
http://www.konradwaldorf.de/docs/srni-1-slides.pdf
http://www.konradwaldorf.de/docs/srni-1-notes.pdf

Lectures on gerbes, stacks, and strings

42th Winter School on Geometry and Physics, Srni, 2022

Konrad Waldorf

Part I: Gerbes



http://www.konradwaldorf.de/docs/srni-1-slides.pdf
http://www.konradwaldorf.de/docs/srni-1-notes.pdf

A gauge field consists of local gauge potentials Aα ∈ Ω1(Uα, g), gauge
transformations on the overlaps,

gαβ : Uα ∩ Uβ → G ,

and the passage between three open sets is consistent:

gβγgαβ = gαγ .

Recall the condition for gauge transformations:

Aβ = Ad−1
gαβ

(Aα) + g∗
αβθ
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When G = U(1), we identify g ∼= R; then, we have

g∗θ = dlog(g) :=
1

2πi
g−1dg .

The condition for gauge transformations simplifies to

Aβ = Aα + dlog(gαβ).

Taking exterior derivatives of the gauge potentials, we obtain

dAα = dAβ

and hence a globally defined “field strength”

F := dAα ∈ Ω2(M).
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This structure allows a consistent definition of the coupling between the gauge
field and a charged particle moving on a trajectory

γ : [0, 1]→ M.

Namely, the particle picks up a phase

n∏

i=1

exp

(

2πi

∫ ti

ti−1

γ∗Aαi

)

gαi αi+1(γ(ti )) ∈ U(1).

In differential geometry, we use for gauge fields a cover-independent but
equivalent structure: a principal G-bundle with connection.

The field strength F is called the curvature.

The phase described above is a way to express the parallel transport along a
path γ.
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In order to replace paths by strings, we need to go one degree up:

I 2-forms Bα ∈ Ω2(Uα)

I 1-forms Aαβ ∈ Ω1(Uα ∩ Uβ) such that

Bβ = Bα + dAαβ

I gauge transformations

gαβγ : Uα ∩ Uβ ∩ Uγ → U(1)

such that
Aβγ = Aβγ + Aαβ + dlog(gαβγ),

and
gβγδ ∙ gαγδ = gαγδ ∙ gαβγ

holds on all 4-fold intersections.

This structure is called a gauge field for strings, or B-field.
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The trajectory of a string be a smooth map

φ : Σ→ M

where Σ is a closed oriented surface.

We need to triangulate the surface, with faces f , edges e, and vertices v . The
phase becomes then:

∏

f

exp

(

2πi

∫

f

φ∗Bαf

) ∏

e∈∂f

exp

(

2πi

∫

e

φ∗Aαf αe

) ∏

v∈∂e

g ε(f ,e,v)
αf αeαv

(v),

where ε(f , e, v) is some sign.

A bundle gerbe with connection over M is the global differential-geometric
object that corresponds to a B-field. Above phase is called the “surface
holonomy” of the bundle gerbe.
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We will allow two generalizations:

The first generalization replaces open covers {Uα} by surjective submersions.

Any open cover produces a surjective submersion
∐

α∈A

Uα → M.

We want to allow arbitrary surjective submersions π : Y → M.

Intersections of open sets become replaced by the fibre products:

Y [k] := {(y1, ..., yk) ∈ Y k | π(y1) = ... = π(yk)}.

The second generalization replaces the gauge potentials Aαβ on Uα ∩ Uβ by a
principal U(1)-bundle Pαβ with connection.
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A bundle gerbe G with connection over M consists of:

I a surjective submersion π : Y → M

I a 2-form B ∈ Ω2(Y )

I a principal U(1)-bundle P over Y [2] with connection ω of curvature

curv(ω) = pr∗2B − pr∗1B

I a connection-preserving bundle isomorphism μ over Y [3]; fibrewise

μy1,y2,y3 : Py2,y3 ⊗ Py1,y2 → Py1,y3

It is required that the diagram

Py3,y4 ⊗ Py2,y3 ⊗ Py1,y2

id⊗μy1,y2,y3 //

μy2,y3,y4
⊗id

��

Py3,y4 ⊗ Py1,y3

μy1,y3,y4

��

Py2,y4 ⊗ Py1,y2 μy1,y2,y4

// Py1,y4

is commutative over Y [4].
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Sketch:
P

��

μ

Y

π

��

Y [2]
oo
oo

Y [3]
oo
oo
oo

M
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Suppose we have open sets Uα allowing sections sα : Uα → Y . Then,

Bα := s∗αB ∈ Ω2(Uα).

On the overlaps, we have section sαβ := (sα, sβ) : Uα ∩ Uβ → Y [2] and obtain
a principal U(1)-bundle

Pαβ := s∗αβ

with a pullback connection ωαβ . If we choose the open sets well enough, Pαβ

will be trivializable, and admit sections σαβ : Uα ∩ Uβ → Pαβ . Then we get a
1-forms

Aαβ := σ∗
αβωαβ ∈ Ω1(Uα ∩ Uβ).

On a 3-fold intersection, define a smooth map

gαβγ : Uα ∩ Uβ ∩ Uγ → U(1)

by
μαβγ(σβγ(x)⊗ σαβ(x)) = σαγ(x) ∙ gαβγ(x).

This yields precisely the data of a B-field; in particular, we can thereby define
the “surface holonomy” of the bundle gerbe G.



http://www.konradwaldorf.de/docs/srni-1-slides.pdf
http://www.konradwaldorf.de/docs/srni-1-notes.pdf

We may regard gαβγ as a cocycle in the 2nd Čech cohomology of the cover
{Uα} with values in the sheaf of smooth U(1)-valued functions.

Thus, any bundle gerbe determines a class

[g ] ∈ Ȟ2(M, U(1)) ∼= H3(M,Z).

This class is called the Dixmier-Douady class of G.
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We associate to each 2-form B ∈ Ω2(M) a bundle gerbe with connection IB :

I Its surjective submersion is the identity, idM : M → M.

I Its 2-form is B.

I Its principal U(1)-bundle P is the trivial bundle, equipped with the trivial
flat connection.

I Its isomorphism μ is the identity morphism between trivial bundles.

The surface holonomy of IB around φ : Σ→ M is
∫

Σ

φ∗B.

The Dixmier-Douady class of IB is 0 ∈ H3(M,Z).

One can define isomorphisms G ∼= G′ between bundle gerbes with connection.
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An isomorphism G ∼= G′ is:

I a principal U(1)-bundle Q over the common refinement Z := Y ×M Y ′

with connection χ of curvature

curv(χ) = pr∗Y ′B
′ − pr∗Y B

I a connection-preserving bundle isomorphism α over Z ×M Z ; fibrewise

α(y1,y ′1),(y2,y ′2) : Qy2,y ′2
⊗ Py1,y2 → P ′

y ′1 ,y ′2
⊗ Qy1,y ′1

such that the diagram

Qy3,y ′3
⊗ Py2,y3 ⊗ Py1,y2

α(y2,y′
2
),(y3,y′

3
)⊗id

��

id⊗μy1,y2,y3 // Qy3,y ′3
⊗ Py1,y3

α(y1,y′
1
),(y3,y′

3
)

��

P ′
y ′2 ,y ′3
⊗ Qy2,y ′2

⊗ Py1,y2

id⊗α(y1,y′
1
),(y2,y′

2
)

��

P ′
y ′2 ,y ′3
⊗ P ′

y ′1 ,y ′2
⊗ Qy1,y ′1 μ′

y1,y2,y3
⊗id

// P ′
y ′1 ,y ′3
⊗ Qy1,y ′1

is commutative.
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If B ′ ∈ Ω2(M), an isomorphism G ∼= IB′ is called a trivialization with covariant
derivative B ′.

Explicitly, this is the following:

I a principal U(1)-bundle Q over Y with connection χ of curvature

curv(χ) = π∗B ′ − B

I a connection-preserving bundle isomorphism α over Y [2]; fibrewise

αy1,y2 : Qy2 ⊗ Py1,y2 → Qy1

such that the diagram

Qy3 ⊗ Py2,y3 ⊗ Py1,y2

αy2,y3
⊗id

��

id⊗μy1,y2,y3 // Qy3 ⊗ Py1,y3

αy1,y3

��

Qy2 ⊗ Py1,y2 id⊗αy1,y2

// Qy1

is commutative.
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There are bijections

{
Isomorphism classes of
bundle gerbes over X

}
∼= H3(X ,Z) : [G] 7→ [gαβγ ]

{
Isomorphism classes of

bundle gerbes with
connection over X

}

∼= Ĥ3(X ) : [G] 7→ [Bα, Aαβ , gαβγ ].

Here, Ĥk(X ) denotes the differential (or Deligne) cohomology.

There is a tensor product between bundle gerbes, such that above bijections
are group isomorphisms. The bundle gerbe I0 is the tensor unit.
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Let G be a compact simple Lie group. A Weyl alcove is a simplex A ⊆ t∗ in the
dual of the Lie algebra of a maximal torus t, whose elements correspond 1-1 to
the conjugacy classes of G . Thus, there is a map

q : G → A

sending g ∈ G to the element that corresponds to the conjugacy class of g .
This map is continuous.

Let να be the vertices of A, and let fα be the face opposite of να. Define open
sets

Uα := q−1(A \ fα) ⊆ G .

Each 2-fold intersection Uα ∩ Uβ can be identified with the coadjoint orbit in
g∗ going through ναβ := νβ − να ∈ t∗. In good cases this coadjoint orbit is
quantizable, for example if G = SU(n). In these cases we have a prequantum
U(1)-bundle Pαβ over Uα ∩ Uβ .

The equation
νβγ + ναβ = ναγ

induces the isomorphism μαβγ .

This defines a bundle gerbe Gbasic over G called the basic gerbe.
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Consider:

I a Lie group homomorphism φ : Ĝ → G

I a principal G -bundle P over M.

A lift of P along φ is a principal Ĝ -bundle P̂ over M together with a smooth
map Φ : P̂ → P such that the diagram

P̂
Φ //

��
???????? P

����������

M

is commutative, and the condition

Φ(p̂ĝ) = Φ(p̂)φ(ĝ)

holds for all p̂ ∈ P̂ and ĝ ∈ Ĝ .
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There is a sequence of homomorphisms of topological groups:

O(d)← SO(d)← Spin(d)← String(d)← Fivebrane(d)← . . .

For large d , these form a Whitehead tower:

π0 π1 π2 π3 π4 π5 π6 π7

O(d) Z2 Z2 0 Z 0 0 0 Z
SO(d) 0 Z2 0 Z 0 0 0 Z
Spin(d) 0 0 0 Z 0 0 0 Z
String(d) 0 0 0 0 0 0 0 Z
Fivebrane(d) 0 0 0 0 0 0 0 0

Let P = O(M) be the orthogonal frame bundle of a Riemannian manifold M.

I A lift of P to SO(d) is called orientation.

I A further lift to Spin(d) is called spin structure.

I A further lift to String(d) is called string structure.
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Let P be a principal G -bundle over X and let

1→ A→ Ĝ
φ
→ G → 1

be a central extension.

The lifting gerbe LP is the following bundle gerbe:

I Its surjective submersion is the bundle projection π : P → X .

I Its principal U(1)-bundle is the pullback of the principal U(1)-bundle Ĝ
along the map δ : P [2] → G defined by p1 = p2δ(p1, p2).

I Its bundle gerbe product μ is just multiplication.

Sketch:

δ∗Ĝ //

��

Ĝ

��

P

π

��

P [2]

δ
//oo

oo
G

M
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There is a bijection:

{
Equivalence classes of

lifts Φ : P̂ → P

}
∼=

{
Isomorphism classes of
trivializations of LP

}

Given Φ : P̂ → P, set Q := P̂ and equip this with the A-action induced along
A→ Ĝ . Q becomes a principal A-bundle over P with projection map Φ. Define

αp1,p2 : Qp2 ⊗ (δ∗Ĝ )p1,p2 → Qp1

using the principal action of Ĝ on P̂. This defines a trivialization (Q, α) of LP .

Conversely, if (Q, α) is a trivialization, set P̂ := Q and let Φ : P̂ → P be the
bundle projection. Define a Ĝ -action on P̂ in the following way: for q ∈ Q and
ĝ ∈ Ĝ consider p2 := Φ(q) ∈ P and g := φ(ĝ) ∈ G ; this makes q ∈ Qp2 and
ĝ ∈ Ĝg . Define p1 := p2g . Then,

qĝ := αp1,p2(q ⊗ ĝ) ∈ Pp1

defines the action, and it satisfies Φ(qĝ) = p1 = p2g = Φ(q)φ(ĝ).
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The spin group sits in a central extension

1→ Z2 → Spin(d)→ SO(d)→ 1.

Let M be an oriented Riemannian manifold of dimension d , and SO(M) its
frame bundle. The lifting bundle gerbe LSpin(d) is called the spin lifting gerbe.

It is trivializable if and only if M is a spin manifold, and its trivializations are
precisely the spin structures on M.

Hence, the Dixmier-Douady class of LSpin(d) is the second Stiefel-Whitney class
w2(M). In other words, LSpin(d) is a geometric representative of that class.
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Side remark: it is a result of Grothendieck that a central extension

1→ A→ Ĝ → G → 1

is the same thing as a multiplicative principal A-bundle P over G .

This means that P is equipped with an associative bundle morphism

φ : pr∗2P ⊗ pr∗1P → m∗P

over G × G , where
pr1, pr2, m : G × G → G

are the projections and multiplication.

Fibrewise this means
φg1,g2 : Pg2 ⊗ Pg1 → Pg1g2 ,

and the associativity condition is that the diagram

Pg3 ⊗ Pg2 ⊗ Pg1

id⊗φg1,g2 //

φg2,g3
⊗id

��

Pg3 ⊗ Pg1g2

φg1g2,g3
��

Pg2g3 ⊗ Pg1 φg1,g2g3

// Pg1g2g3

is commutative.
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A bundle 2-gerbe over M consists of the following structure:

I a surjective submersion π : Y → M

I a bundle gerbe P over Y [2]

I an isomorphism
M : pr∗23P ⊗ pr∗12P → pr∗13P

of bundle gerbes over Y [3]

I a “2-isomorphism” μ over Y [4], satisfying a pentagon condition over Y [4].

Sketch:
P M μ

Y

π

��

Y [2]
oo
oo

Y [3]
oo
oo
oo

Y [4]

oo

oo

oo
oo

M
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Let P be a principal G -bundle over M. We want to form a bundle 2-gerbe with
surjective submersion P → M, and consider the bundle gerbe

P := δ∗Gbasic .

The isomorphism M and the 2-isomorphism μ can be obtained from a
multiplicative structure on the basic bundle gerbe Gbasic .

Such a structure consists of an isomorphism

pr∗1G ⊗ pr∗2G ∼= m∗G

of bundle gerbes over G × G , and an appropriate “higher” associativity law. In
case of the basic bundle gerbe, it exists canonically.

The bundle 2-gerbe obtained like this is called the Chern-Simons 2-gerbe
associated to P, and it is denoted by CSP .
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Of special interest will be the Chern-Simons 2-gerbe CSSpin(M) associated to
the spin structure Spin(M) of a spin manifold M.

Its Dixmier-Douady class is

1

2
p1(M) ∈ H4(M,Z).

We will see in the next lecture that its trivializations can be seen as the string
structures on M.
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