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Homogeneous vector bundles

I homogeneous space G/P
I P-representation σ : P → GL(V)

homogeneous bundle V = G ×σ V→ G/P

G ×σ V = G × V/[(g , v) ' (gp, σ(p−1)v)]

with space of sections

Γ∞(G/P,V) ' C∞(G ,V)P = {f : G → V | f (gp) = σ(p−1)f (g)}

and induced action

(σ̃(g)s)(x) = s(g−1x)
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Invariant differential operators

invariant differential operators between sections of two such bundles
V1 and V2 must respect the induced actions of G :

D : Γ∞(G/P,V1)→ Γ∞(G/P,V2)
D ◦ σ̃1 = σ̃2 ◦ D.

linear differential operator D of order k is given by a linear bundle
map from the k-th jet prolongation

D : Γ∞(G/P,J kV1)→ Γ∞(G/P,V2)
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Jet prolongations

The bundle J kV is homogeneous, i.e. there exists P-representation
jkσ on JkV such that

J kV = G ×jkσ JkV

Invariant differential operator corresponds to equivariant bundle map

G ×jkσ1 J
kV1 → G ×σ2 V2

and thus is given by a P-equivariant morphism

ϕ : JkV1 → V2.



Induced representations

Dualizing
ϕ : JkV1 → V2

we get
ϕ∗ : V∗2 →

(
JkV1

)∗
' U(g)k ⊗p V∗1

Taking direct limit k →∞ we obtain

HomP
(
V∗2, U(g)⊗U(p)V∗1

)
' Homg,P

(
U(g)⊗U(p)V∗2, U(g)⊗U(p)V∗1

)
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The case of parabolic subgroup

If P is a parabolic subgroup of a complex simple Lie group G then

g = u⊕ l⊕ u p = l⊕ u

and
U(g)⊗U(p)V 'l U(u)⊗C V 'C S(u)⊗C V.

If V is a highest weight l-module Fλ with highest weight λ, then

Mλ = U(g)⊗U(p)Fλ

is also highest weight module and

Homg(Mλ1 ,Mλ2) = Homl(Fλ1 ,Mλ2)u
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Special linear algebra and its maximal parabolics

g = sl(n + m,C) l = sl(n,C)⊕ sl(m,C)⊕ C

u = Mn,m(C) ' Hom(Cm,Cn) u = Mm,n(C)

{(
A B
C D

)∣∣∣∣∣A ∈ gl(n,C),D ∈ gl(m,C),Tr(A) + Tr(B) = 0
}

α1 α2 αn αN−2 αN−1

N = n + m



Explicit basis

fij =
(

0 0
Eij 0

)
eij =

(
0 Eij
0 0

)

hc =
(

1
n In 0
0 − 1

m Im

)

hA,B =
(
A 0
0 B

)
TrA = TrB = 0

Scalar case:
Mλ = C[u∗]⊗ Cλα , α ∈ C

yij . . . linear coordinate functions on u
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Explicit action for Mλ−ρu

E =
m∑

k=1

n∑
`=1

yk`∂yk`

RA = −
n∑

i ,j=1

m∑
k=1

aijykj∂yki , LB =
m∑

i ,j=1

n∑
k=1

bijyik∂yjk

π̂λ(fij) = −yij

π̂λ(hc) = −
(1
n + 1

m

)
E +

(
λ(hc)− n + m

2

)
π̂λ(hA,B) = RA + LB

π̂λ(eij) =
m∑

k=1

n∑
`=1

yk`∂yki∂yj` −
(
λ(hc)− n + m

2

)
∂yji



Explicit action – continued

LEst =
m∑

i ,j=1

n∑
k=1

(δisδtj)yik∂yjk

=
n∑

k=1
ysk∂ytk

“Replacing tth row with sth row.”

REst = −
n∑

k=1
ykt∂yks

“Replacing sth column with tth column.”

π̂λα(eij) =
m∑

k=1
∂ykiLkj −

(
α− n −m

2

)
∂yji



Multiplicity-free decomposition
Let α ∈ C and let r = min{n,m} and define

qk = det


y1,n−k+1 y1,n−k+2 . . . y1,n
y2,n−k+1 y2,n−k+2 . . . y2,n

...
... . . . ...

yk,n−k+1 yk,n−k+2 . . . yk,n


for k = 1, 2, . . . , r .

The vectors

vµ = qa1
1 qa2

2 . . . qar
r ∈ C[u]⊗C Cλα−ρ

are highest weight vectors of l.

µ =
r∑

i=1
aiωn−i +

r∑
i=1

aiωn+i +
(
α− n + m

2 − 2
r∑

i=1
ai

)
ωn
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Multiplicity-free decomposition – continued

We have
C[u]⊗C Cλα−ρ 'l

⊕
µ∈Λ+

α(p)

Fµ

as l-modules, where Fµ is the simple l-module with highest weight
µ ∈ h∗ and

Λ+
α (p) =

{ r∑
i=1

aiωn−i +
r∑

i=1
aiωn+i +

(
α− n + m

2 − 2
r∑

i=1
ai

)
ωn∣∣∣∣ a1, a2, . . . , ar ∈ N0

}
.



Proof

vµ = qa1
1 qa2

2 . . . qar
r

I s largest such that as 6= 0

π̂λ(en−s+1,s)vµ =
(
as − s − α + n + m

2

)
∂ys,n−s+1vµ

I t such that at 6= 0 and al = 0 for l = t + 1, . . . , s − 1

∂yt,n−t+1 π̂λ(en−t+1,t)vµ = at(as+at+s−t)(∂yt,n−t+1qs)(∂yt,n−t+1qt)

I verify that

π̂λ(ei ,j)qas
s = 0, i = 1, . . . , n, j = 1, . . . ,m
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Result

We have

Mu
λ
∼−→


Fµα,r if α + r /∈ N,

Fµα,r ⊕
min{r−1,α+r−1}⊕

k=0
Fµα,k if α + r ∈ N,

where
µα,k = (α+ r − k)ωn−r+k + (α+ r − k)ωn+r−k − (α+ 2r − 2k)ωn
for k = 0, 1, . . . , r .



Other classical Hermitian Symmetric Spaces

p =
{(

A B
0 −AT

)∣∣∣∣∣A,B ∈ Mn,n(C), BT = B
}

α1 α2 αn−1 αn

p =
{(

A B
0 −AT

)∣∣∣∣∣A,B,C ∈ Mn,n(C), BT = −B, CT = −C
}

α1 α2 αn−2

αn

αn−1



Exceptional case E6

E−14
6 /U(1)Spin(10)

α1 α3 α4 α5 α6

α2

dim u = 16 deg q1 = 1, deg q2 = 2



Exceptional case E7

E−25
7 /U(1)E cpt

6

α1 α3 α4 α5 α6 α7

α2

dim u = 27 deg q1 = 1, deg q2 = 2, deg q3 = 3

u = Herm(3,O) q3 = det
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