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Motivation

Definition (partial)

An algebroid is a tuple
E—-M,p: E—-TM, [-, - |:T(E)xT(F)—=>T(F), ...) st ...
( p [+, - : T(E) xT(E) = I'(E), ...)

~ v

Vv TV
v. bundle v. bundle map R-bilinear bracket

Example (Lie algebroids)
o (TM,id,[-, - ]x)
© (9,0,[ ) ]g)

Example (Courant algebroids)
o TMeT*M, p(X +a)=X, (X+ao,Y+05) =alY)+p(X)
X +a,Y + 8] = LxY + LxB —ivda+ H(X,Y, -), HeQ3(M)

og, p=0, [-,]g (-, ) invariant inner product

o
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Algebroids in exceptional generalised geometry (n < 7)
[Hull '07, Pacheco-Waldram '08, Coimbra—Strickland-Constable-Waldram '14, ...]

Symmetries of 11-dimensional supergravity on n-dimensional space
E=TM&NT*MaN T*M, p(X+o2+05) =X, E,(,) x R -structure
(X +o9+05, X' +0h+0L] = Lx(X'+05+0%) —ix/(doy+dos) — oy Ados

Type IIA/B supergravity on n — 1-dimensional space
E=TM&T*M & (AN T MY NT*M, p(X+...)

[, ]=-iy By * R -structure

X

Bosonic field content:  E,,(,,) x RT ~ K(E,) x RY), Ricci =0

Common structure:  F ¥, U X Ey, [u, -] = p(u) — (p'du)aq
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Questions

Question 1: What is the corresponding class of algebroids?

Question 2: How to recognise the previous examples inside that class?!

Leibniz parallelisations:

+ Wi o]l = ok k
global E,(,) x RT-frame ¢; with [e;, e;] = ¢jjex (cj; constant)
(correspond to consistent truncations with maximal supersymmetry
[Lee-Strickland-Constable-Waldram '17])

Question 3: Which (compact) M admit such parallelisations?

Yfrom quite a long way away [Chapman—Cleese-Gilliam—-Idle—Jones—Palin '69]
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-
Algebraic prelude

Definition

An admissible group data set is given by a Lie group G, two reps E, N,
and equivariant maps S°E — N, N — S?E. (Denote by (G,E,N).)

Definition Example
A vector subspace V. C E is called o (GL(n,R),R",0)
o isotropic if (V@ V)y =0 o (O(n,n),R*,R)
o coisotropic if (V2" @ V). =0 o (Eypmy X RT, E,N)
.—g—o—o i—O—. °
.—O—g—O—. ‘ |
Ee6) Spin(5,5) SL(5,R) SL(3,R) x SL(2,R)
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G-algebroids

Fix an admissible group data set.

G-algebroid is a tuple

(E—-M,N—>M, p:E—-TM,[-, -]onE, D:T(N)—TI(E)) s.t.
~—_——— —\ —
assoc.v.b.  assoc.v.b. v.b.map

[u, [v, w]] = [[u, v}, w] + [v, [u,w]]  [u, fo] = flu, v] + (p(u) f)v
[w,0] + [v,u] =D(u®@v)y  D(fn) = fDn+ (p'df ®n)p
[u, -] preserves the G-structure
Example
o (GL(n,R),R™, 0) ~~ Lie algebroid
o (O(n,n),R?*" R) & D = p' o d ~ Courant algebroid
o (Epm) X RT,E,N) ~ exceptional algebroid
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Exactness

Chain complex: T*M &N 25 E 2 TM — 0

Definition
A G-algebroid is exact if this is an exact sequence.

Example
o A Lie algebroid is exact iff E = T'M.

o There is a unique exact Lie algebroid over M.

Example

o A Courant algebroid is exact iff it is exact in the sense of Severa
(EZXTMaeT*M).

o Exact CA's classified by H3(M) [Severa '98].
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Exact exceptional algebroids

Theorem ([Bugden—Hulik-V-Waldram '21, Bugden-Hulik-V-Waldram '22, Hulik-V '22])

An exact exceptional algebroid is locally of one of the two forms
dmM=n ~ TMe&NT*Me&NT*M (M-theory)
dmM=n—-1 ~ TM&T*M& (NT*M)® N T*M (lIB)

A minimally nonexact algebroid is locally of the form

dim leltrdim H2=0
dmM=n—-1 ~ TMOT*M® (N"T*M)dNT*M (lIA)

Global:

o Problem with global identification as bundles with G-structures, e.g.
E=2TM @ NT*M @ N T*M globally.

o If assume the identification, can do full classification, bracket can be
deformed by:
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]
Deformations of the bracket
M-theory (dim M < 6)
e F et
dFy =0 dFy + i1 NFy=0
Type IIB (dim M < 5)
e @gl(2,R) F3cPaR* F5e
dFy + i[F, 1] =0 dF3+FiAF3=0
Type lIA (dimM < 5) (Cf. [Romans '86, Howe-Lambert—West '98])
FoeQ Goe FeQ' GieQ FRe G3e F et
FyGyp=0 dFy — 2FyG1 — FoF1 =0 dGo + G1Gg =0
dF; — F5Gog =0 dG1 =0 dFy — b NGy — FpG3 =0
dG3 —G3NF; — F4Go+G1 ANG3 =0 dFy +FsNF1 —Fo NGy =0
it



Leibniz parallelisations [inverso '17, BHVW 21, BHVW "22, HV '22]

k

Recall: global G-frame e; with [e;, e;] = ck e (c;; constant), M compact

Theorem ([Li-Bland-Meinrenken '08])

Leibniz parallelisable Courant algebroids correspond to pairs (g, ), with g
a Lie algebra with invariant inner product and ) a coisotropic subalgebra.

Theorem ([Bugden—Hulik-V-Waldram '21, Bugden-Hulik-V-Waldram '22, Hulik-V "22])

Leibniz parallelisable exceptional algebroids in the M-theory, 1IB/A case
correspond to pairs (E,V'), with E an exceptional algebroid over a point,
V' C E a coisotropic subalgebra Lie algebra with

o [z,z] €V, V:CGE o codimV € {n—1,n}
Trvad, Yoe(VI™M@N)gCV (\:=dnE)

9] TrEade = n

)\—1—1

Poisson—Lie U-duality [Sakatani 20, Malek-Thompson '20]: V/, V' C FE different
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Examples

[Lee—Strickland-Constable-Waldram '17, Hohm—Samtleben '15, Inverso '17]

o F abelian, V C FE coisotropic subspace ~» T"

(¢]

¢ Lie algebra, E=taNPeaoNt, V=NraoNe « group K

E =50(5),V =s50(4) ~ S* (M)

e}

E =50(6)»2(6®6), V =s50(5)»2(6®6)~ S° (lIB)

@]

e}

Wigner—indnii contraction ~ E = (s0(5) x 5) 322 (6 © 6)
V= (s0(4) x 4) 523 (6@ 6) ~ St x R (IIB)
-V =50(5)12p (6@ 6) ~ R (IIB)

e}

E =s5u(2)»>3 Definition (g»<p R)
- V=3~ 5 (M)
- V=u(l)m2e3 ~ 52 (IIA)

[x+ry+s|=[z,yg+x- s
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N
Outlook

o higher rank
- Eq(py-case: breaks [z,y] + [y, 7] = D(r @ y)n
- Egg)-case: (untwisted) bracket not unique
- Eyg)-case: Lie algebra not finite-dimensional
- FEjpao)-case: Lie algebra not affine
- FEj1(11)-case: hard

o global classification, relation to non-abelian gerbes

o non-maximally supersymmetric consistent truncations
~> Sasaki—Einstein spaces, ...
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