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Outline

Based on work of A. Ranicki
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Surgery theory

Let X be a finite n-dim geometric Poincaré complex.

A manifold structure on X is f: M =5 X with M an n-mfd.
Define
(fo: Mo = X) ~ (A: My = X)

if there exists h: My =N M; such that

fl oh~ fo
Definition:
The structure set of X is

STP(X):={f: M= X}/ ~
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Surgery theory questions

Uniqueness question

STOP(X) ~ 7

Existence question

STP(X) # 0 7

Alternative question
What is the homotopy type of STOP(X) ?

mSTOP(X) = SFOP(X x DK).
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Surgery theory answers

Classical surgery theory (Browder-Novikov-Sullivan-Wall) gives

STOP(X) for X =5S",Skx S/ . cpP" RP" 12971 T" .

The Borel conjecture (BC)
STOP(BG) = {idgc}?

Existence answer STOP(X) = () for X
o X5=(5%vS? U2t [12,5] € (Gitler-Stasheff, Madsen-Milgram)
o X*=eluelul0e?ueduet, mX=7Z/p (Wall
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Surgery theory method

The surgery exact sequence (Browder-Novikov-Sullivan-Wall)

For an n-manifold X with n > 5 nad = = 7m1(X) we have

S NTOPX X 1) S Loy (Z7) S STOP(X) B NTOP(X) & L(Zn).

Explanation

o NTOP(X) - normal cobordism - gen. cohomology theory
o L,(Zm) - Witt group of quadratic forms

Existence versus uniqueness

(X,0X), (Y,0Y) mfds with 9, h:9X = dY ~ Z

— XU, Y is GPC.
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The main theorem

Let X be a finite n-dimensional simplicial Poincaré complex.
Let AS(X) be the category of chain complexes of free Z-modules which are
@ quadratic
o X-based
@ locally Poincaré
@ globally contractible
Let S,(X) := Ly—1(AS(X)) be the (n — 1)-st L-theory space, n > 5.
Theorem (Ranicki)
There exists a point s(X) € Sp(X), the total surgery obstruction, and

gsigny : STOP(X) = Pathg(X)S,,(X).
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Applications

Algebraic surgery exact sequence (infinite in both directions)
Denote S x(X) = mxSn(X). The we have

e Lk (Z) —— Spak(X) —— Hnpke1 (X Lo(1) 22 [y 1(Z7r) - -

v

The Farrell-Jones conjecture (torsion free version):

asmb

For G torsion free the map Hy,(BG;Ls) —— Ln(ZG) is an iso for all m .

v

FJC implies BC
Ranicki's theorem + FJC for G say that if s(BG) ~ 0 then

STOP(BG)~+ = STP(BG) = {idpc}
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Surgery obstructions

Let (f,f): M — X be a degree one normal map.

Surgery question

Can we change (f, f) by normal cobordism to a homotopy equivalence?

v

Surgery answer
Yes if and only if 0 = gsign,.(f, f) € L,(Z).

Here m = m1(X) and n > 5.
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Algebraic surgery

Idea
Use chain complexes.

Question
@ How to define a symmetric bilinear form on a chain complex?

@ How to define a quadratic form on a chain complex?

On modules
@ A symmetric bilinear form on a module is a fixed point.

@ A quadratic form on a module is an orbit.
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Forms on modules
A bilinear form is ¢ € Homg(P, P*) = (P ®gr P)* 3 A.
An involution on forms
T:Homg(P, P*) — Homg(P,P*) T:(P®g P)* — (P®g P)*

T(p)=¢ cev T(A)(x,y) =Ay,x)
An e-symmetric bilinear form for e = £+1 is
¢ € ker(1 —T) = Homg(P, P*)* = Homgz,;(Z, Homg(P, P¥)).
An e-quadratic form for e = +1 is
Y € coker(1 —eT) = Homg(P, P*)z, = Z ®z[z,) Homg(P, P*).

The symmetrization map is 1 +&T : Homg(P, P*)z, — Homg(P, P*)%2.
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Structured chain complexes

A “form” on a chain complex C is w € (C ®g C) = Homg(C~*, C).

An involution on forms

CRrC—>C®rC
X®Qy > (—1)|X|'|y|y®x.

But we need a homotopy invariant notion!

Homotopy invariant structures

fixed points ~~ homotopy fixed points
orbits ~» homotopy orbits
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Structured chain complexes ||
The standard Z[Z;]-resolution of Z:

W= 20 712,) 25 212, 5 22,] —— 0

Notation

W?(C) := Homgz o (W, C ®g C) = (C ®g C)"™/2
Wey(C) := W ®zz/2) (C ®r C) = (C ®r C)pz/2

Definition

An n-dimensional symmetric structure on C is a cycle ¢ € W*(C),.
An n-dimensional quadratic structure on C is a cycle ¢ € We,(C),.

Tibor Macko (FMFI UK and MU SAV) HTSO Srni 2023 13 /24



The symmetric construction |

The Alexander-Whitney diagonal + higher homotopies give a chain map

Ax: W ® C(X) = C(X)® C(X)
1s ® x = Ag(x)

The symmetric construction map
px: C(X) = W*(C(X))
is defined to be the adjoint of Ax. For a cycle ¢ € C,(X) we have
ox(c)o=—Nc:C"*(X) = C(X).

It is natural in X and there is an equivariant version.
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The quadratic construction
The quadratic construction for (f,f): M — X a deg 1 normal map
with F = 5(f): % X — £ M and f': C(X) — C(M)is

vE: C(X) = Way(C(M)) st (L4 T)r = omf! — (') *px
and using e: C(M) — C(f') we get

(C,w) = (C(F'), et lX]).

Definition
An n-dim sym complex (C, ) is called Poincaré if ¢g: C"* = C.

~

An n-dim quad complex (C, ) is called Poincaré if (1+ T)ip: C"* = C.
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L-groups

Definition

L"(R) is the cobordism group of n-dim sym alg Poincaré cplxs.
L,(R) is the cobordism group of n-dim quad alg Poincaré cplxs.

Theorem (Signatures)

There are symmetric and quadratic signatures maps:
ssign_: QTP (X) — L"(Zn)
gsign,: N TOP(X) = L,(Zr)

such that 0 = qsign . (f, f) iff (f,f) € L,(Zx) is normally cobordant to a
homotopy equivalence.
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Local Poincaré duality
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Local Poincaré duality Il

Additive category with chain duality (A, (T,e))
~ L7(A) and Ly(A)

A =7Z,(X) modules M =% __ M(c) and “lower triangular matrices”.

~»  X-based chain complexes

Algebraic bordism category A = (A, (T, e),B,C) with CC B C B(A)
v L7(A) and Ln(A)

A(X) globally Poincaré complexes in Z,(X)
A (X) locally Poincaré complexes in Z.(X)
AS(X) locally Poincaré globally contractible complexes in Z..(X)
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The total surgery obstruction

Recall
s(X) = (C,9) € Sa(X) = La—1(AJ(X))

Need (n — 1)-dim locally Poincaré globally contractible quadratic complex!
Start with (C(X), x([X]) which is n-dim symmetric complex in Z.(X)

Boundary construction of Ranicki produces (n — 1)-dim locally Poincaré
globally contractible symmetric complex

Local normal structure (Quinn, Ranicki) or homological algebra (Weiss)
produces quadratic refinement.

Locally
We have

C(o) = x'c(C17I=*(D (e, K)) = C.(D(0, K),dD(a, K)))
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The homological part of the total surgery obstruction

Algebraic surgery exact sequence (infinite in both directions)

Lo(A(X)) —— Lp—1(AS(X)) —— Lp—1(A(X)) —— Lo—1(A(X))

o T

Ln(Z7) Sn(X) y Hn_1(X; Lo (1)) 2225 1, (Z)

IR

Definition (Homological part of TSO)
Define t(X) to be the image of s(X) under the map

Sn(X) — Ho_1(X; Lo (1)).

Theorem (Ranicki)

asigny : NTOP(X) = Pathi X H,_;(X; L. (1)).
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Main idea of the new proof 1

Use a Mayer-Vietoris principle thanks to the following proposition.

Proposition

Let X be an n-GPC. Then there exists an N > 0 such that the
(n+ N)-GPP
(X x DN, X x sN-1)

is homotopy equivalent to an (n+ N)-GPP (Z,0Z) with Z the total space
of some K-dimensional disk fibration & over some smooth manifold with
boundary (Y,0Y) and with 0Z = S(§) U E(&|ay):

Dk - Z=E() - Y.

Tibor Macko (FMFI UK and MU SAV) HTSO Srni 2023 21 /24



Main idea of the new proof 2

Theorem (M. and Adams-Florou (2018))

The suspension homotopy equivalence

H, 1(X Le(1)) = Hopn 1 (X x DY, X x SMH (1))

sends
t(X) — t(X x DN).
Proof.
Use ball complexes instead of simplicial complexes. []
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Main idea of the new proof 3

Use a Mayer-Vietoris principle via a homotopy handlebody decomposition.

The homotopy handlebody decomposition of Z

Zm—|—1 - Zm Uhm Hm+1

where
hm: O_Zm = O_Hpy1 = S x DK
Known
asign;;: NTOP(H) = QH,_1(H; Lo(1)) = H,(H; Lo (1)).
To do

Relate t(Zm+1) to asigng_, ., (hm).
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Thank you!
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