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The Goal of These Lectures: Mysterious Triality

Algebraic geometry < > Algebraic Topology
lbal, Neitzke, Vafa 2001, m‘m
Physics

Main themes:

@ Math Physics: The RHT of iterated cyclic loop spaces
£k S* is explicitly related to the M-theory story. (E.g., want
equations of motion of M-theory wrapped on T2, i.e., 6d
supergravity? — Read them off from the differential in the
Sullivan minimal model of £25*! (Hypothesis H));

© Mathematics: S*, £:S*, £25%,... is a new series of
objects with hidden internal E, symmetry, yielding such
features as 27 “lines” in £8S%, 28 “bitangents” in £L1S*. ..
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Cyclic Loop Spaces ££S*

The free loop space of a topological space Z:
LZ = Map(S', 2).

It admits a natural action of the group S by rotating loops, and
we define the cyclic loop space L.Z to be the homotopy

quotient
LeZ = LZ)S' = LZ x g ES',

the Borel construction. For k > 0, the iterated cyclic loop space
(cyclification) £KZ is the k-fold iteration of the cyclic loop space
construction:

£z .= 2,
Kz = Lo(ch1Z)  fork > 1.

We will be interested in the RHT of the iterated cyclic loop
spaces L£KS* of the 4-sphere S* for 0 < k < 8 and beyond.

3/15



Recipe for Cyclic Looping

Theorem (Vigué-Poirrier, Burghelea 1985)

If M(Z)=(S(V).d), then
M(LoZ) = (S(V & sV @ Rw),d,)  with

wi=2, |sv|=|v| -1,
dev :=av + sv-w,
adssv = —sdv,
d.w = 0.

Remark: If £L.Z acquires connected components, drop all of
them, expect for the component of the constant loop.
Accordingly, if it happens that |sv| = 0, truncate: sv = 0, so as
to stay within connected spaces and DGCAs.
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Examples: Sullivan Minimal Models of S* and £.S*

For example,

M(S4) = (R[g‘l-ag?:lad)a
9l =4, |g7| =7,
dg4 = Oa dg? - *;QE
i.e.,, V =Rgs ® Rgy, whence sV = Rsgy © Rsgr and
M(LcS") = (R[94, 7. 54, 597, W], d),
|W|:2, ‘594‘:35 |SQ‘7|:6,

dgs = (sgs)-w,  dg7 = —505 + (sg7) - w,
d(sgs) =0, d(sg7) = (sg4)-ga, dw=0.
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Example: the Sullivan Minimal Model of £25*

For the Sullivan minimal model M(£25*) of the double cyclic
loop space of the sphere S*, we have

M(£(2:34) = (R[94, 97, 5104, S197, W1, S204, S207, S2S104, S25107, Sewi, We|, d),
dgs = S1Q4 - W1 + 5204 - W, dgr = — 102 + s197 - Wi + Sag7 - W,
aS1Qs = 525104 - Wo, 0S197 = S104 - Ga + S251G7 - We,
dSpQs = —828104 - Wy + 8104 - So Wy,
0S297 = SoQ4 - Ga — 525197 - Wy — 51097 - SeWy,
dsps194 =0, dspS197 = —S28194 - G4 + 5104 - S20a4,
awy = Sowy - Wo, dsowy = 0, dw, =0.

BTW, the physics form-field notation in 9d supergravity:
9s = Fa, g=H. sig=H" sigr=F", sgi=H?, sg=F",

$o5104 = Fo, SoS107=Fs, wi=F),  we=F  smw = F® (axion field).
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Toroidal Symmetries of £XS* and Its Rtnl Hmtpy Type

Theorem (Sati-V, Comm. Math. Phys. (2023), arXiv:2111.14810)

For each k > 0, the automorphism group Aut M of the Sullivan
minimal model M = M(LKS*) @ R is a real algebraic group
which contains a canonically defined maximal R-split torus

T = (R C Aut M,

where R* = R\ {0} = Gp(R).

The idea of proof. For any g # 0 ¢ Z, define ©o(q) : S* — S*
to be the degree-q folding map. It induces the homomorphism

20(Q)+ : Ta(S*) — ma(8Y)
X —> gX.

Rationally, it is an isomorphism! Combine inverses of such with
p-folding maps to get a natural geometric action of p/gq € Q*
on S* and then on £XS*. Extend by continuity to R*.
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The Idea of Proof, Continued

Similarly, the degree-q folding map ¢;(q) : S' — S', acting on
the ith source S' in ££S*, 0 < i < k, induces a rational
isomorphism
£ks* = kst
which extends to an action
R* x £KS* — £ks*
in the rational homotopy category. This gives an action

(R 5 M(LESY) — M(LkSH)

on the Sullivan minimal model.

The maximality of the resulting split real torus (R*)*+" is pure
RHT. The action of an R-split torus 7T on M is determined by its
action on P(M) := Z(M*)/Z(M*) n (M*)2. This implies

dim T <dim P(M) = k + 1. O
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Extracting the E Data from £XS*

Theorem (Sati-V, Comm. Math. Phys. (2023), arXiv:2111.14810)

The Lie algebra b = Lie(T) of T = (R*)**+1) C Aut M(LKS*)
has a natural basis, giving a lattice b% C hg, an integral inner
product, and a distinguished element — K, ¢ h%.

The triple (b%, (—, —), —K) associated to the cyclic loop spaces
£KkS* and their Sullivan minimal models M(LkS*) consists of

@ a free abelian group b with a basis ho. hy, . .., hy;
@ a symmetric bilinear form h% @ b — 7 given by

(ho, ho) =1, (h,', hj) e —5,’1.', i> 0,] >0

@ anelement —Ky, = 3hg — hy — -+ — hy.

This algebraic structure produces the root system Ey, as for del
Pezzo surfaces, now in the context of cyclic loop spaces z’g S4.
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Cf. Extracting the Ex Data from del Pezzo By

@ The rank-(k + 1) lattice Ny = Ha(Bk) C Nk @ R;
© The Lorentzian inner product (—, —) : Ny @ Nx — 7Z;
© The anticanonical class —Kx =3H — E{ —--- — Ej.

Theorem (Y. |. Manin, Cubic Forms, 1972)
The triple (Nk, (—, =), —Kx) gives rise to the wealth of
combinatorial data associated with the root system of type E:
@ The very root system
Rk = {8 € N¢ | (8,—Kk) = 0,(8, 3) = —2} sitting in the
Euclidean space (—Kx)* == {5 € Ny @ R | (3, —Kk) = 0};
@ The Weyl group W(Ey);
@ The system of “lines”
lk={BeN|(B,—Ke)=1,(8,8)=-1};
@ Efe.
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The |dea of Proof

Since the action of the folding maps on the iterated cyclic loop
space is by precomposition in the k sources S' and
postcomposition in the single target S*, one gets from this
that the weights for the infinitesimal generators of the folding
actions are —1 for the infinitesimal source foldings and +1 for
the target folding, thus giving a natural Lorentzian metric.

The basis is given by these infinitesimal generators of the torus
action.

The distinguished vector —Kj , which is the unique element of
hx which acts on the graded Lie algebra Q(£XS*) (the Quillen
model) by the degree operator via the Sullivan model/Quillen
model duality. O
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27 “lines” on 6-Fold Cyclic Loop Space £8S*

Theorem (Sati-V, Comm. Math. Phys. (2023), arXiv:2111.14810)

The 27 exceptional vectors o € (b%)*, (o, @) = (o, K§) = —1,
give rise to 27 canonically defined lines in the R-vector space
T (L£88*) = ma(£8S8*) g R. Moreover, these lines freely
generate 73 (£55*) and thus dim 73 (£85*%) = 27.

The idea of proof. The Sullivan minimal model M(£$5*) is
actually S(m5(£85%)*). Look at the weight spaces in M(L£ES*)

corresponding to the above o’s. They are 1-dimsnl and are
generated by the elements

Wi, ..., Ws,
S;Sig4, 1< <f'g 6, (1)
Ss...§,’...31g7, 1<i<6,
On the other hand, Q(£8S*) = sn(£85*) (degree shift). O
The lines, S = CP' — £85%, in rational homotopy category.
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The kK = 8 Threshold

The distinguished element Ky € hZ with Minkowski inner
product (—, —) on bz gives K- = {x € by | (x, Kx) = 0}.

dimbhe =k +1, dimKi =k

@ {Roots of Ex} = {x € by | (x,x) = —2,(x,Kk) =0} C K-
form a finite set iff k < 8.

° (—, —)\KkL is negative definite iff k < 8.
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Hypothesis H in All Dimensions, as per Sati-V 2021

Hypothesis H

The dynamics of supergravity reduced to 11 — k dimensions is
governed by the rational homotopy theory (RHT) of C’gS“.

Principle H

Any feature of or statement about the Sullivan minimal model
M(LKS*) of the iterated cyclic loop space £LKS* (or the rational
homotopy type thereof) may be translated into a feature of or
statement about the reduction of M-theory to 11 — k
dimensions. Here 0 < k < 11.
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Conjecture: duality between del Pezzo surfaces and

loop spaces of S*

Algebraic geometry - N Algebraic Topology

Conjecture

There must be an explicit relation between the series of del
Pezzo surfaces By, 0 < k < 8, and the series of iterated cyclic
loop spaces £KS*, 0 < k < 8. This relation should match the
E, symmetry patterns occurring in both series, as well as relate
other geometric data, such as the volumes of curves on del
Pezzo surfaces, with some geometric data, such as the radii of
S* and S's, for the iterated cylic loop spaces £KS*.
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