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Underlying theory: ”Supergravity”

String theory:
x : Σ2 → M10/26

Worldsheet

Polyakov action

S = − 1

4πα′

∫
dσ2√−g∂ix

m∂jx
n
(
g ijGmn + ϵijBmn

)
Target space effective action

Background fields: (G ,B, ϕ).

Bosonic low energy string effective action:

S =

∫
dx

√
−G e−2ϕ

(
R − 1

12
H2 +

1

4
∂mϕ∂mϕ

)
.
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Supergravity equations of motion

α′Rmn + 2α′∇m∇nϕ− α′

4
HmklHn

kl = 0 (1)

− α′

2
∇kHkmn + α′∇kϕHkmn = 0 (2)

− α′

2
∇2ϕ+ α′∇mϕ∇mϕ− α′

24
HklmH

klm = 0 (3)
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Double field theory (DFT) formalism

Double the coordinates xm → XM = (x̃m, x
m).

O(D,D) is the new structure group and the Lorentz group is
doubled to O(D − 1, 1)× O(1,D − 1)
Frame-like flux formalism: (Gmn,Bmn, ϕ) → (EA

M , d)

Definitions and formulas of the doubled fields

Generalized vielbein:

EA
M =

1√
2

(
e(+)a

m − e(+)anBnm e(+)am

−e
(−)
am − e

(−)
a

nBnm e
(−)
a

m

)
.

Generalized dilaton:

e−2d = e−2ϕ
√
−G .

Generalized fluxes:

FABC = 3∂[AEB
MEC ]M , FA = ∂BEB

MEAM + 2∂Ad .
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Action, equations and relation to ordinary supergravity

Action:

S =

∫
dXe−2dR

R = 4∂aFa − 2FaFa + Fa
bcFa

bc +
1

3
FabcFabc

Equations of motion

R = 0, ∂aFb + (∂c −Fc)Fa
bc −Fc

daFd
cb = 0

Returning to supergravity

∂M = (0, ∂m), e(+) = e(−) = e
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Example of simplification using DFT

Yang-Baxter deformation for standard supergravity

For backgrounds (G ,B, ϕ) with an algebra of isometries K

Deformation

G̃ − B̃ = (G − B) (1 + ηΘ(G − B))−1 (4)

ϕ̃ = ϕ− 1

2
ln det (1 + ηΘ(G − B)) (5)

Where Θmn = Km
a RabKn

b and Rab is the R-matrix and η is the
deformation parameter.

Yang-Baxter deformation in DFT

ẼA
M = EA

N (1 + Θ)N
M (6)

F̃ABC = FABC , FA = FA − 2EAM∇Nθ
MN (7)

Explored in 2007.15663.
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The story of α′ corrections

History

Matsaev, Tseytlin 1987 - amplitude calculation

Marques, Nuñez 2015 - first correction

Baron, Marques 2020 - higher corrections

Hronek, Wulff 2021 - but not all of them

What are we looking for?

Quantum α′ expansion of the DFT action.

Constructed from ∂A,FA,FABC

Generalized diffeomorphism invariance

O(D,D) invariance

Double Lorentz invariance
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Corrections in standard supergravity

S =

∫
dX

√
−Ge−2ϕ

(
L0 + α′L1 + α′2L2 + α′3L3

)
L1 = (Riem)2 + . . . (bos/het)

L2 = (Riem)3 + . . . (bos) L2 = (LCS)2 (het)

L3 = ζ(3) (Riem)4 + . . . (bos/het/type II)
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Systematic approach to finding independent invariants

Double Lorentz transformations

δEA
MEBM = λAB , parameters of the infinitesimal double

Lorentz transformation

Fluxes transform almost like connections

δFABC = 3∂[AλBC ] + 3λ[A
DFBC ]D (8)

δFA = ∂BλBA + λB
AFB (9)

Requiring invariance δL = 0 order by order in fields, we find at
leading order:

1 ∂[aFb]
cd ∼ Rab

cd analog of the Riemann tensor
2 ∂aFa ∼ R
3 ∂aFb + ∂cFa

bc ∼ Ra
b

Problem: the ”Riemann tensor” is NOT covariant!

Stanislav Hronek, email: 436691@mail.muni.cz The story of O(D,D) and string α′-corrections via DFT



Results - first order α′

Via a correction to the double Lorentz transformation

λ̃a
b = λa

b + a∂aλcdFb
cd − b∂bλcdFa

cd .

The two parameters (a, b) interpolate between the bosonic
case (a = b = −α′) and heterotic case (a = −α′, b = 0)

We find an invariant (up to total derivatives) quantity

L1 =
1

2
Rab

cdRab
cd+FabCFb

de∂CFa
de+

(
∂aFb −Fc

daFc
db+

1

2
FacdFbcd

)
Fa

efFb
ef −

2

3
FabcFa

cdFb
deFc

ec
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Results - second order (α′)2

No independent invariant.

Full expression found in 2009.07291 by Baron, Marquez,
contains 280 terms (bosonic) and 190 terms (heterotic).

Our work from 2109.12200: check consistency with known
supergravity corrections at leading order in fields

Lbos = −1

3
Rab

deRbc
efRca

fd +O(F4), Lhet = O(F4)

Better approach?: δ′(L1) + δ(L2) = 0. Work order by order in
fields and use almost covariant quantities.

Success for the heterotic case: from 190 terms to 8 terms

Partial success for the bosonic case: from 280 to about 25
terms.

Should appear soon in arxiv.
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Results - third order (α′)3

There is a known term proportional to ζ(3)R4 in standard
supergravity, can we get it from DFT?

We get agreement at leading order but an obstruction to
Lorentz invariance at subleading order.

Namely we find that it is not possible to complete R4 with
something fifth order in fields such that the sum is Lorentz
invariant.

Supervisor work in 2111.00018: use DFT to determine the B
field terms up to fifth order in fields in the compactified case.
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Conclusions

DFT works very well as a simplification tool for many
calculations including the first α′ corrections

However it is not able to account for all of the string α′

corrections (in the non-compactified case).

For further interest, recommended talks on youtube by Linus
Wulff: ”O(d,d) and α′-corrections (Linus Wulff)”, ”Linus
Wulff, O(D,D) and string alpha’-corrections”

Thank you for the attention!

Stanislav Hronek, email: 436691@mail.muni.cz The story of O(D,D) and string α′-corrections via DFT



Appendix

The form of the R4 invariant:

Rab
ef R

bc
fgR

cd
heR

da
gh +

1
2R

ab
ef R

bc
fgR

cd
ghR

da
he

− 1
4R

ab
ef R

ab
fgR

cd
ghR

cd
he − 1

4R
ab

ef R
bc

ef R
cd

ghR
da

gh

− 1
8R

ab
ef R

cd
ef R

bc
ghR

da
gh − 1

8Rabef R
cd

fgR
ab

ghR
cd

he

+ 1
16R

ab
ef R

cd
ef R

ab
ghR

cd
gh +

1
32R

ab
ef R

ab
ef R

cd
ghR

cd
gh .

Stanislav Hronek, email: 436691@mail.muni.cz The story of O(D,D) and string α′-corrections via DFT



Appendix 2

The almost covariant quantities:

Almost Riemmann curvature tensor

Rab
cd = 2∂[aF b]

cd − F abeF e
cd + 2F [a

ceF
b]
ed

δRab
cd = 2λ[a|e|R |e|b]

cd − 2λ[c|e|R
ab

|e|d ] − ∂eλabF e
cd − Fe

ab∂eλcd

Almost covariant derivatives

DaY
b = ∂aY

b − Fa
bcY c , DaY b = ∂aY b − 1

2
F abcY c

DaYb = ∂aYb +
1

2
FabcYc DaYb = ∂aYb + F a

bcYc

Convenient field compositions

Mab = Fa
cdFb

cd , Mabc = Fa
deFb

ef Fc
fd , . . .
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