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Underlying theory: ”Supergravity”

String theory:
x : Σ2 → M10/26

Worldsheet

Polyakov action

S = − 1

4πα′

∫
dσ2

√
−g∂ix

m∂jx
n
(
g ijGmn + ϵijBmn

)
Target space effective action

Background fields: (G ,B, ϕ).

Bosonic string low energy effective action (α
′

R ≪ 1):

S =

∫
d26x

√
−G e−2ϕ

(
R − 1

12
H2 +

1

4
∂mϕ∂mϕ

)
.
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Supergravity equations of motion

Also consistency condition for Weyl invariance of string theory
at the quantum level.

α′Rmn + 2α′∇m∇nϕ− α′

4
HmklHn

kl = 0

− α′

2
∇kHkmn + α′∇kϕHkmn = 0

− α′

2
∇2ϕ+ α′∇mϕ∇mϕ− α′

24
HklmH

klm = 0

What are the quantum (higher order in α′) corrections?
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Corrections in standard supergravity

S =

∫
d26x

√
−Ge−2ϕ

(
L0 + α′L1 + α′2L2 + α′3L3

)
L1 = (Riem)2 + . . . (bos/het)

L2 = (Riem)3 + . . . (bos) L2 = (LCS)2 (het)

L3 = ζ(3) (Riem)4 + . . . (bos/het/type II)

The correction at order α′3

S (3) =
α′3ζ(3)

3 · 213

∫
d10x

√
−Ge−2Φ

[
(t8t8 +

1
4ε8ε8)R

4 + H-terms
]
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History of α′ corrections in supergravity

R. Metsaev and A. Tseytlin from S-matrix and β-functions
calculations (1987)

L
(1)
MT = −a+ b

8

[
RµνσρR

µνσρ − 1

2
HµνρHµσλRνρ

σλ +
1

24
H4−

1

8
H2
µνH

2µν

]
+

a− b

4
HµνρCµνρ

(a, b) =


(−α′,−α′) bosonic string,

(−α′, 0) heterotic string,

(0, 0) type II string

Green-Schwarz transformation

δλBµν =
1

2
(a− b) ∂[µλ

abων]ab
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History of α′ corrections in DFT

Marques, Nuñez (2015) O(D,D) invariant formulation of the
first order correction

Baron, Marques (2020) - a tower of infinitely many higher
order corrections but in an implicit form (generalized
Bergshoeff-de Roo identification)

L = R+R(0,1)+bR(1,0)+a2R(0,2)+abR(1,1)+b2R(2,0)+ . . .

Problem: Contains 200(300) terms for the heterotic(bosonic)

Hronek, Wulff, Zacaŕıas (2022)

− 2(∂a − F a)(∂b − F b)Mab + 2∂aF bMab − Fa
bcFa

deMbdMce

+ 1
3(F

abc + aMabc)(F def + aMdef )MadMbeMcf

− a

2
Rab

cdR
ef

cdMaeMbf − aF abC∂CF
f
deF

g
deMafMbg

− a2

4
F a

deRbc
deF

a
fgRbc

fg +
a2

2
F a

fg∂
bF c

fgF
b
de∂

aF c
de
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T-duality

To make contact with reality we compactify the string
R26 → R4 ×M

In the presence of circular directions the string can wind
around them

X (σ+2π) = X (σ)+2πRw , w ∈ Z, w is the winding number

Figure: Taken from Polchinski

Duality of supergravities (in the presence of background
isometries) → Buscher rules
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Double field theory (DFT) formalism

Idea: Make T-duality a symmetry not a duality.

Double the coordinates xm → XM = (x̃m, x
m).

O(D,D) is the new structure group and the Lorentz group is
doubled to O(D − 1, 1)× O(1,D − 1)

XM → OM
NX

N , O ∈ O(D,D), OηOT = η

There are two constant metric, the O(D,D) metric η and the
Generalized metric H

ηAB =

(
ηab 0
0 −ηab

)
, HAB =

(
ηab 0
0 ηab

)

ηMN =

(
0 δnm
δmn 0

)
, HMN =

(
Gmn − BmkG

klBln BmkG
kn

−GmkBkn Gmn

)
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Frame-like flux formalism

(Gmn,Bmn, ϕ) → (EA
M , d)

Definitions and formulas of the doubled fields

Generalized vielbein:

EA
M =

1√
2

(
e(+)a

m − e(+)anBnm e(+)am

−e
(−)
am − e

(−)
a

nBnm e
(−)
a

m

)
.

Generalized dilaton:

e−2d = e−2ϕ
√
−G .

Generalized fluxes:

FABC = 3∂[AEB
MEC ]M , FA = ∂BEB

MEAM + 2∂Ad .
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Unlike ordinary geometry

Note that F abc ,Fa
bc ,F a

bc ,Fabc ,F
a and Fa are independent.

They are manifestly invariant under O(D,D) and generalized
diffeomorphism but transform under double Lorentz

δF abc =3∂[aλ
bc]

+ 3λ
[a|d |

F bc]d ,

δFa
bc =∂aλ

bc − λadFd
bc + 2λ

[b|d
Fa

d |c]

Semi covariant derivatives

DaY
b = ∂aY

b − Fa
bcY c , DaY b = ∂aY b − 1

2
F abcY c

DaYb = ∂aYb +
1

2
FabcYc DaYb = ∂aYb + F a

bcYc

Analog of the Riemann tensor

Rab
cd = 2∂[aF b]

cd − F abeF e
cd + 2F [a

ceF
b]
ed

δRab
cd = 2λ

[a|e|R|e|b]
cd − 2λ[c|eRab

e|d ] − ∂eλ
ab
F e

cd − Fe
ab∂eλcd
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Action, equations and relation to ordinary supergravity

Action:

S =

∫
dXe−2dR

R = 4∂aF a − 2F aF a + Fa
bcFa

bc +
1

3
F abcF abc

Equations of motion

R = 0, ∂aFb + (∂c − Fc)F
a
bc − Fc

daF d
cb = 0

Returning to supergravity

∂M = (0, ∂m), e(+) = e(−) = e

Stanislav Hronek, email: 436691@mail.muni.cz Quantum corrections in double field theory



How to get the α′ corrections?

What are we looking for?

Quantum α′ expansion of the DFT action.

L = L0 + α′L1 + α′2L2

Constructed from ∂A,FA,FABC

Generalized diffeomorphism invariance

O(D,D) invariance

Double Lorentz invariance

How do we get it?

Via a correction to the double Lorentz transformation

Solve the following equations

δ′L0 + δL1 = 0, δ′′L0 + δ′L1 + δL2 = 0
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First order in α′

L1 =(∂a − F a)(∂b − F b)Mab − 1
2R

ab
cdRab

cd + F abCF a
de∂CF

b
de

−
(
∂aF b − Fc

daFc
db +

1

2
F acdF bcd

)
Mab +

2

3
F abcMabc

Where
Mab = F a

cdF
b
dc , Mabc = F a

deF
b
ef F

c
fd
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Second order in α′, heterotic case

We split the lagrangian for the heterotic and bosonic case

L2 = a2R(0,2) + abR(1,1) + b2R(2,0)

For the heterotic case b = 0 we have the full Lagrangian.

L = −2(∂a − F a)(∂b − F b)Mab + 2∂aF bMab − Fa
bcFa

deMbdMce

+ 1
3(F

abc + aMabc)(F def + aMdef )MadMbeMcf

− a

2
Rab

cdR
ef

cdMaeMbf − aF abC∂CF
f
deF

g
deMafMbg

− a2

4
F a

deRbc
deF

a
fgRbc

fg +
a2

2
F a

fg∂
bF c

fgF
b
de∂

aF c
de

We introduce a new ”metric”

Mab = [(η +
a

2
M)−1]ab = ηab − a

2
Mab +

a2

4
(M2)ab + . . . .

We also find the correct transformations.
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Second order in α′, bosonic case

R(1,1) =
1

3
Rab

cdRae
cfRbe

df +O(F 4)
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Higher order corrections

In previous work (2109.12200) we showed that the known
order α′3 supergravity term ζ(3) (Riem)4 cannot be written in
DFT.

Use an improved version of the generalized Bergshoeff-de Roo
identification.

The new metric

Mab = [(η +
a

2
M)−1]ab = ηab − a

2
Mab +

a2

4
(M2)ab + . . .

gives many higher order terms.
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Adding fermions and supersymmetry

Based on work of Lescano, Nuñez, Rodŕıguez (2104.09545)

New fields: gravitino ψa and dilatino ρ.

L = R− 2ψaγ
b∇bψa − 2ργb∇bρ+ 4ψa∇aρ

Where

∇bψa = ∂bψa−ωb
acψc−

1

4
ωbcdγcdψa, ∇Aρ = ∂Aρ−

1

4
ωA

cdγcdρ

Corrected Lorentz symmetry fixed the action only partially we
also need supersymmetry.

L = R∗(0,1)−4ψcdγ
b∇bψcd−4ψaγ

bψcdDaF
b
cd+

1

2

(
ψaγ

bDcψa

+ργb∂cρ
)
Mbc−1

4

(
F b

efD
c
F d

fe +
2

3
Mbcd

)(
ργbcdρ+ ψaγ

bcdψa

)
+4ψcdF

a
cd∂

aρ−Rab
cdψcdγ

abρ+
1

2
F b

deDaF
c
deψaγ

bcρ
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Conclusions and outlook

We are currently working on the second order Lagrangian for
the supersymmetric case.

DFT works very well as a simplification tool for many
calculations including the first α′ corrections

However it is not able to account for all of the string α′

corrections (in the non-compactified case).

There are some possibilites to go beyond order α′2

For further interest, recommended talks on youtube by Linus
Wulff: ”O(d,d) and α′-corrections (Linus Wulff)”, ”Linus
Wulff, O(D,D) and string alpha’-corrections”
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Thank you

Thank you for the attention!
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Appendix: t8t8 structure

The form of the R4 invariant:

Rab
ef R

bc
fgR

cd
heR

da
gh +

1
2R

ab
ef R

bc
fgR

cd
ghR

da
he

− 1
4R

ab
ef R

ab
fgR

cd
ghR

cd
he − 1

4R
ab

ef R
bc

ef R
cd

ghR
da

gh

− 1
8R

ab
ef R

cd
ef R

bc
ghR

da
gh − 1

8Rabef R
cd

fgR
ab

ghR
cd

he

+ 1
16R

ab
ef R

cd
ef R

ab
ghR

cd
gh +

1
32R

ab
ef R

ab
ef R

cd
ghR

cd
gh .

The other term 1
4ε8ε8R

4 is a total derivative at leading order
in fields.

Stanislav Hronek, email: 436691@mail.muni.cz Quantum corrections in double field theory


