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Theorem A (Bohm, L. 2021) Conjecture holds. Moreover, (M", g) ~;4, Einstein solvmanifold.J
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Ricci curvature of left-invariant metrics:
. 1
R'C(g) = M,u - EBf - <[H7 ']: '>7
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Conjecture (Alekseevskii 1975) (M", g) homogeneous, Ric, — —g = M ~pig R". J

Theorem A (Bohm, L. 2021) Conjecture holds. Moreover, (M", g) ~;4, Einstein solvmanifold.J

(For simplicity, assume M = F Lie group, m1(F) = 1.)
Ricci curvature of left-invariant metrics:
. 1
RIC(g) = M,U - EBf o <[H ']7 >
M,, moment map (real GIT), ,u,f-} = {[Ei, Ej]. Ex) structure coefficients of §, B; Killing form.

e Very good understanding when F solvable.

@ Essentially nothing known when F semisimple.
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Proof idea for Theorem A

Theorem A (Bdhm, L. 2021) (M" = F, g),Ric,

g = M" ~pig R".

J

Key idea Forget homogeneity. Study Ric, — —g using invariance under non-transitive group.J
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Proof idea for Theorem A

Theorem A (Bohm, L. 2021) (M" = F,g),Ric, = —g = M" ~pis R". |

Key idea Forget homogeneity. Study Ric, — —g using invariance under non-transitive group. |

Assume M™ = SL,(R) ~pig SO(m) x RP (i.e. H = {e},K = SO(m)). Must show: 7 solution.
Iwasawa decomposition SL,(R) = SO(m) G, G = {upper triangular, diag > 0}
G solvable, acts on (M", g) isometrically, properly and cocompactly.

m:M— M/G G — principal bundle

Drawback G-invariant Einstein equation is now a PDE.

Gain PDE on a compact manifold, involving algebraic data from Ric of G-orbits.
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Einstein principal bundles

Setup (M", g), Ric, — —g, G acts freely, properly and isometrically, B := M/G compact.
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Setup (M", g), Ric, — —g, G acts freely, properly and isometrically, B := M/G compact.
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Einstein principal bundles

m:M— M/G G-principal bundle and a Riemannian submersion

Setup (M",g), Ric, — —g, G acts freely, properly and isometrically, B := M/G compact.
g J
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Setup (M",g), Ric, = —g, G acts freely, properly and isometrically, B := M/G compact.
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Einstein principal bundles

Setup (M", g), Ric, — —g, G acts freely, properly and isometrically, B := M/G compact. J

7. M— M/G G-principal bundle and a Riemannian submersion

™ =HatV, V= kerdn

G-invariant metricon M — () / . ™
. . o1 X
e H, principal connection [/ L
@ (hp)peg family of left-invariant metrics on G - ‘*‘l
o gB  metric on B. v 2

____ T@
Rmk May view h: B — GL(g)/SO(g). @
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Main result 1l

Recall: the nilradical N of a Lie group G is the maximal connected nilpotent normal subgroup.
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a * * 1 =+ =
G= 0 b % |:abc=1,a,bjc>0}, N= 0 1 = ~ H3(R),
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a * * 1 =+ =
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Main result 1l

Recall: the nilradical N of a Lie group G is the maximal connected nilpotent normal subgroup.
E.g. if F =SL3(R) = SO(3)G,

a * * 1 =+ =
G= 0 b % |:abc=1,a,bjc>0}, N= 0 1 = ~ H3(R),
00 ¢ 001

Theorem B (Bdhm, L. 2021) (M", g) G-principal bundle, Ric, = —g, M/G compact. Then,
the corresponding N-principal bundle M — M/N satisfies:

@ H" is integrable;
© The N-orbits are Ricci solitons;
© h: M/N — GL(n)/SO(n) is a harmonic map.

Rmk If M/G = pt, G solvable, Thm B (1) says Einstein solvmanifolds are standard (Lauret
'10).
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Proof sketch of Theorem B

Theorem B (Bohm, L. 2021) (M", g) G-principal bundle, Ric, — —g, M/G compact. Then,
the corresponding N-principal bundle M — M/N satisfies:
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Theorem B (Bohm, L. 2021) (M", g) G-principal bundle, Ric, —
the corresponding N-principal bundle M — M/N satisfies:

@ #" is integrable;
@ The N-orbits are Ricci solitons;
@ h: M/N — GL(n)/SO(n) is a harmonic map.

g, M/G compact. Then,

(O'Neill) Riemannian submersion: Rmg <~ Rmy,,Rmg, A, T
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Theorem B (Bohm, L. 2021) (M", g) G-principal bundle, Ric, —
the corresponding N-principal bundle M — M/N satisfies:

@ #" is integrable;
@ The N-orbits are Ricci solitons;
@ h: M/N — GL(n)/SO(n) is a harmonic map.

g, M/G compact. Then,

(O'Neill) Riemannian submersion: Rmg <~ Rmy,,Rmg, A, T

<AXY,U>=%<[X, Y]=U>1 X,YEF('H),
(TYV, X5 =(VyX, V>,  U.Vel(V).
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Proof sketch of Theorem B

Theorem B (Bohm, L. 2021) (M", g) G-principal bundle, Ric, —
the corresponding N-principal bundle M — M/N satisfies:

@ #" is integrable;
@ The N-orbits are Ricci solitons;
@ h: M/N — GL(n)/SO(n) is a harmonic map.

g, M/G compact. Then,

(O'Neill) Riemannian submersion: Rmg <~ Rmy,,Rmg, A, T
(AxY Uy =L[X.Y].U),  X.Yel(H),
(TyV, X) ={(VyX, V), U,verl(V).
Mean curvature vector H = Ty, U; = —V log \/(ngj, gii .= g(U;, Us).
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Proof sketch of Theorem B

Theorem B (Bdhm, L. 2021) (M", g) G-principal bundle, Ric, = —g, M/G compact, ...

(O'Neill) Riemannian submersion: Rmg <« Rmy, ,Rmg, A, T

<AX Y: U> = %<[X’ Y]’ U>ﬂ X, Ye r(?{):
(TyV, X ={(VyX, V), U,vVerlr(V).

Mean curvature vector H = Ty, U; = —Vlog 4 /detg;;, & := g(U;, Uj).
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Proof sketch of Theorem B

Theorem B (Bdhm, L. 2021) (M", g) G-principal bundle, Ric, = —g, M/G compact, ...

(O'Neill) Riemannian submersion: Rmg <« Rmy, ,Rmg, A, T

<AX Y: U> = %<[X’ Y]’ U>ﬂ X, Ye r(?{):
(TyV, X ={(VyX, V), U,vVerlr(V).

Mean curvature vector H = Ty, U; = —V log \/ngj, & == g(Us, Uj).
= Ric(h)j + hj — H'Tijy +2 T/ Tjgo — %ABh:j-f-A?FrAa'yj
Ric, = —g + N-inv. &= {0="--

. K
0 = Ric(gB)us + gfﬁ + %EHgfﬁ — AV A gk — TH Ty,

Ramiro A. Lafuente (UQ)

Einstein manifolds with symmetry

6/13



Proof sketch of Theorem B

Theorem B (Bdhm, L. 2021) (M", g) G-principal bundle, Ric, = —g, M/G compact, ...

(O'Neill) Riemannian submersion: Rmg <« Rmy, ,Rmg, A, T

<AX Y: U> = %<[X’ Y]’ U>ﬂ X, Ye r(?{):
(TyV, X ={(VyX, V), U,vVerlr(V).

Mean curvature vector H = Ty, U; = —Vlog 4 /detg;;, & := g(U;, Uj).

= Ric(h)j + hj — H'Tijy +2 T/ Tjgo — %ABh:j-f-A?FrAa'yj
Ric, = —g + N-inv. &= {0="--
i k
0 = Ric(g®)as + 8a5 + 3L18as — Ax Avak = Ta Tus:

Ricci soliton, Harmonic map, H integrable.
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Proof sketch of Theorem B, continued

Setup Ric, — —g + N-invariance
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Proof sketch of Theorem B, continued

Setup Ric, — —g + N-invariance

(X. Rong '98) Ric <0, G = N abelian;
(Naber - Tian '18) Ric = 0, G = N nilpotent;
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Proof sketch of Theorem B, continued

Setup Ric, — —g + N-invariance

J
(X. Rong '98) Ric <0, G = N abelian;
(Naber - Tian '18) Ric = 0, G = N nilpotent;
(Lott '20) Ric = 0, G = N abelian.

=] = = =
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Proof sketch of Theorem B, continued

Setup Ric, — —g +  N-invariance

(X. Rong '98) Ric < 0, G = N abelian;
(Naber - Tian '18) Ric = 0, G = N nilpotent;
(Lott '20) Ric = 0, G = N abelian.

Key ingredient: Volume density log v (v := | /det h; : M/G — R) satisfies

AlogvN + (ViogvV, X) =20,  XeX(M/G)
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(X. Rong '98) Ric <0, G = N abelian;
(Naber - Tian '18) Ric = 0, G = N nilpotent;
(Lott '20) Ric = 0, G = N abelian.

Key ingredient: Volume density log v (v := | /det h; : M/G — R) satisfies
AlogvN + (ViogvV, X) =20,  XeX(M/G)

Maximum principle — log v" constant and equality holds everywhere.
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Setup Ric, — —g +  N-invariance )

(X. Rong '98) Ric <0, G = N abelian;

(Naber - Tian '18) Ric = 0, G = N nilpotent;

(Lott '20) Ric = 0, G = N abelian.

Key ingredient: Volume density log v (v := \/Fh,;,- : M/G — R) satisfies

AlogvN + (ViogvV, X) =20,  XeX(M/G)

Maximum principle — log v" constant and equality holds everywhere.

Issue 1 If N non-abelian, curvature of the orbits appears in the formulas.
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Proof sketch of Theorem B, continued

Setup Ric, — —g +  N-invariance )

(X. Rong '98) Ric <0, G = N abelian;

(Naber - Tian '18) Ric = 0, G = N nilpotent;

(Lott '20) Ric = 0, G = N abelian.

Key ingredient: Volume density log v (v := \/Fh,;,- : M/G — R) satisfies

AlogvN + (ViogvV, X) =20,  XeX(M/G)

Maximum principle — log v" constant and equality holds everywhere.

Issue 1 If N non-abelian, curvature of the orbits appears in the formulas.

Issue 2 If G non-unimodular, log v is not G-invariant.
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Proof of Thm B: the GIT weights

Issue 1 If N non-abelian, curvature of the orbits appears in the formulas.
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(Heber'98) Link between Ricci of solvmanifolds and real Geometric Invariant Theory (GIT).

Ramiro A. Lafuente (UQ) Einstein manifolds with symmetry 8/13



Proof of Thm B: the GIT weights

Issue 1 If N non-abelian, curvature of the orbits appears in the formulas.

(Heber'98) Link between Ricci of solvmanifolds and real Geometric Invariant Theory (GIT).
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Proof of Thm B: the GIT weights

Issue 1 If N non-abelian, curvature of the orbits appears in the formulas.
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(Bohm, L. '18) /J-weighted volume density v’ :=[]i_; hi;

log v is G-invariant and satisfies an interesting PDE Alog v’ = > Ricq(E;, E,').."J'i + -

To exploit Lauret's estimate we would like to consider log v’ + log v

v Issue 2 If G non-unimodular, log v is not G-invariant.
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Proof of Thm B: the modified Helmholz decomposition
Recall v = /det hij, H = ~Vlog v,
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Finishing the proof of 1 Set f = logv’ + logv + %|Hg|2, G-invariant. Then
Af +(Vf,X) >0  on M/G.

Maximum principle — equality, f constant — A =0 (i.e. %" integrable).

Step 2 N-orbits are solitons: use f = $R(h) + log v".

Ramiro A. Lafuente (UQ) Einstein manifolds with symmetry

9/13



Thm B implies Thm A: the Alekseevskii conjecture

Theorem B (Bdhm, L. 2021) (M", g) G-principal bundle, Ric, — —g, M/G compact. Then,
the corresponding N-principal bundle M — M/N satisfies:

@ #N is integrable;
© The N-orbits are Ricci solitons;
© h: M/N — GL(n)/SO(n) is a harmonic map.

Theorem A (Bshm, L. 2021) (M" = F/H,g), Ric, = g = M ~p;z R".
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the corresponding N-principal bundle M — M/N satisfies:

Q@ N is integrable;
@ The N-orbits are Ricci solitons;
© h: M/N — GL(n)/SO(n) is a harmonic map.

Theorem A (Bshm, L. 2021) (M" = F/H,g), Ric, = g = M ~p;z R".

)

Remember homogeneity of M  Using Killing fields from M, Thm B (1) and (2), plus some

subtle new algebraic estimates, one shows Ng(G) acts transitively on M = F/H. Thm A then
follows by (Jablonski, Petersen '17).
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True if the isometry group is unimodular [Bohm, L. '23] arXiv:2307.13235.
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Splitting conjecture (M", g), Ric. — —g + cocompact symmetry = M splits isometrically
as a product of a compact Einstein manifold and an Einstein solvmanifold. J

True if the isometry group is unimodular [Bohm, L. '23] arXiv:2307.13235.

Dynamical Alekseevskii conjecture 1M =1, M % R” — any homogeneous Ricci flow
on M has a finite time singularity. J

The results discussed today are about non-existence of Einstein metrics.

Question Can one produce new inhomogeneous examples of Einstein metrics with
non-compact symmetry groups? J

Adam Thompson (UQ) was able to deal with the ODE case (dim B = 1):
“Inhomogeneous deformations of Einstein solvmanifolds” [Thompson '23] arxiv:2305.05923.
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Thank you!

Do

s with symmet:
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