1is).

Thus a differential equation is a co-filtered manifold £ = {&;}32,,.
It is called compatible (sometimes said involutive) if

Tit1, - Ei+1 — & is a submersion for ¢ > k. Cartan distribution of
& is the distribution C¢ = T'€ N C for each jet-level i.

Ex. Complete system of equations of order k:
Uo = fa(jkilu)v |U| = k.

For this system & the Cartan distribution C¢ is horizontal, and the
compatibility is equivalent to its Frobenius-integrability, i.e. b
Difry1; = Djfrya, foralli < jand 7 with |7| =k — 1.
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Symbolic module

Let 157 = M x R be the trivial one-dimensional bundle. If £ is a
linear system, then £* = Hom(&, 1) is a D-module, i.e. a module
over the algebra of differential operators Diff (17, 17).

Both the algebra and the module are filtered. Passing to the
graded objects at a point get: the ring ST = @fioSiT of
polynomial functions on 7% M and the symbolic module gr(€*).

For nonlinear systems the symbols are bundles over £ defined as
g; = Ker(dm7i_1 :TE — Tgi_l) C S'T* ® F.

In fact, starting from the symbol g of & define the symbolic
system {g;}3°, by: g; = S‘T* ® F for i < k and

gi=g'™" = (ST © gp) N (S'T* © F).

The dual module g* = ®g; is naturally a module over R = ST, .
and is called the symbolic module Mg. =
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Spencer d-cohomology

For a module M over the ring ST Koszul complex is defined by
0 McMRIT+ MRINT + MRNT + ...

Dualizing it over R (but not over R!) we get the Spencer
d-complex, in each gradation

0> gt = gr1 QT — g2 ® A2T* = gi_s Q A3T* — ...
Its cohomology at the term g; ® AJT* is denoted by H*/(g), and
also H%I (&) if g is the symbolic system of £.

The Spencer cohomology H%I(g) are dual to the Koszul homology
H; j(g*), and if g* = ST'/I for an ideal I this also equals to

Hi1j+1(I).

Boris Kruglikov (Tromsg) o Srni-2019 Overdetermined systems of PDEs: Lecture 1



Iterpretation of d-cohomology

Cohomology H*?(g) is supported in gradation 0: H%?(g) = F
and H*(g) = 0 for i > 0.

Cohomology H*'(g) counts generators of the module g*. For the
equation & H“'(€) is the number of defining differential
equations of order %, so in our setup it is non-zero only for ¢ = k.

Cohomology H*?(g) counts compatibility conditions of £. In fact,
the curvature (structure tensor) of the distribution C¢ at a point
ay, that splits pointwise Cg(ax) = L(ak+1) @ gx(ax), is an element
2 € V(ag—1) ® A’C(ax). Its restriction to a horizontal plane
L(ak+1) C Ce(ay) gives Epa,,,) € gr—1 @ A>T

Now change of aj11 € W’;il i (ar) results in change of this tensor
by Im(8 : gr, @ T* — gr_1 ® A2T*), whence Wy (ay) € HF12(E).

System & of order k is involutive if W, =0, H**(£) =0V i>k. {2
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Variations of Spencer cohomology

When the system is not compatible (= involutive after
prolongation), this is achieved by prolongation-projection, resulting
in a smaller equation £ C £ with the same amount of solutions.

Consider the partial case of Lie equation £: the linear system
equations Ly (q) = 0 for some geometric structure ¢. In other
words, £ describes the infinitesimal symmetries of ¢.

In this case for classical geometries, after re-numeration g; = g;+1
we get (after prolongation-projection) the Lie algebra of
symmetries g = g_1 DB go € g1 P ... as a symbolic system.

A generalization of this is related to filtered geometries, when
9=0-0,DP...9-1DP gD g1 PD.... A partial case of this is given
by the class of parabolic geometries.

Another generalization arises in super-geometry. The Spencer
d-cohomology is defined as the cohomology of the super-complex: .

0= gr = 0k10T = gro®A’T* — g 3 @A3T* — ...
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Characteristic variety

From computational viewpoint let f = (f',..., f") be the defining
(non-linear) operators of order k for £, and let

() =D Pl

lo|<k Jj
be the linearization of the components, P;U depending on ag.
For p = (p1,...,pn) € T*M denote P;(p) = Z\a|=k P;’Upg, where
Po = Diy - - - Di,, for a multi-index o = (i1, ...,4x). The symbol of f
at ay, is
Pl(p) -+ Pn(p)
smbl¢(p) = : :
Pl(p) --- Pn(p)
Assume & is (over)determined, in naive terms: dim F' = m < r.

The affine/projective/complex characteristic variety is

Char(&;ax) = {p € T; M : rank(smbly(p)) < m}.
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Relation to the symbolic module

Recall that Mg = g* is the symbolic module. In the language of
commutative algebra Char(€) = supp(Mg).

Every projective module over the Noetherian ring R = ST" can be
realized as a module of sections of some sheaf. For the module
M the characteristic sheaf K is defined in such a way and
evaluation at p € T of the stalk is the kernel of the operator
smbl¢(p) considered as a map from R™ to R". For p € Char(&)
the rank of evaluation belongs to [1,m].

Covector p € T* is characteristic iff p* ® v € gz \ 0 for some v € F.

In particular, the system & is of finite type dim g < oo iff
Char®(€) = 0 (in projective setting 0).
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Dimensions of the solution spaces

Cartan’s theory of characters gives Cauchy data that uniquely
determines solutions: in the analytic context of the Cartan-Kahler
theorem the general local solution depends on sy functions of d
arguments, ..., s1 functions of 1 arguments, sy constants.

These numbers have no invariant meaning except for the Cartan
genre d (maximal ¢ with s; # 0) and Cartan integer o = s4. In
modern terms these can be defined as follows:

d=dim Charfe(€), o= dc-degX,,

where Chargoj(ﬁ') = U2 is the decomposition of the projective

characteristic variety into irreducible components.

General local solution of £ depends on d functions of o arguments. g»f

TRo™
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An example: systems of complete intersection type

Consider a scalar system &: f; = --- = f,. = 0, with the unique
dependent variable u. In this case, smbly, (p),...,smbly (p) are
homogeneous polynomials of degrees k1, ..., k.

The system is called a complete intersection if their loci intersect
transversally, i.e. codim Char®(£) = r. In this case the
compatibility conditions are

{fi, £} = 0 mod Jy, y#;—1(f), i<,

where J;(f) is the differential ideal generated by components of f
up to jet-order ¢ and

{fihy =U(f)oh—t(h)of
is the higher Jacobi-Mayer bracket. The Spencer §-cohomology is
H*(£) ~ AF.

If the system is compatible, Solioc(€) depends on ky - - - ky
functions of n — r variables.
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Monge-Ampere equations

A Monge-Ampeére equation in a region M C R is a nonlinear
scalar second order PDE of the form

> agdet Uy =0,

where a; = a;(x,u,0u) is a function on the first jets J' M,
U = Hess(u) = (u4;) is the Hessian matrix and o encodes all
minors of U of sizes 0 < |o| < n.

Such equations arise in a variety of applications, for instance
self-dual gravity, special Lagrangian and Kahler geometry, gas
dynamics and non-linear accoustic.

More invariantly, for any n-dimensional manifold M a Monge-

Ampere equation is given by a choice of n-form w € Q"(J' M),

namely the equation is £ : wl;1,, = 0. n-forms that differ by the
contact ideal give identical equations, so w can be normalized to é
be an effective n-form.
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Symplectic Monge-Ampére equations

Monge-Ampere equations with a; = const are called symplectic.
This class is Sp(2n, C)-invariant. It is a subclass of Hirota type
equations, given by f(9%u) = 0.

Geometrically Hirota type equations £ correspond to hypersurfaces
X in Lagrangian Grassmanian A. Note that A corresponds to a

compactification of J2M and dim A = d(n) := w

Symplectic Monge-Ampére equations are hyperplane sections of
o o 5 [
the Pliicker embedding A into PP(MW=1 where p(n) := 222Dl i
n!(n+2)!
the number of independent minors of a symm n X n matrix.

In applications it is important to characterize Monge-Ampeére
equations by differential relations. The following is based on this:

Theorem (E. Ferapontov, BK, V. Novikov)

For dim n > 4, the integrability of a non-degenerate Hirota type
equation by the method of hydrodynamic reductions implies the g»f
symplectic Monge-Ampére property. i
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Characterization: geometric form

To characterize Monge-Ampere equations, it is useful to change
the implicit form of equation (this contains a reparametrization of

the defining function) to an explicit one, which is convenient to

write with n — n + 1, so that local coordinates are 2V, ..., 2"

upo = f(uot, -+, Uon, UL1, Y12, - - - , Unn)-

In this non-symmetric form f depends on n(n + 3) + 1 arguments
and uniquely defines the embedding

X C A < ppnt)=1

The following gives the projective-invariant characterization.

Equation ugy = f is of Monge-Ampére type if and only if d*f
belongs to the span of the second fundamental forms of the ;»f
Pliicker embedding of A restricted to the hypersurface X . i
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Characterization: analytic form (MAE)

This leads to a system of PDEs for f for distinct indices

i#j#k#le{l,...,n}
fuiifUOiUOi + fuuuu =0, %fu()ifu()iu()i + fuomn‘ =0,
%quj Juoiuoi t fuos fUOiUOj + fUOiuij + fu()juii =0,

1

§f’u¢j fumum + fuiifumuoj + fu”u” = O’
1 1 1 _
§fuj'jqu¢u0i A §fui¢fu0juoj a4 fuijfUOiUOj + fuz‘iujj + §fuijuij — 0’

fuokfuoiuoj + quj quiUOk + fuoifu()juok + quiujk + fUOjuik + fUOkUij = 0’
1
§fujkfu0iu0i + fuzk quiUOj + fuij fuomozg + fuiifu()ju()k + fuuu]k + fuz]um = 07

fuklquiuoj + ijlfuoink + fu]'k fumum + fuilfuo,juok + fuzk fuoju()l
RE R
+ ful‘j quku()l + fuijukl + fuikujl + fuﬂujk = O %LF
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Criterion for Monge-Ampere property

Hirota type equation is of Monge-Ampére type iff the rhs f
satisfies the above overdetermined system of PDEs.

This will be proved by the formal theory of differential equations.
Note that every differential system can be described by either its
defining relations (PDEs) or jets of its solutions. In the latter case
the system is compatible (involutive), but we do not have control
over the defining relations. In the former case we have control but
do not know compatibility a priori.

To demonstrate that these two descriptions coincide we first prove
that Monge-Ampeére equations have defining relations of the
second order only, then by dimensional reasons we conclude that
these must coincide with the above system of relations (MAE). s
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Proof modulo symbolic involutivity

Let £ C J*°(R?) denote the system of PDEs for f. Here
d=d(n+ 1) — 1, R? is the space of independent arguments of f
and & = JY = R¥! C A. Locally X = graph(f) c JO for f from
(MAE) and k-jets of these define &,. Clearly, & = J!. We claim
that &, is generated by (MAE).

The symbols of £ are g, € S*7* where 7 = TORJ, and they can be
interpreted as the space of linearly independent minors of A of size
k. Thus go =R, g1 = 7" and in general

dim g, = b(k,n+ 1)
for all k € [0, n + 1] with the exception of k£ =1, in which case
dimg; = b(1,n+ 1) — 1 = d due to the relation ugy = f.

Here b(k,n) = k_lﬂ (%) (";:1) is the number of independent &k x k

. S
minors of a symm n X n matrix. =
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Proof modulo ... cont'd

For k > n + 1 the symbol of £ vanishes, gi = 0, signifying that
this system is of finite type. The solution space S =& N 7rn+2( 0)
has dimension

n+1
dim S = Zdlmgk—Zbkn+1)—1— p(n+1) —1.
k=0 k=0

Next, & is contained in the locus of relations (MAE), and the
number of relations is N (n) = (“") — b(2,n + 1) which is the
codimension of go C S?T*X. This count along with the
quasi-linearity of (MAE) implies the claim.

To finish the proof we observe that the higher symbols coincide
with the prolongations: g2 = gék) for k > 0.
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Use of A, -equivariance

To compute prolongations of the symbols used above we exploit
the subalgebra A,, = sl,,11 in the Lie algebra C,, .1 = g of the
equivalence group G = Sp(2n + 2,C): in the |1|-grading
g=9g-1%D go P g1 corresponding to the parabolic subalgebra

p = Pppy1 we have go = gl,, | = sl,11 @ R and this naturally acts
on the tangent space to the Lagrangian Grassmannian A = G/P.
Thus the tangent and derived spaces are all A,-modules.

Denote by & the equation describing implicit Monge-Ampere
equations. As specified by its solutions, this equation is involutive.
A-priori, it can have PDE-generators of different orders.

Proposition

The defining equations of & have second order: <§¢+2 = é’éi).

The Lie algebra A,, acts naturally on &, and hence its symbols s
are A,,-modules. k
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Proof of the proposition

The statement is equivalent to the successive identities
e =9, k> 2, e HYk(3) =0 or Hyx(§*) = 0 for the
Koszul homology complex

04§11 2 TR« N2TRG_, +— ... (1)
The symbols, considered as A,-modules, are

gk = S*SPVE NS ARV = Tgy

n—k+17

where V,, =T"y, = R" is the standard irep and V7 =T"y, its dual.
Dualising the symbol we get g; = I'zy,. We also get T' = Iy, .

We work over C since the complexification commutes with passing
to (co)homology. The main advantage of passing to dual is that

the computations with the Littlewood-Richardson rule are 5?
n-independent and yields the following tensor decompositions. e
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Proof of the proposition cont'd

For the second term of Koszul's complex and 0 < k£ < n:
F2>\1 & F2)\k = F2>\k+1 + FAI"‘)\k"F}\k-}—l + F2A1+2)\k'

For the third term, using the plethysm A%T = I'ax,+x,, We have
for k>2 (Mg = Any1 =0; for k=2 and k = n + 1 a modification

of terms is required):

FPoxi+2: @20, = Doggan, P00 e (O o+ 2200 42x,)
+l2, +Ak—1+ k11 +(F2>\1 +A2+2A, 1 +I3x, +/\k—1+)\k)’

Similarly, using futher plethysms, Shur's lemma and Young
symmetrisers we compute the Koszul homology: H; 1 (§*) = 0 and
Hj 1, (g%) = 0 for k > 2. Hence the Spencer cohomology also
vanish: HY*(g3) =0, H>¥(g) = 0 for k > 2. s
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The last part of the proof of the main theorem

For k > 2 the following holds: gi, = gék—Q).

Proof. The symbols of the two considered equations agree
Jr = gi for k # 1. However they form symbolic complexes over
different vector spaces: T for g and 7 for g, related by

0—7—T —R—0

or by embedding X < A, with the normal bundle R.

This unites the Spencer §-complexes for g and g into a
commutative diagram of three complexes with exact vertical
sequences that, in view of the preceding proposition, implies the
claim by the standard diagram chase. et
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Paraconformal structures

Paraconformal or GL(2) geometry on an n-dimensional manifold
M is defined by a field of rational normal curves of degree n — 1 in
the projectivised cotangent bundle PT* M. Equivalently, for a
coframe {w;} on M it can be viewed as a field of 1-forms

wA) =wg +dwyp + -+ A" L.

This field and the parameter A\ are defined up to transformations

A BEE () = r(ed + d)"lw(X), where a,b,c,d,r are

arbitrary smooth functions on M with ad —bc =1, r # 0.

Conventionally, a GL(2) geometry is defined by a field of rational
normal curves in the projectivised tangent bundle PT'M. Both
pictures are projectively dual: the equation w(\) = 0 defines a
one-parameter family of hyperplanes that osculate a dual rational
normal curve @(\) C PT' M. et
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... and their appearance

GL(2) geometry is known to arise on solution spaces of ODEs with
vanishing Wiinschmann (Doubrov-Wilczynski) invariants. GL(2)
structures also arise in the theory of bi-Hamiltonian integrable
systems as Veronese webs, in the context of exotic holonomy in
four dimensions, in the geometry of submanifold of the
Grassmannians, in the deformation theory of rational curves in
compact complex surfaces X with positive normal bundle.

Jointly with E. Ferapontov we established that dispersionless
integrable hierarchies of PDEs, such as the dispersionless
Kadomtsev-Petviashvili, Adler-Shabat and universal hierarchies,
provide GL(2) geometry as characteristic varieties on the solutions.

In this way we obtain torsion-free GL(2) structures of Bryant as

well as totally geodesic GL(2) structures of Krynski. The latter

possess a compatible affine connection (with torsion) and a
two-parameter family of totally geodesic a-manifolds, making them e
a natural generalisation of the Einstein-Weyl geometry.
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Theorem 1 (E. Ferapontov, BK): Paremetrization

Every involutive GL(2) structure is locally of the form

w(\) = zn: [H < - Zj) ]uidmi.

i=1  j#i

Here u and v are functions of (z!,...,2™), and subscripts denote
partial derivatives: u; = u,i, v; = v,i. These functions satisfy a
system of second-order PDEs, 2 equations for each quadruple of
indices 1 <i < j<k<l<n: Ejp =0, Fijw =0 with

<2uij — (ai aF aj)vz-j n 2up; — (ak + al)vkl>

By — P _
15kl 6 (a‘l a’ﬂ)(a‘k‘ al) Ui URU]

(4k1)

205 — (b +b)ui;  2vm — (b + b
Fijkl = (%l)(bl_b])(bk_bl) ( Vij ( ])U] 4 Vkl ( L l)uk‘l>
J

VU5 VE U1

where a; = %, b, = %, and G denotes cyclic summation.
i v i u;
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Proof of Thm 1 (sketch)

The space of a-manifolds is parametrised by 1 arbitrary function of
1 variable. Choose n 1-parameter family of a-manifolds = (local)
foliations of M given by A\ = a;(x) and rectify them:

w(a;) = fidx" (no summation). In this coordinate system:

w(\) = Zn: [H :\__(;ﬂfdm

i=1  j#i

Choose two extra 1-parameter families of a-manifolds:
w(an+1) = far1du and w(ant2) = fniadv, ie.

Upt+1 — A5 an42 — A5
] 2—=2 = farrws,  £i[[ Z——2 = farovs.
JF#i
Using the coordinate freedom send a1 — oo and a2 — 0 and

use conformal freedom of w(\) to get its required formula.

The above overdetermined PDE system (EF) is obtained from the é
integrability condition dw(\) A w(X) = 0.

Boris Kruglikov (Tromsg) o Srni-2019 Overdetermined systems of PDEs: Lecture 3



Proof of Thm 1 - end of the argument

Indeed, collecting coefficients at dz® A dz? A dz* we obtain

A — a; 1 1
S a ()\ — >)\i+Sijk207 (1)

(k1) Ui —ap  A—a;

where A\; = A, and S;jy is given by

aj—a; A A az—ay A A ap—ay A A
Uij wiu g (Afai + )\70,_7») + Uik ujuR (Afai + Afak) +u]k uju ()\70,_7» + Afak)

;8 T% Aoy Aaj \ _ o oaimap ((Xag o Xy | _ o ak=aj [ Aag Aay
Vij wiuj A—a; + A—aj Vik A—a; + A—ag Ujk ujup A—aj + A—ap ) °

Denote by Tjji the left-hand side of (1). For four distinct indices
i # j # k # | there are only two non-trivial linear combinations
that do not contain derivatives of \:

Tirg+Tist+- T+ Tige and 525 Tipg+5—o-Tii+ 7>\_1aj Tith+ 5= Ljki-

The first linear combination is equal to zero identically, while the
second combination vanishes iff relations (EF) are satisfied.

WERg,
I oy

Thus system (EF) governing general involutive GL(2) structures 32
results on elimination of the derivatives of A from equations (7).

Boris Kruglikov (Tromsg) o Srni-2019 Overdetermined systems of PDEs: Lecture 3



Theorem 2 (E. Ferapontov, BK): Involutivity

For every value of n, the following holds:

@ The characteristic variety of system (EF) is the tangential
variety of the rational normal curve P! 3 X — w(\) € P*— 1,

@ The characteristic variety has degree 2n — 4, and the rational
normal curve can be recovered as its singular locus.

@ System (EF) is in involution and its general solution depends
on 2n — 4 functions of 3 variables (for analytic/formal case).

Note that although the PDE system (EF) formally consists of 2(’;)
equations, only 2(”;2) of them are linearly independent: we can
restrict to equations Eiop; = 0 and Figpy =0for 3 <k <l <n
since all other equations are their linear combinations.

For n = 4 system (EF) is determined: it consists of 2 second-order
PDEs for 2 functions w and v of 4 independent variables, so the B
claim is instant, and this implies the count of Bryant. e
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Proof of Thm 2 - part 1

We parametrize the rational normal curve as

U; U;
A [pricipa] €PTM, pi=s——, ai=—, (1)
—a; Uj
so that its tangential variety is given by
Ug U U

()"M)H[pl:"':pn]EPT*M7 pi = X — a + (}\_ai)2' (i)

The symbol of £ = {E =0, F =0} is given by the matrix
Cp(p) L (p)]
/¢ — |"E E ,
(0= |0
where (% (p) = is the symbol of w-linearization of E is given by
Mopp=2 & (ai_aj)(ak_al)(&Jr%)
jkl

=~ OUgp ( iU URY

le:51,(P) :

and similarly for other entries. Substitution of (1) yields £¢(p) = 0, f?
while substitution of (f) outside () yields rank (/s(p)) = 1. 2=
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Proof of involution: A. Projecitve modules

If an involutive PDE system & is linear, its symbolic module
Mg = g* over the ring R = ST is projective (locally free).
Let £ be defined by a k-th order differential operator

A :T'(m) — I'(v), corresponding to morphisms

P s ST = Ji, ie. Epyq = Ker(vg,,) for i > 0.

We construct a minimal free resolution of the symbolic module:
-3 RIw” £>R®V* U—Z>R®7r* — Mg —0

and applying the functor x = Hompg(-, R) get the exact sequence
0o g ST QT2 ST @v -5 ST  Qw — . ..

from which the compatibility conditions of £ = {A = 0} are
Vo Alg =0 for ¥ € Diff (v, @) with the symbol ¢ at x.

For nonlinear equations, apply the linearisation operator on a
solution instead of A. Its symbol yields a syzygy, and hence =
compatibility operators, and W is an operator in total derivatives.
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Proof of involution: B. Explicit differential syzygies

The symbol £¢ of the nonlinear vector-operator defining £ in new
coordinates & = £- on Ty M has components

U500 (6) =2 & (a; — aj)(ar — ar) (&€ + &),

(jkt)
Ug,00(6) = — (j%)(ai — aj)(ag — ar) ((ai + a5)&5 + (ar + a)éey),
g%ijkl €=-6 (8 — 0;) (@ — a1 ((ai + a;)&&5 + (ak + al)gkél)a

(§kl) a;a;aEa;

&, G4)

aga;  aa;/’

Or©) =2 & (ai — a5)(ax — ) (
Jjkl)

(
n—2

in the basis e, e, of R? and basis G G of R2< 2 ) where

we restrict to indices i =1, =2,2 < k<l < n.

This means that the homomorphism fg maps f(§)e,, to a5
f(g) Zk‘<l(€%l2kl (g)eEIle + e’%&le (E)eFIle) and SImIIarIy for h(&)ev o
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Proof of involution: B — cont'd

Now we resolve £¢ by a homomorphism C = C¢. The image

C({)(w) for w = Zi<j(wE12ij €E12i; + WFEy 5 eF12ij) has the
following components (2 < i < j < k < n):

Cljk (GL)((CLQ — ak)gl + (ak - a1)£2 + (al - a2)£]€)wE12ij
ij
ngk ((2) [((al —az)(ag — ar)ar1&y + (a2 — ar) (a1 — ag)a2és
ij
+ ((a2 — ar)®a1 + (a1 — a)?a2)&k ) wey,,
+ 2a1a2a;a; (a1 — ag)(ag — ak)gkaIQij:|
clili=6 [2(601 — ag)(a2 — ar)§pWE,
(i5k)
+ ((a1 — a2)(ag — ak)ar&s + (a2 — a1)(a1 — ag)azs
+ ((ag — ak)2a1 + (a1 — ak)2a2)€k)aiaij12ij:|

JERg
a;’a
Psoysy
i

Ci = (6)((@ — a)aiéy + (ax — a1)azée + (a1 — az)aiée) aia e,
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Proof of involution: B — finish'd

One verifies that with these homomorphisms the following
sequence is exact:

R2 L2, R2("77) Loy ga(737),
In other words, Cg¢ is the first syzygy for the module
Mz = Ker(eg) = HOHIR(Mg, R)

Therefore, the differential syzygies for £ are enumerated by 5
different indices (12ijk), 2 <i < j < k < n.

Consequently to verify compatibility conditions for each of these
5-tuples one can work in the corresponding 5-dimensional space,
which is verified straightforwardly. And this yields involutivity.
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Compatibility via free resolution

For a homomorphism ¢ : R"~2 — R? the following sequence is
known as the Eagon-Northcott complex (x = Homgz (-, R))

€

o SPR2@ATR 2 L SPR*¥2QAMR 2 L RMZQAPRY 2 & ARV S R,

It is exact when the Fitting ideal I(y), generated by 2 x 2
determinants of ¢, contains a regular sequence of length (n — 3).
For the system & the map (¢ split: l¢(ey) and l¢(e,) generate two

complementary submodules A>R"~2 C RQ(nf). Therefore two
copies of the x-dual Eagon-Northcott complex yield the following
resolution of the x-dual symbolic module:

0 — Mz - R? & R2APR™2 55 R*2@R2QAPR™ 2 L5 S2RA2QRIQAIR 2 — ...
The Fitting condition corresponds to codimension n — 3 of the zero
set of I({g) is the tangential variety to the rational normal curve.

That only 5-tuples of distinct indices enter the compatibility et
conditions we read off A3R™2: triples (ijk) yield 5-tuples (12ijk).
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