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Subriemannian geometry

Definition

Subriemannian geometry (M,D, S) on a manifold M is given by a
distribution D, and (positive definite) metric h on D.

Sheaf D−1 = D of vector fields valued in D generates the filtration
by sheafs

Dj = {[X ,Y ],X ∈ Dj+1,Y ∈ D−1}, j = −2,−3, . . . .

We say that D is a bracket generating distribution if for some k,
Dk is the sheaf of all vector fields on M.



Tractor like view Special connections Non-holonomic equations Example

Subriemannian geometry

Definition

Subriemannian geometry (M,D, S) on a manifold M is given by a
distribution D, and (positive definite) metric h on D.

Sheaf D−1 = D of vector fields valued in D generates the filtration
by sheafs

Dj = {[X ,Y ],X ∈ Dj+1,Y ∈ D−1}, j = −2,−3, . . . .

We say that D is a bracket generating distribution if for some k,
Dk is the sheaf of all vector fields on M.



Tractor like view Special connections Non-holonomic equations Example

Bracket generating distribution D defines the filtration of subspaces

TxM = Dk
x ⊃ · · · ⊃ D−1x

at each point x ∈ M.
The associated graded tangent space

grTxM = TxM/Dk+1
x ⊕ · · · ⊕ D−1x

comes equipped with the structure of a nilpotent Lie algebra.
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The sub-Riemannian metric can be viewed as h : T ∗M → TM with
the image D.
There are the equivalent short exact sequences:

0→ K → T ∗M
h→ D → 0

0→ D → TM
q→ Q → 0.

There is also the D-valued Levi-form defined by projecting the Lie
bracket of vector fields in D

L : D × D → Q.

Splittings of the sequences correspond to splittings of TM or T ∗M.
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A change of splitting from s to another ŝ : Q → TM may be
naturally identified with a bundle map f : Q → D.
Changes of splitting induce:

[TM]s 3 [v ]s =

(
σa

ui

)
s

7→
(
σ̂a

ûi

)
ŝ

=

(
σa

ui − f iaσ
a

)
ŝ

= [v ]ŝ ∈ [TM]ŝ .

and similarly(
ui

νa

)
7→
(

ui

νa + f iaui

)
where ui = hiju

j ,
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Non-holonomic Riemannian structure (M, g ,D,D⊥)
Choose E = TM and for α ≥ 0

Φα =

{
idD on D

α idD⊥ on D⊥.

When α approaches zero we charge each of the D⊥ components of
the velocities ċ(t) by a 1/α multiple of its original size with
respect to g . At the α = 0 limit we obtain the original
sub-Riemannian geometry.
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Theorem

Given a sub-Riemannian geometry (M,D, h), let g be a
Riemannian metric on TM that restricts to h on D and write D⊥

for the orthogonal complement of D. Then there is the unique
metric connection ∇ on TM such that both D and D⊥ are
preserved, and

TD
DD = 0

TD⊥

D⊥D⊥ = 0

TD⊥

DD⊥ is symmetric with respect to g|D⊥

TD
DD⊥ is symmetric with respect to g|D .

This connection ∇ is invariant with respect to constant rescalings
of g on D or D⊥.
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Fix extension metric g of the given sub-Riemannian metric h, write
TM = D ⊕ D⊥, consider the family of metrics g ε

|D = g and
g ε
|D⊥ = εg . They all share the special connection ∇. We rewrite

the geodesic equation for the metric minimizers of g ε in term of ∇
and its torsion.
Write Dε for the Levi Civita connection of g ε and
Aε : TM ⊗ TM → TM be the contorsion tensor,

Dε
XY = ∇XY + Aε(X ,Y ).
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Consider local non-holonomic frames spanning D and D⊥ and use
indices i , j , k , . . . and a, b, c , . . . in relation to D and D⊥,
respectively, i.e., u = ui + ua is the tangent curve u = ċ ,
∇ = ∇i +∇a.
Similarly, write gij and εgab, and torsions

T i
jk + T i

ja + T i
ab + T a

jk + T a
jb + T a

bc .
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The variational equations Dε
uu = 0 for the tangent curves u = ċε

of the g ε critical curves cε are

0 = giju
k∇ku

j + giju
a∇au

j + gkju
kT j

iau
a

+ εgabu
aT b

icu
c + εgabu

aT b
iku

k

0 = εgabu
k∇ku

b + εgabu
c∇cu

b + giju
iT j

abu
b

+ giju
iT j

aku
k + εgcbu

bT c
aku

k .

Now we ”renormalize” the D⊥ component ua as ua = 1
εν

a and
δ = 1/ε. In the limit δ = 0 we arrive at

0 = giju
k∇ku

j + gabν
aT b

iku
k

0 = gabu
k∇kν

b + giju
iT j

aku
k + gcbν

bT c
aku

k

With the help of g , we can view this as equations coupling the
components (ui ) ∈ D with (νa) in the annihilator of D in T ∗M.
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Theorem

For each set of initial conditions x ∈ M, u(0) ∈ D ⊂ TxM, and
ν(0) ∈ D⊥ ⊂ T ∗xM, the component u(t) of the unique solution of
the equations

0 = uk∇ku
i + hijνaL

a
iku

k

0 = uk∇kνa + giju
iT j

aku
k + νbT

b
aku

k
(1)

projects to a locally defined normal extremal c(t) of the
sub-Riemannian geometry with c(0) = x and ċ(t) = u(t).
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generalized Heisenberg in 5D

Holonomic coordinates (x1, x2, x3, x4, z), D spanned by

X1 =
∂

∂x1
− x3

∂

∂z
X2 = λ

(
∂

∂x2
− x4

∂

∂z

)
X3 =

∂

∂x3
+ x1

∂

∂z
X4 = λ

(
∂

∂x4
+ x2

∂

∂z

)

The set of first 5 equations reads (here u(t) = αiXi in the
non-holonomic frame)

ẋ1 = α1, ẋ2 = λα2, ẋ3 = α3, ẋ4 = λα4,

ż = x1α3 − x3α1 + λx2α4 − λx4α2,
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Our ”non-holonomic equations” then get

α̇1 =
λx1 − x3λz

λ
(α2α2 + α4α4)− να3,

α̇2 = −λx1 − x3λz
λ

α1α2 − λx3 + x1λz
λ

α2α3 − (λx3 + x2λz)α2α4

− (x4λz − λx2)α4α4 − λ2να4,

α̇3 =
λx3 − x1λz

λ
(α2α2 + α4α4)− να1,

α̇4 = −λx1 − x3λz
λ

α1α4 − λx3 + x1λz
λ

α3α4 + (λx4 + x2λz)α2α2

+ (x4λz − λx2)α2α4 + λ2να2,

ν̇ =
2λz
λ

(α2α2 + α4α4).

In particular, if λz = 0 then ν is a free constant parameter. These
equations coincide with the standard ones if λ is a constant
function.
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