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Introduction and Basic Notions

The structure set of a manifold classifies up to homeomorphism the manifolds
which are homotopy equivalent to the given manifold. Our aim is to calculate the
structure sets of the sphere bundles using methods in surgery theory.

Definition 1 (Cobordism)

Let M and N be two closed n-manifolds. A (Unoriented) cobordism between M
and N is a compact (n + 1)-manifold W with boundary ∂W as the disjoint union
∂W = M t N.
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Definition 2 (Surgery)

Suppose M is an n-manifold and φ : Sk × Dn−k → M an embedding. Define

M′ := (Dk+1 × Sn−k−1) ∪φ|Sk×Sn−k−1 (M − (int(im (φ)))).

We say the manifold M′ is obtained from M by performing k-surgery on M along
φ.

W := (Dk+1 × Dn−k) ∪φ M × [0, 1]

is called the trace of surgery. It is a cobordism between M and M′.
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L-Groups

Definition 3

Let R be an associative ring with unit and involution. Two non-degenerate
(−1)k-quadratic forms (F, ψ) and (F′, ψ′) where F and F′ are finitely generated
free R-modules are equivalent if and only if there exist integers u, u′ ≥ 0 such
that

(F, ψ) ⊕ Hε(R)u � (F′, ψ′) ⊕ Hε(R)u′

Definition 4 (Even Dimensional L-Group)

For n = 2k, Ln(R) is the set of equivalence classes [(F, ψ)] of non-degenerate
(−1)k-quadratic forms (F, ψ) with respect to above equivalence relation.

Similarly we have definition of odd dimensional L-groups.
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Example 5

For R = Z the L-groups are given as follows :

The manifolds we are interested in are mostly simply connected hence knowing
the L-groups of Z will be sufficient.
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The Structure Set

Definition 6

Let M0,M1,X be closed oriented n-manifolds. The orientation preserving
homotopy equivalences (fi) : (Mi)→ (X) for i = 0, 1 are called equivalent if :

There exists a compact manifold (W, ∂W) of dimension (n + 1) with an
orientation preserving homotopy equivalence of pairs

(F, ∂F) : (W, ∂W)→ (X × [0, 1], ∂(X × [0, 1])).
The boundary is the disjoint union ∂W = ∂0W q ∂1W;

∂F : ∂W → ∂(X × [0, 1]) = (X × {0, 1}) induces orientation preserving
homotopy equivalences ∂iF : ∂iW → X × {i} for i = 0, 1;

For i = 0, 1 there are orientation preserving diffeomorphisms
u0 : M0 → ∂0W and u1 : M−1 → ∂1W satisfying ∂iF ◦ ui = ji ◦ fi where
ji : X → X × {i} sends x to (x, i) for i = 0, 1.
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Definition 7 (The Structure Set)

The structure set Sh
n(X) of X is the set of equivalence classes of orientation

preserving homotopy equivalences, M → X, from a closed oriented manifold M
to X where equivalence relation is as defined above.

The structure set has a preferred base point, namely, the class of identity
id : X → X.
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The Surgery Exact Sequence

Theorem 8

Let X be a closed, oriented topological n-manifold where n ≥ 5. Then there
exists a (geometric) surgery exact sequence

N(X × [0, 1], ∂(X × [0, 1]))
σh

n+1
−−−→ Lh

n+1(Zπ(X))
ρh

n+1
−−−→ Sh(X)

ηh
n
−→ N(X)

σh
n
−−→ Lh

n(Zπ(X))

which is exact in the following sense

1 An element α ∈ N(X) lies in the image of ηh
n if and only if σh

n(α) = 0 ;

2 Two elements β1 and β2 in Sh(X) have same image under ηh
n if and only if

there exists ω ∈ Lh
n+1(Zπ(X)) such that ρh

n+1(ω, β1) = β2 ;

3 For ω ∈ Lh
n+1(Zπ(X)) we have ρh

n+1(ω, [idX]) = [idX] if and only if there is a
normal bordism class γ ∈ N(X × [0, 1], ∂(X × [0, 1])) such that σh

n+1(γ) = ω .
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Let us recall few theorems:

Theorem 9

Let M be a closed n-manifold. Then the set N(M) is non empty and comes with
a preferred base point, namely, the identity map and there is canonical bijection

[M; G/TOP] � N(M).

Theorem 10

Let X be a simply connected compact topological manifold of dimension n ≥ 5.
The surgery obstruction map N(X)

σ
−→ Ln(Zπ(X)) is surjective.

Theorem 11

Let X be a simply connected compact topological manifold of dimension n ≥ 5.
Then the map S(X)

η
−→ N(X) is injective.
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Theorem 12 (Classification of vector bundles over a paracompact base B)

There is a bijection between the sets

[B,Gn] ≈ Vectn(B)

where [B,Gn] is the set of homotopy classes of maps between B and Gn.

As a special case we have a bijection [Sk−1,O(n)]→ Vectn(Sk).
Using Bott Periodicity Theorem for orthogonal groups: for n ≥ k + 2 we have :

πk(O(n)) = πk(SO(n)) =


0, if k = 2, 4, 5, 6( mod 8);
Z2, if k = 0, 1( mod 8);
Z, if k = 3, 7( mod 8).

This implies that for large enough n the homotopy groups are independent of n.
These groups give us plenty of vector bundles hence associated sphere bundles
over sphere.
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Homotopy Groups of SO(n)
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Example 13 (Crowley, Escher 2003)

Consider p : M → S4 the fibre bundle with fibre S3 and structure group SO(4).
Vectn(S4) � π3(SO(4)) ≈ Z ⊕ Z. The generators ρ and σ of π3(SO(4)) with
integers m, n gives us a vector bundle ξm,n := m · ρ + n · σ and a sphere bundle
pm,n : S(ξm,n) = Mm,n → S4. The dimension of Mm,n is 7 and π = π1(Mm,n) which is
trivial. This will give us L7(Zπ) = {0} and L8(Zπ) = Z. The surgery exact
sequence

N∂(Mm,n × I)
σn+1
−−−→ L8(Zπ)

ρ
−→ S(Mm,n)

η
−→ N(Mm,n)

σn
−−→ L7(Zπ)

becomes : N∂(Mm,n × I)
σn+1
−−−→ Z

ρ
−→ S(Mm,n)

η
−→ N(Mm,n)

σn
−−→ {0}

Theorem(10) implies σn and σn+1 are surjective. The exactness of the sequence
will imply S(Mm,n) � N(Mm,n) � Zn.
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From Theorem(9) we have [M; G/TOP] � N(M) and we can calculate [M; G/TOP]
as follows :
We write X

[
1
p

]
for the result of inverting the prime p, the symbol X(p) for local-

ization of the space X at a primes p (i.e. all prime except p are inverted) and
the symbol XQ for rationalization of X (i.e. all primes are inverted). We shall
denote by K(A, l) the Eilenberg-MacLane space of type (A, l). Computation of
homotopy type of G/PL and G/O is due to Sullivan. One obtains the homotopy
equivalence

G/TOP
[

1
2

]
' BO

[
1
2

]
;

G/TOP(2) '
∏

j≥1 K(Z(2), 4j) ×
∏

j≥1 K(Z2, 4j − 2).

In particular we get for a space X the isomorphisms

[X; G/TOP]
[

1
2

]
� K̃O

0
(X)
[

1
2

]
;

[X; G/TOP](2) �
∏

j≥1 H4j(X;Z(2)) ×
∏

j≥1 H4j−2(X,Z2)

where KO∗ is K-theory of real vector bundles
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Spectral Sequences

To calculate cohomologies we shall use the spectral sequences.

Theorem 14 (Serre Spectral Sequence)

Let p : E → B be an orientable fibration with B path connected and a fibre F over
b ∈ B. Given A ⊂ B, there is a convergent E2 spectral sequence, with
E2

s,t � Hs(B,A; Ht(F; G)). This spectral sequence is a first quadrant spectral
sequence.

Theorem 15 (Atiyah Hirzebruch Spectral Sequence)

For any homology theory h∗ and a CW-complex X there is a spectral sequence
{Er, dr} with E2

p,q � Hp(X; hq(pt)).

Note that we have to use cohomology spectral sequences, similar results exist
for cohomology case as well.
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Project of dissertation

For any bundle p : M → Sn with fibre some sphere Sm we want to calculate the
normal invariant set N(M). Recall from the discussion so far :

[M; G/TOP] � N(M);

[M; G/TOP]
[
1
2

]
� K̃O

0
(M)
[
1
2

]
;

[M; G/TOP](2) �
∏
j≥1

H4j(M;Z(2)) ×
∏
j≥1

H4j−2(M;Z2).

(1)

And N(M) is given by the pullback diagram :

N(M) //

��

[M; G/TOP](2)

��

K̃O
0
(M)
[

1
2

]
// K̃O

0
(M)
[

1
2

]
⊗ Q
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For any sphere bundle Sm ↪→ M
p
−→ Sn. It follows from the Theorem(14) that we

have Ep,q
2 � Hp(Sn; Hq(Sm;Z). Since we know that

Ep,q
2 � Hp(Sn; Hq(Sm;Z)) =

Z if p = 0, n and q = 0,m;
0 otherwise .

This tells us that only 0-th and the n-th column in the E2-page can be non-zero :
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The only case where the differential will be non-zero if the bidegree of the dif-
ferential dr is (r, 1 − r) = (n,−m). This will imply n = m + 1 and the non-zero
differential dn with bidgree (n, 1 − n) and the En-page will look like :

So if n = m + 1 the differential d : Z → Z is non zero and is determined by the
value of d(1).
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Let us see the case where d(1) = ±1. The E∞-page will be :

This will give us the cohomologies as follows :

Hi(M;Z) =

Z if i = 0,m + n;
0 otherwise .
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Using the Universal Coefficient Theorem we get

Hi(M;Z(2)) =

Z(2) if i = 0,m + n;
0 otherwise .

and

Hi(M;Z2) =

Z2 if i = 0,m + n;
0 otherwise .

In this case, let us determine what is

[M; G/TOP](2) �
∏

j≥1 H4j(M;Z(2)) ×
∏

j≥1 H4j−2(M;Z2) .

We have the following cases :
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1 If m is even :
Then n(= m + 1) and m + n are odd. Hence we have :

[M; G/TOP](2) = {0};
2 If m is odd :

Then n is even and m + n is odd. Hence we have :

[M; G/TOP](2) = {0}.

For the generalized cohomology theory hq(X) = K̃O
q
(X)

hq(pt) =

Z
[

1
2

]
, if q = 4l;

0, otherwise .

The universal Coefficient theorem gives us :
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Hi(M; hq(pt)) =

Z
[

1
2

]
if i = 0,m + n and q = 4l;

0 otherwise

Atiyah Hirzebruch spectral sequence gives us :

Ep,q
2 � H̃p(M; hq(pt)) =

Z
[

1
2

]
if p = m + n and q = 4l;

0 otherwise .

This implies that the differential d2 is zero hence E∞-page is same as E2-page.
Now since n = m+ 1, m+ n is always odd which implies K̃O

0
(X)
[

1
2

]
= {0} in every

case. Hence the pullback diagram gives us N(M) = {0}.
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Ideas for future work

In our PhD project we shall try to :

calculate Atiyah-Hirzebruch spectral sequences for remaining cases of m
and n ;

calculate the differential of the Serre spectral sequences for the sphere
bundles obtained from the identification Vectn(Sk) � πk(SO(n)) i.e. which of
the different case do actually exist ?

calculate S(E) for Sm ↪→ E → CPn ;

calculate S(E) for Sn ↪→ E → B where B is the total space of some sphere
bundle over a sphere (i.e., for iterated bundles).

There could be non isomorphic vector bundles with homeomorphic sphere
bundles. So one can try to find some relationship in these two different
classifications.
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