
Topics in string geometry:

generalised complex geometry,
M5-branes & anomalies



Generalised complex geometry and sting theory

? supergravity

? and beyond

⇐⇒

M-theory and M5-branes

⇐⇒

Anomalies



Generalised geometry:

• is not ... “geometry generalised”, but “geometry of generalised structures”

• generalised structures are defined on TM ⊕ Λ•T ∗M

B EX: TM ⊕ Λ0T ∗M

[v, w]Lie 7→ [v + f, w + g] = [v, w]Lie + Lvg − Lwf + ıvM ıwMF︸ ︷︷ ︸
twisting

B new brackets

B ΛnT ∗M ⇔ (n+ 1)-forms

B new automorphisms (F = dA, shifts by closed A)

B extensions of the structure group (string/sugra dualities)

• TM ⊕ T ∗M ⇒ generalised complex geometry

B new integrable structures

B for dim(M) = 2k interpolation between complex and symplectic structures

B new automorphisms ⇒ B − field



B-field and generalised geometry for type II strings

Generalised complex structure (GCG)

• GCG J : T ⊕ T ∗ −→ T ⊕ T ∗ (J 2 = −1; J †IJ = I)

� Structure group: ⇒ U(d2 ,
d
2 )

• GCS integrable: π+[π−(v), π−(w)]Lie = 0 7→ Π+[Π−(X),Π−(Y )]C = 0 with
Courant bracket:

[v + ξ, w + η] = [v, w]Lie +
{
Lvη − Lwξ − 1

2 d(ıvη − ıwξ)
}

(Courant closes on LJ – the i-eigenbundles of J (ΠLJ = LJ ) )

• Closed B-transform (v1, ρ1) 7→ eB(v1, ρ1) = (v1, ρ1 + ıv1B) is an automorphism of
Courant : [eB(v1, ρ1), eB(v2, ρ2)] 7→ eB [(v1, ρ1), (v2, ρ2)]

• Twisting: d 7→ d−H∧, [., .]C 7→ [., .]C + ıvıwH

• Two compatible GCS’s: [J1,J2] = 0 (U(d)× U(d) structure) ⇒ gen. metric (g,B)



Generalised tangent bundle :

0 −→ T ∗M −→ E
π−→ TM −→ 0 ,

Sections of E:

X =

v
ξ

 7−→ X ′ = e−BX =

 I 0

−B I

v
ξ

 =

 v

ξ − ıvB

 .

• Note (v, ξ)→ (v, ξ − ıvdΛ)

• Courant on E → twisted Courant on T ⊕ T ∗

• Lie bracket 7→ Courant ⇒ generalised connection

• Courant does not define an unambiguous gen. Riemman but ...unique

R̂ab = Rab − 1
4HacdHb

cd + 2∇a∇bφ+ 1
2e

2φ∇c(e−2φHcab) and
R̂ = R+ 4∇2φ− 4(∂φ)2 − 1

12H
2 ↔ LBT: SNSε = 4

(
DaDa −D2

)
ε

B The dynamics and supersymmetry transformations of type II supergravity theories
are captured by a ( torsion-free) generalised connection



⇐⇒

LBT - Lichnerowicz-Bismut theorem

• Lichnerowicz theorem:(
∇a∇a −∇2

)
ε = 1

4R tensorial action!

� ∇a - Levi-Civita connection (no torsion)

� ∇ = γa∇a - Dirac operator

• Torsion H (dH = 0) Daε = ∇aε − αHabcγ
bcε

Dε =
(
γa∇a − βHabcγ

abc
)
ε ← torsionful Dirac operator

� Note D 6= γaDa = γa∇a − αHabcγ
abc

• LBT:
(
DaDa −D2

)
ε tensorial(

DaDa −D2
)
ε = 1

4

[
R−#H2

]
ε+ γabcd∇aHbcdε +

(α− 3β)γab∇cHabcε+ (α− 3β)γabHabc (∇cε)

• α = 3β (α = 1
8 for normalisation: 1

12H
2)



Applications for string compactifications

Integrability of GCS (GCY) and Pure spinors

• i-eigenbundle of J LJ - max. isotropic (null space of max. dimension d
2 )

• Spinor bundle S ∼ Λ•T ∗:

� Clifford action on a spinor Φ: (v + ζ) · Φ = vmı∂m Φ + ζmdxm ∧ Φ

� LΦ = {v + ζ ∈ T ⊕ T ∗ | (v + ζ) · Φ = 0} is isotropic
(((v + ζ) · (v + ζ)Φ) = −(v + ζ, v + ζ)Φ)

� If LΦ of max. dimension – Φ - pure spinor

� If LJ = LΦ ⇒ J ↔ line of pure spinors

• For A,B ∈ LΦ, [A,B]CΦ = (AB −BA) · dΦ

� dΦ = (ιv + ζ∧)Φ ⇔ J -integrable

� dΦ = 0 ([A,B]C ∈ LΦ = LJ ) – GCY condition

Dilaton φ together with g and B needed to define ismorphism between pure spinors
and forms: S±(E) ' (detT ∗M)−1/2 ⊗ Λeven/oddT ∗M



Supersymmetric flux backgrounds (type II):

10D string theory with

• the metric: ds2
10 = e2A(y)ds2

4(M4) + ds2
6

• the fluxes : NS 3-form : dH = 0

RR (even/odd - IIA/B) : F (10) = F + vol4 ∧ λ(∗F ) (λ(Fn) = (−1)Int[n/2]Fn)

Equations

of motion
⇔



• susy ⇔ pure spinor equations

d (e3AΦ1) = 0 ⇔ Gen. CY structure

d (e2AReΦ2) = 0

d (e4AImΦ2) = e4Ae−B ∗ λ(F )

〈Φ1, γΦ2〉 = 0

• Bianchi identities

(d−H∧)F = δ(source)



Beyond GCG: why and how?

⇐⇒

From quantum gravity point of view, probing string theory at fundamental level
⇒ study of stringy corrections:

? α′ expansion ⇒ higher derivative corrections to the supergravity

? the genus expansion ⇒ string quantum corrections in spacetime

⇐⇒

Generalised geometry & type II supergravity theories (vacua, symmetries....)

• Generalised complex geometry for heterotic strings (at order α′)

B first look at quantum corrections

• corrections for type II theories

B developing GCG

B (missing) string calculations

B geometry for M-theory



Generalised geometry for heterotic strings

The Heterotic Bianchi Identity :

dH3 =
α′

4
(trR2(Ω+)− trF 2) + O(α′)

where

R(Ω±) = R(ΩLC±1

2
H) = R(Ω)± 1

2dH+ 1
4H ∧H, Hab = Hµ

abdxµ

• Choice of connection in heterotic BI

B tied to a choice of field redefinitions in the higher order curvature corrections to
supergravity

B manifest (0,1) world-sheet supersymmetry: covariant Hermitian space-time
metric G ↔ Ω+ = ΩLC + 1

2H
B (0,2) world-sheet SUSY likes Chern connection, but ... that requires G to pick

up non-trivial space-time Lorentz and gauge transformations (and α′ shifts in
susy transformations)

B (Narain) T-duality

B Two types of problems associated with dH 6= 0



Generalised geometry with a non-closed H?

• ... start with dH = 0 and

Lvg10 = 0 = LvH :

S1 �
� // X10

π

��
X9

de = π∗T (Lv e = 0)

H = π∗h3 + π∗T̃ ∧ e

dH = 0 ⇔

 • dh3 = T̃ ∧ T = 1
4

[
(T+)2 − (T−)2

]
• dT̃ = 0

• T± = T ± T̃

• Locally H = dB = d(b2 + b1 ∧ e) ⇒ T̃ = db1 and h3 = db2 − b1 ∧ T

• Note b2 → b2 + dλ1+λ0T , b1 → b1 + dλ0 and h3 is gauge invariant

� h3 - invariant under T-duality (b2 is not!)



• α′ corrections to geometry

• HS (dH 6= 0): ⇒ B → B + dΛ + α′

4 d−1δd−1X4(Ω+, A)

 ← Extensions of GTB

X4(Ω+, A) = trR2(Ω+)− trF 2 - two types of problems

Two simple ideas:

• Find an extended gen. tangent space with a closed 3-form! (Global data )

� Generalise U(1) fibration S1 ↪→ X
π−→M case:

B dH = 0 on X ⇒ dh3 = T̃ ∧ T = 1
4

[
(T+)2 − (T−)2

]
on M ( h3 - invariant ! )

Generalised heterotic tangent space is built as a double fibration:

0 −→ g −→ C −→ TM −→ 0 ,

0 −→ T ∗M −→ E −→ C −→ 0

� Locally E ' TM ⊕ T ∗M ⊕ adPG (adPG - the adjoint bundle with fibres in g of G)

�
〈
V,W

〉
= 1

2 ιvρ+ 1
2 ιwλ+ tr ΛΣ for V = v + λ+ Λ and W = w + ρ+ Σ

� JV,W K = [v, w]+Lvρ−Lwλ− 1
2d(ιvρ−ιwλ)+LvΣ− LwΛ + [Λ,Σ] + tr (ΣdΛ− ΛdΣ)

� ... dH ∼ trF 2 obstruction: p1(g) = 0



gen. Lichnerowicz theorem (LBT) ⇒ effective actions (Local data )

• (gen.) Lichnerowicz theorem:
(
DADA −D2

)
ε =

[
1
4S + γabcdIabcd

]
ε (S tensorial!)

� Heterotic effective action: S = R+ 4∇2φ− 4(∂φ)2 − 1
12H

2−α
′

4 tr F̂2

� Iabcd = 1
6∇[aHbcd]−α

′

8 tr F̂[abF̂cd] = 0

�
δψa = Daε = ∇aε− 1

8Habcγ
bcε

δζα = Dαε = − 1
8

√
2α′F̂abαγabε

 ← covariant derivative (A = {a, α})

� δλ = Dε =
(
γa∇a− 1

24Habcγ
abc − γa∂aφ

)
ε ← Dirac operator

Gravitational terms (obstruction to E) ?

� picking a substructure of the GFB (O(d)×G×O(d) PB) splits E = C̃+ ⊕ C̃g ⊕ C̃−

� take G→ Ggauge ×O(d)....

� reduce the structure group of E to O(d)×G×O(d) ⊂ O(d+ dim(g))×O(d)

� Identify O(d) ∈ G with O(d) in C̃+

B Works only for Â = Ω+ = ωLC+ 1
2H!!! (cf susy for Ω−!!!)

B For type II G→ O(d)×O(d) does NOT work



B Flip of the sign in O(α′) effective action wrt Da : Ω− −→ Ω+ !!!

� Rmnpq(Ω
−)−Rpqmn(Ω+) = −12dHmnpq

• leading to corrections all orders in α′:

B “gaugino” ψab ∈ Γ(Λ2C+ ⊗ S(C−)) for “gauge group” O(d)+

� δψO(d)ab = 1
8

√
α′R(Ω+)āb̄abγ

āb̄ε .... = Dabε (?)

B ψab - composite “gravitino curvature”
� δψab = Dabε+ 1

8

√
α′
(

1
8α
′[trF ∧ F − trR(Ω+) ∧R(Ω+)]abāb̄

)
γāb̄ε → D̂abε

B Dab → D̂ab in LBT ⇒ O(α′2) modifications of susy for
γāD̂āγ

b̄D̂b̄ε− D̂aD̂aε+ D̂αD̂αε+ D̂abD̂abε = − 1
4S
−ε+ γabcdIabcdε

B hierarchy of higher α′ corrections (consistent with GCG)

B O(α′3) agreement with literature

B new O(α′4) corrections

B iterative all order formulae ?



B “Tensoriality” without generalised geometry:

/D /Dε−DMD
M ε− α′

64

(
tr /F /Fε− tr /R+

/R
+
ε
)

+ 2∇MφDM ε = −1

4
Lbε+O(α′2)

(mod. heterotic BI: dH = α′

4 (tr F ∧ F − tr R+ ∧R+))

B Lb - bosonic Lagrangian

B Multiply by e−2φε† and integrate by parts (ε†ε = 1):

1

4
Lb = ( /Dε)† /Dε− (DM ε)

†DM ε+
α′

64

(
tr ε† /F /Fε− tr ε† /R+

/R
+
ε
)

+O(α′2)

B The (bosonic) action

Sb =

∫
M10

e−2φLb = BPS2

B Susy + BI ⇒ solutions .... alternative to Gen. Ricci computation:

ΓMD−[ND
−
M ]ε−

1

2
D−N (Oε) +

1

2
OD−N ε = −1

4
ENMΓM ε+

1

8
BNMΓM ε+

1

48
dHNMPQΓMPQε

O = /∂φ− 1
12
/H and E0

NM ,B0
NM - EOMs for metric and B-field



M-theory & GCG

• Fields: {gmn, Cmnp, ψm}

� SB = 1
2κ2

∫ (√
−g R− 1

2G ∧ ∗G−
1
6C ∧G ∧G

)
� SF = 1

κ2

∫ √
−g
(
ψ̄mγ

mnp∇nψp +Gp1...p4
(

1
96 ψ̄mγ

mp1...p4nψn + 1
8 ψ̄

p1γp2p3ψp4
) )

B susy δψm = ∇mε+ 1
288 (γm

n1...n4 − 8δm
n1γn2n3n4)Gn1...n4

ε = Dmε

B eom γmnp∇nψp + 1
96 (γmnp1...p4Gp1...p4 + 12Gmnp1p2γ

p1p2)ψn = 0 = Lmnψn

• exact sequence: S
D−→ V ⊗ S L−→ V ⊗ S D†−−→ S

B L ◦D = 0 follows from supersymmetry

B reality of
∫
ψ̄aL

abψb ⇒ L = −L† ⇒ D† ◦ L = 0.

• Lichnerowicz-type relation ρ = D̃aDaε = γabDaDbε ∝ (trace of Einstein + 8-form)

B Labψb = γabcDbψc and D̃c = 1
9γaL

ac = γbcDb

B coefs in Da and D̃a are uniquely fixed by tensoriality of rhs!

• LT ⇒ SB = 〈1 + C, ρ〉 =
∫ √
−g(R− 1

3
1
48Gb1...b4G

b1...b4)− 1
3C ∧ (d ∗G+ 1

2G∧G)



Higher order (type IIA 1-loop) terms
D :S → T ∗ ⊗ S

(Dε)a = ∇aε+ α
(
∇bXabcd

)
γcdε+ βXabcdγ

cd∇bε

D̃ :T ∗ ⊗ S → S

(D̃ψ) = γab
(
∇aψb + α̃ (∇cXacef ) γefψb + β̃Xacefγ

ef∇cψb
)

where Xabcd ∈ [0, 2, 0, 0, 0] and α, β etc. parametrise higher-order corrections

(D̃Dε) = γab∇a∇bε+ (α− α̃− β) (∇aXabcd) γ
cd∇bε

− α
(
∇a∇bXabcd

)
γcdε−

(
β̃ + β

)
Xabcdγ

cd∇a∇bε+ ...

(if α− α̃− β = 0) = − 1
4Rε+ 1

2

(
2α− β̃ − β

)
RabecXabedγ

cdε

+ 1
4

(
β̃ + β

)
RabcdXabcdε− 1

8

(
β̃ + β

)
RabcdXabefγ

cdefε+ ...

Ambiguities:
B α = α̃ = β = 0 consistent: keeping susy classical and only correcting SF

B α̃ = 0, α = β = β̃: D̃a∇aε and γab∇aDbε are separately tensorial ( the fermionic
action is in terms of ”supercovariant” objects)



Everything that can modify susy:

Projection of Rep Multiplicity multiplicity of of which result projected into

R3 of so(10, 1) embeddings in δψ in [∇,∇]R3 form of rank

Xi [0,2,0,0,0] 8 1 1 2

W i [2,0,0,0,0] 3 3 1 2

Si [0,0,0,0,0] 2 1 1 2

Y i [0,1,0,0,2] 2 1 1 6

V i [1,0,0,0,2] 2 4 2 4, 6

T i [0,0,0,1,0] 3 5 3 2, 4, 6

Zi [0,1,0,1,0] 3 1 1 4

U i [1,0,1,0,0] 3 4 2 2, 4

Li [2,1,0,0,0] 3 1 0 -

M i [2,0,0,1,0] 6 1 0 -

The last two lead to symmetrised ∇ and so are immediately ruled out. The other terms
all admit at least one combination which corresponds to R3[∇,∇]ε in the Lichnerowicz,
which thus give rise to R4 terms.



These R4 will appear as p-forms contracted with gamma-matrices acting on the spinor.
The different terms contribute to different forms as follows:

p-form : 0 1 2 3 4 5

R4 multiplicity: 7 0 1 2 17 0

Xi ⊗R • - • - • -

W i ⊗R - - - - - -

Si ⊗R - - - - - -

Y i ⊗R - - - • • -

V i ⊗R - - - - • -

T i ⊗R - - - - • -

Zi ⊗R - - • - • -

U i ⊗R - - • - • -

!!! Nothing is possible at R2 and R3 order !!!



B Tensoriality of D̃D + cancellation of 2,4,6-forms yields 2 independent invariants

� x
( (
t8t8 − 1

8εε
)
R4 + 1

2εt8CR
4
)

� y
(
t8t8 + 1

8εε
)
R4 (t8M4 = 24

(
trM4 − 1

4 (trM2)2
)

)

B what fixes y = 0?

� fermion terms and “actual” supersymmetry

� inclusion of G - nonlinear completion of gravity results

� next order ∼ R7 (lift from 2-loop string terms)

Will quantum corrections be a key to the (generalised) geometry of M-theory?

(How much) can generalised geometry capture the systematics of string expansion?

Plenty of open questions....

B Special couplings: [C ∧G ∧G+ C ∧ [ 1
4p

2
1(TM)− p2(TM)]]



MANY LIVES OF X8 : susy, (different!) anomalies, ... , spin geometry

Euler density:

B χ = 1
4!(4π)2 ε

a1···a8Ra1a2Ra3a4Ra5a6Ra7a8

� Curvature two-from Rab = 1
2Rabcd e

c ∧ ed

Spinor density:

B χ̂ = 1
4!(4π)2 ·

1
24

εi1···i8Ra1a2 (Γa1a2)
i1i2 Ra3a4 (Γa3a4)

i3i4 Ra5a6 (Γa5a6)
i5i6 Ra7a8 (Γa7a8)

i7i8

Eight-forms:

B χ̂ = 1
16

(
8χ+ p1(TM)2 − 4p2(TM)

)
X8 =

1

48

(
1

4
p1(TM)2 − p2(TM)

)
=

1

(2π)4

(
− 1

768
(trR2)2 +

1

192
trR4

)



Supersymmetric M-theory backgrounds:

11D theory on eight-manifolds

• the metric: ds2
10 = e2A(y)ds2

4(M3) + ds2
8 (M8 can have holonomy ⊂ Spin(7))

• the flux components : G ext
4 ∼ ?3dA

G int
4 ∼ G (for e.g. SU(4) holonomy - G is self-dual primitive)

G4 EOM: d ∗G4 ∼ G4 ∧G4 +X8 ⇒

d ∗8 dA = ∗8|G|2 +X8 ⇒
∫
|G|2 ∼ χ(M8)

hence ⇔

 • X8 allows Mink4 compactifications with fluxes

• Ricci-flat 8-manifols without flux are NOT solutions of M-theory!



A very different situation for 11D theory on seven-manifolds

• the metric: ds2
10 = e2A(y)ds2

4(M4) + ds2
7

• the flux components : G ext
4 = µ ?4 1

G int
4 ∼ G

• Classically cannot add G on M7 of G2-holonomy

G is compatible with susy... but requires use of nowhere-vanishing vectors on M7

∗7G ∼ e#Ad(e#̃AιvΦ) ⇒
∫
|G|2 ∼

∫
dG ∧ ιvΦ

Compactification with flux ⇒

 • dG4 6= 0 ... = X5(G4,∇, R)

• X5(G4,∇, R) at least linear in G4

Computing X5(G4,∇, R) is part of the challenge of the non-linear completion of
higher-order curvature terms



M5-branes

Calssical soliton of 11D sugra

• the metric: ds2
10 = eN1u(r)ds2

6(W||) + eN2u(r)(ds2
5)⊥ (r - distance away from M5)

• the four-form : G4 ∼ ?⊥du(r)

dG4 = δ5(r)

• zero-mode expansion G4 → G(0) + h3 ∧ du(r) + · · ·

d ∗G4 ∼ G4 ∧G4 ⇒ h3 = − ∗|| h3

Theory on M5 ⇔


• (2, 0) tensor multiplet

• (β−, ψα, xa) α = 1, ..., 4; a = 1, ..., 5

• SO(5) R-symmetry

• ADE classification - non-Abelian M5



Symmetries of the theory without M5 [C ∧G ∧G+ C ∧ [ 1
4p

2
1(TM)− p2(TM)]]

• shift: C3 → C3 + dΛ

• diffeomorphisms

With M5 i : W6 ↪→M11

• δ(
∫
M11

C ∧G ∧G) →
∫
W6

i∗(Λ ∧G)

? M5 coupling
∫
W6

h3 ∧ i∗C

? δh3 = i∗(dΛ) .... relative cohomology (dh = i∗G)

• diffeomorphisms and δ
∫
C ∧X8 ?

? X8 - (made of) characteristic class(es)... X8 = dX
(0)
7 and δX(0)

7 = dX
(1)
6

? assume trivial normal bundle ( pi(TM)|W = pi(TW ))

? δ
∫
C ∧X8 →

∫
W6

X
(1)
6

? anomaly inflow



M5 ANOMALY

(2,0) tensor multiplet:

• Woldvolume chiral 2-form

� Iβ = 1
5760

(
16p1(TW )2 − 112p2(TW )

)
∼ L(TW )

• Worldvolume fermions

� ID = 1
2 Â(TW ) chS(N)

� for trivial normal bundle:

ID = 4× 1

2
Â(TW ) =

1

5760

(
14p1(TW )2 − 8p2(TW )

)
• Total anomaly: I M5 = 1

48

(
1
4p1(TW )2 − p2(TW )

)
• Cancelled via inflow from a bulk coupling ∼ C3 ∧X8(TM)

G4δX
(0)
7 → η(M5)X

(1)
6 (TM) ↔ d−1δd−1I(2,0)

• Nontrivial normal bundle... C ∧G ∧G is NOT ... diff invariant!



Non-trivial normal bundle

(single) M5 worldvolume :

• Chiral 2-form

� Iβ = 1
5760

(
16p1(TW )2 − 112p2(TW )

)
∼ L(TW )

• Fermions

� ID = 1
2 Â(TW ) chS(N)

� chS(N) = 4 + 1
2p1(N) + 1

96p1(N)2 + 1
24p2(N) + ...

ID = 4× 1

2
Â(TW )+... =

1

5760

(
14p1(TW )2 − 8p2(TW )

)
+...

• Total anomaly:
I M5 = 1

48

(
1
4 (p1(TW )2 + p1(N)2 − 2p1(TW )p1(N))− p2(TW )+p2(N)

)
• Anomaly from the bulk (using p1(TM |W ) = p1(TW ) + p1(N), ...)

I bulk = − 1

48

(
1

4
(p1(TW )2 + p1(N)2 − 2p1(TW )p1(N))− p2(TW )−p2(N)

)

• The result: I M5 + I bulk = p2(N)
24 !!!



Non-singular p-branes

Brane worldvolume Wd (d = p+ 1) located at ya = 0 (a = 1, ..., D − d) in MD

Sε(Wd) - SD−d−1 sphere bundle - boundary of tubular neighbourhood of rad ε, Dε(Wd)

• Magnetic source:

� dGD−d−1 = 2πδ(y1)...δ(yD−d)dy1 ∧ ... ∧ dyD−y ⇒ 2πΦD−d

Thom class of N ΦD−d =

 • d(ρ(r)e2n−1/2) 2n− 1 = D − d− 1

• dρ(r)e2n/2 2n = D − d− 1

eD−d−1 - global angular form

• rank(N) = 2n - sphere bundle has fibers S2n−1

� de2n−1 = −π∗(χ(N)) χ(N) ∈ H2n(M,Z)

• rank(N) = 2n+ 1 - sphere bundle has fibers S2n

� de2n = 0 (e2n = de
(0)
2n−1, δe

(0)
2n−1 = e

(1)
2n−2)

� cohomology class e2n : [e2
2n] = π∗(pn(N))

� at the level of differential forms : π∗(e
3
2n) = π∗(e2nπ

∗pn(N)) = 2pn(N)



M5 (W6 ↪→M11 )- SO(5) N bundle

so(5) ∼= Λ2R5 - connection on N : Θab = −Θba

Define ŷa = ya/r ; (Dŷ)a = dŷa −Θabŷb ; F ab = dΘab −Θac ∧Θca


• e4(Θ) = 1

64π2 εa1...a5 ((Dŷ)a1 ...(Dŷ)a4 − 2F a1a2(Dŷ)a3(Dŷ)a4 + F a1a2F a3a4) ŷa5

• e
(0)
3 (Θ) = 1

32π2 εa1...a5
(
Θa1a2dΘa3a4 ŷa5 − 1

2Θa1a2Θa3a4dŷa5 − 2Θa1a2dŷa3dŷa4 ŷa5
)

• e
(1)
2 (ε, Θ) = 1

16π2 εa1...a5ε
a1a2 (dŷa3dŷa4 ŷa5 −Θa3a4dŷa5)

Under gauge transformations: δΘab = (Dε)ab, δŷa = εabŷb

In the presence of M5:

• G = dC −→ dC − 2πdρ ∧ e(0)
3 /2

� δC = −2πdρ ∧ e(1)
2 /2

• Introduce σ3: G4 − 2πρe4/2 = d(C3 − 2πρe
(0)
3 /2) ≡ d(C3 − 2πσ3)

• CS couplings in presence of M5:

SCS = lim
ε→0
− 1

6(2π)2

∫
M11−Dε(W6)

(C3 − 2πσ3) ∧ d(C3 − 2πσ3) ∧ d(C3 − 2πσ3)



Remember π∗(e3
4) = π∗pn(N)) = 2p2(N)

Under diffs (SO(5) transformations), SCS varies....

• δ((C3 − 2πσ3) = −2πd(ρe
(1)
2 /2)

δSCS = lim
ε→0

1

12π

∫
M11−Dε(W6)

d(ρe
(1)
2 /2) ∧ d(C3 − 2πσ3) ∧ d(C3 − 2πσ3)

= −2π

6

∫
Sε(W6)

e4

2
∧ e4

2
∧ e

(1)
2

2

Anomaly cancellation!... and a key to non-Abelian (2, 0) theories

• I M5 + I bulk + δSCS = 0

• Q coincident M5 - symmetry enhancement to SU(Q)

� dG4 = 2πQdρe4/2

� no new ingredients in the anomaly cancellation

? I M5(Q) = QI M5(Q = 1) + Q3−Q
24 p2(N)



(2, 0) theories have ADE symmetry enhancement

• AQ−1

� remove a centre of mass (one free (2,0) multiplet) anomaly

� I
(2,0)
AQ−1

= (Q− 1)I M5(Q = 1) + Q3−Q
24 p2(N)

• DQ

� R5/Z2 fixed points

� I
(2,0)
DQ

= QI M5(Q = 1) + Q(2Q−1)(2Q−2)
24 p2(N)

• E

� no direct calculation (brane picture), but ... using 5D gauge CS confirm

� I
(2,0)
AQ−1

= rGI M5(Q = 1) +
dG·h∨G

24 p2(N)

� rG, dG, h∨G - rank, dimension, dual Coxeter



Applications

• S4 reduction

� vacuum configuration: G = 2πQVol(S4)

� expand to include fluctuations - flux needs to be
. invariant under SO(5) gauge transformations
. dG = 0

. quantisation
∫
S4 G/2 = 2πQ

� G = 2πQe4/2 + fluctuations in C3 works!

�
∫
M11

C ∧G ∧G −→ ∼ Q3
∫
AdS7

p
(0)
2 (A)

• Derivation of E8 × E8 heterotic GS term also mixes C ∧X8 and C ∧G ∧G

• Anomalies in (1, 0) 6D theories

• “Reduction” of anomalies and calculations for 2D, 4D superconformal theories

� holographic calculations of CFT data (e.g. central charges )

• Geometric lessons to follow?


