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Ghosts & Graded Geometry
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BV-BRST: Ghosts & Antighosts 4
—

The field-antifield configuration of a BV-BRST gauge theory:
(A,C7A*7C*.f)

> A = gauge fields, ¢ = ghosts, (A*,c") = antifields,
F = gauge fixing fermion.
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—

The field-antifield configuration of a BV-BRST gauge theory:
(A,C7A*7C*../T)
> A = gauge fields, ¢ = ghosts, (A*,c") = antifields,
F = gauge fixing fermion.

» The BV-BRST gauge (super)symmetry transformation:

o gauge fields ghosts o) ghosts o)
+ —> (degree 0) ——> (degree 1) ——> (degree 2) ——> -
bosonic fermionic bosonic

> 02 =0, gauge symmetry is described by O-cohomology.
» The BV-action functional S is a generator of Q:

Qlo] = {S, ¢}
> It satisfies the classical master equation iff Q% = 0.
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Graded :./\/ QP: Manifolds 5

» A N-Manifold is a graded locally ringed space M over Mg € Man
with:
Om(U) = C=(Mo) @ S(V) € Algy,

|M]
where V = @ V; € Vectp.
i>1
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Graded :./\/ QP: Manifolds 5

» A N-Manifold is a graded locally ringed space M over Mg € Man
with:
Om(U) = C=(Mo) @ S(V) € Algy,

|M]
where V = @ V; € Vectp.
i>1

» NQP-Manifold = differential symplectic NV-manifold with:

» Cohomological tangent field Q € X p4,
9l=1, @*=o.
» (Q-invariant symplectic structure w € Q?M,

|wf = |M].
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Generalized Geometry
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Courant Algebroids 7
—

Def: A Courant algebroid is a vector bundle E equipped with a
pairing, a bracket and an anchor o: £ — TM

(B (e,0),[e,0],0(e))

satisfying the axioms of a Lie algebroid “up to a deformation measured by
the pairing” (e, e).
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—

Theorem [Roytenberg 2002]: On isomorphism classes, we have:
Courant Algebroids <—y;; NQP-manifolds of degree 2

Proof idea:

» In degree 2, the Hamiltonian function has the form:

i 1
S = 0,€"pi — GCuwote"€”
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Theorem [Roytenberg 2002]: On isomorphism classes, we have:
Courant Algebroids <—y;; NQP-manifolds of degree 2

Proof idea:

» In degree 2, the Hamiltonian function has the form:
Ly 1 WV O
S:Qltf pi_gcuVaf 5 €

» (,) and S correspond to the CA operations:

! ! i i
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Courant Algebroids 8
—

Theorem [Roytenberg 2002]: On isomorphism classes, we have:
Courant Algebroids <—y;; NQP-manifolds of degree 2

Proof idea:

» In degree 2, the Hamiltonian function has the form:
Ly 1 WV O
S:Qltf pi_gcuVaf 5 €

» (,) and S correspond to the CA operations:

, L
(epsev) = {0u,00} , lepen] = Culb,, elen) o' =@,

» They satisfy the Courant algebroid axioms iff the classical master
equation holds {S, S} = 0.
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NQP-Manifolds of Degree 2 9

{S,8} = ((QO 0" dwj) wz) i,
+([e(en),0(ev)] — o ([ep, ev])) - = sz“
= (Tlewseod s epl + lev lews enll = ew Lev el ea) €467 €767
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Correspondences
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Substructures 11

—

A Dirac structure is a subbundle L C E of a Courant algebroid which is
(,)-isotropic, [, ]-involutive and compatible with p.
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A Dirac structure is a subbundle L C F of a Courant algebroid which is
(,)-isotropic, [, ]-involutive and compatible with p.

» Example: Dirac structures of the standard Courant algebroid
TM @ T*M generalize and interpolate complex and symplectic
structures on M.

A dg-Lagrangian submanifold £ — M of a NQP-manifold is a
half-dimensional closed submanifold st. w and S vanish on L.

» Example: gauge firing chooses a Lagrangian submanifold.
¢* — 8i
09
Theorem (Generalization of [Grutzmann 2010]): For M the minimal
symplectic realization of E:

Dirac Structures of £ <—y,;; dg-Lagrangian submanifolds of M
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Relations 12

—

Idea [Weinstein 2010]: Replace symplectomorphisms with Lagrangian
relations of the product.
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Relations 12

-

Idea [Weinstein 2010]: Replace symplectomorphisms with Lagrangian
relations of the product.

We can follow [Vysoky 2019] and define a Dirac relation from E — S to
E' — S’ as a Dirac structure R C E’ x E, where E denotes E with —(, ).
» Example: Graphs of a structure preserving bundle morphisms.

» Example: Symplectic reduction, Dirac bracket, Poisson-Lie
T-Duality, ...

A dg-Lagrangian relation R from N to M is a half-dimensional closed
submanifold R < M x A st. the induced sympletic structure
Ty Wy — Tagwyy and Ty Sy — T Sy vanish on R.
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Composing Relations 13

M7 x M M x M
= e
M// R/ M/:M/ M
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M7 x M
7I'M// T
MTx M M x M
i Rl BN,
M R’ M R M
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Composing Relations 15

M7 x M
M7 x M M x M
o R i e
M R’ M R M
Y\\\ /’/,7
\R/OR/
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Composing Relations 16
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Wehrheim-Woodward Categories 17
—

Theorem [Vysoky, 2019]): Given transversality conditions on R' o R and
Po—so, R’ o R is a well-defined Dirac relation.
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Wehrheim-Woodward Categories 17
—

Theorem [Vysoky, 2019]): Given transversality conditions on R' o R and
Po—so, R’ o R is a well-defined Dirac relation.

Def: Given objects & relations, we define a correspondence as an
~-equivalence class of sequences of relations

Ry Rr—1 R R1
@ € @ A s A @ €A @
(Ryy.ryR1)

and a corresponding Wehrheim-Woodward category [Wehrheim,
Woodward 2007]), where composition is given by concatenation and
(R/, R) ~ (R/ o R) whenever a composition of relations is defined.

» Thus we have well-defined categories Cour4lgCorr and Manjz\/Qp Corr.
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Equivalence of Categories 18

—

» On objects:

essentially
surjective minimal
J M symplectic
realization

Courant
algebroid E
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Equivalence of Categories 18

-

» On objects:

essentially

surjective minimal
Sg;gf&g E M symplectic
realization
» On morphisms, we can use:
Dirac ~ * conormal
—_—

structure L N [Z]LD] subbundle

for each component of a correspondence (R, ..., R1).

» These two assignments form an equivalence of categories.
CourAlgCorr ~ Man3rop Corr

> 0SC:= Munj(\)/%dc‘orr is the “minimal quantization category” wrt. the

HZANE

odd symplectic quantization functor [Severa 2006]
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—

> Manj\’/gp Corr-correspondences for general n.
» Microsymplectic NOP geometry?

» Correspondences of quantum homotopy Lie algebras in the context of
homological perturbation lemma?

THANK YOU FOR YOUR ATTENTION
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