QUANTUM RIEMANNIAN GEOMETRY AND APPLICATIONS

SHAHN MAUJID

(MUL)

SRNI 24

part ISEormalismiandiapplicationsitorquantum gravity, |

g E Q! X4 Ql
Leibnizrule =P ¢:Q'®, Q' - Q' ®, Q!

graph

geometry

@® Baby quantum gravity models

C

V:Q'- ol Q!

QRG

U

Quantum
groups

2

continuum
geometry

@® 5D black holes and FLRW models

® Quantum gravity origin of the Kaluza-Klein ansatz

Formalism of quantum Riemannian geometry

Edwin ). Beggs
Shahn Majd

Quantum
Riemannian
Geometry

Q) Springer

CQG 2019 (x2)
w/Argota-Quiroz CQG 2020
w/ Lira-Torres LMP 2021

w/ Argota-Quiroz CQG 2021
w/ Liu JHEP 2023, arXiv 2023



Differential’ calculus

Classically, (M) = Q°(M) c Q(M) = &;Q (M)
Ol  space of 1-forms, e.g. ‘differentials’ df = Z a_fd$i
fdg = (dg)f € @' Z

AQR40—Q, dlwAn) =(dw)An+ (—D)%lwAdy
wAn=(=)“Mpaw d?=0 graded Leibniz rule

@ Algebra A over k; drop the (graded) commutativity but keep:

Ol a((db)c)=(a(db))c bimodule
d: A— Q! d(ab)=(da)b+a(db) Leibniz rule
{Z adb} = 0! surjectivity

@® Extend to DGA of differential forms O — TAQI/I — @, 0" d2=0
?
(generated by A, dA)

| : i
Propn. Every €2° has a maximal prolongation €2




MEtEICS and conNeCtions ‘

2 wH AV
@ Metric g < Ql (‘%) Ql ds” = Zg;tyd'xpdx Ql Ql Ql
U g g
(i) bimodule map inverse (,):Q % - — A \/\ = | =
() ,
(i) some form of quantum symmetry e.g. A(g) =0 ol o ot )

Lemma. a quantum metric is necessarily central

Proof:  (w,ag))g? = (wa,g")g? = wa = (w, g")g’a

@® Connection/covariant derivative

V:O' = oleol O':ng)ﬂlﬂﬂl(l%ﬂl
A
V(fw)=df ®w + fVuw Viwf)=0cwodf)+ (Vw)f

Lemma: bimodule connections extend to tensor products

J v
Viw®dn) =Vwdn+ (c®id)(wxV
(w®n) n+ ( )( n) vo— Y + o
= metric compatibility



QLE and curvature

@® Quantum Levi-Civita connection (QLC) Ty =Vg=0 Q! 0!
\V/ \Y%
Ty : o — 02 Tv = AV —d torsion tensor \V
Ry = -

@® Riemann curvature Ry : Ol - 02g0!
A

Propn: For a left connection A Ry = d7y — (1d A Ty) V (Bianchi identity)

Lemma: 7y, Ry are left-module maps

Proofe.g. Ry(aw)=(d®1d—-1dAV)(da® o +aVw)
=daAVo+ad®1d)Vwo —daAVw —a(ld A V)Vw = aRyw

Propn;, Ty, Ry resp. bimodule maps iff
A(d+o0)=0 (torsion compatible)
d®id—idAV)e=>(dAo)(V®id) on Q'®dA (Riemann compatible)




Ricei,=structuresiover €jintegration

g
@® Ricci curvature (working definition
Ricci curvature ( & ) Ry Ricci scalar
Ricci = -
wrt bimodule a lifting map () R=(,)oRiccie A
i Q- Ql®,Q, Adi=id

Lack deeper picture w/ conserved Einstein tensor, but do have examples of that

For A a *-algebra, require

@® * extends to (L, d) as an antilinear graded anti-involution commuting with d

e (=g T=fip(*®*):Q'®,Q" - q'®,Q ‘real’

@ V=0lV* = To= o1 T *_preserving =9 *-compatible

® [ : A — C positive linear functional and e.g. trace, [5 =0, 6=(,)V:Q' > A
® A=(,)Vd QRG Laplacian



Quantum differentials on finite sets

Propn: X a finite set A = C(X), Q! <==p» Directed graph
with vertices X

Ql — Span[:{exey} f ex—>y Zf(X)ex_)y, ex—>y f — ex—>yf(y) e;k—>y - ey—>x

if bidirected
df = Z (f») —f(x))ex_w bilocal object =% bimodule

X—y

T,Q' = Path algebra, in degreei Q'® =

@ Q  =T,Q! relations Z epy Ny, =0

y:p—=y—q
p#q, notp—gq

@® metric g= 2 ZroyCiny €y s &y € R\{0} if bidirected

X—y

edge symmetric if  8y—y = 8y-x =P real ‘square-length’ on each edge



QRGof Z,Z, n> 2

i—itl

® Group structure/Cayley graph = left invariant basis e* = Z e

e*f =R fe*, df =) (0.f)e*, (Rof)D)=fi%1), 0.=R,—id

a(4) a(0)
(¥ =0, ete +eet =0, de*=0 et =—e”

a(3) a(l)

® 9= aet e  +R (a)e” et a— lengths a(i) # 0 o)

Propn: Thereis a QLC

Vet =(1-pilet@e®, olet@ed) =pret@e®, olet®eT)=eT@e™
R_(a) R_a

—. p_=R(—)

a a

unique for n # 4 p=p,=

=»  Rye® =0_(pr)e* ANeT @ e vanishes iff {a(i)} geometric sequence

1
Ricci scalar curvature R = 5 (R_(p™'o_(p) —0_(p™H)
a




Quantum gravity on Z, Z, looks like tropical scalar QFT

=P Einstein-Hilbert action w/ Argota-Quiroz CQG (2020)

Slgl = Z a;R(1) = %Zpam = %Z;Azp

i

discrete laplacian p(i + 1) + p(i — 1) — 2p(7)

1
o N I I J da e~ col8l Quantum gravity partition function

L L L
L‘m_?’/o daO/O da1/0 day ev%Wla;, ---a;,  finite =P (ail'“ai ) ~ L™

m

(aiaj) % 1= Aa;  [{a?) —(a)?2 1
- (ai){a;) {{1 it <a®->\/ (a;)2 "3 L — o

similar results for p as primary field, constrained as Hp(i) = 1




® Quantize fluctuations relative to the geom. mean A=(T1,ai)"

bi:ai/A

* S (bO bl _ _ )
bo-b = 1 et Lel=5 15 *5, ( ) (bl) (
' - 2
da() da1 da2 = %dbo dbl dA.
bob1

now omit the dA integration
Z-= f by f by b g (0B (10 00)00)
bob1

Plots of correlation functions (byb;) against i
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QRG of the fuzzy sphere

w/ Lira-Torres LMP (2021)
2 2
® A (25,25 = 20\ €0k Za% =1-A,
(/

O! central basis s',i=1,2,3. [s',2;]=0 dz; = €;;5m,5"
s'ANs? +5IAns' =0, ds'=-5e8 As df = (0,f)s"
® Metric ¢g=g¢;;s ®Ss’ real symmetric matrix

Propn. There is a natural QLC with  6(s'® s/) = s/ ® s’

l

Vs = —%I’ij ksj ® s" k=8 il(zelkmgmj + Tr(g)e)

= Ry(s') = p' jk€jmns™ A 5" @s"

) _ 11w 1 1 1 ) [
P jk = ZF jk ZejmnamF nk gejmnF mlF nk

Ricci scalar curvature R = %(Tr(gZ) — %Tr(g)z)/det(g).




Quantum gravity on the fuzzy sphere
w/ Lira-Torres LMP (2021)

g € P3 of 3x3 positive-definite symmetric matrices,= GL3(R)/O3(R)

metric dp, ds? = Tr((g_ldg)z)

=P measure for field integration \/|det(9733)|~ =|det(g)|*

= Z:‘/Dge_%' Slg] [1:=det(g)
f [1dgi; |det(g)| e a2 )7
Ps i<

Use Euler angles/spectral ¢ = F(0, ¢, ) diag(A1, A2, A3)E (0, ¢, ).

parametrisation
H dg%] =d6 dqbd’l,b | Slﬂ(gb)| H d)\ ()\1 - )\2)()\1 - )\3)()\2 — Ag)‘

1<j

Suppose only look at spectral functions of g, then effectively:

g |()\1 —)\2)()\1—)\3)()\2—)\3” — L (A2 AN 2( A1 A2+ A A+ Ao A
Z:[Hd)\ ERERe e (AT+A5+ ( + + ))



we have introduced cut-offs L >> € > 0 to regulate divergences at both ends

divergence as € =~ 0 does not show up in vevs =9 (Niy N )~ EL’”
ool 16
. 2V _().)2
= ()\%1)\7%) _ (16\yn-1 A = \/()\Z) ()\Z) /13
=(3) () ) :
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In both quantum gravity models above, and also for an
earlier Z, X Z, model, metric has a uniform uncertainty




Fuzzy sphere black hole

w/ Argota-Quiroz CQG (2021)
Fuzzy sphere at each rt, which remain classical. Consider general static form
g=—B(r)dt®dt + H(r)dr @ dr +r°g;;s' @ s
Solve for QRG with Ricci=0 =9

2 2
(T r - '
g=—(1-— —Q)dt ®dt + (1 — Ig)_ldfr Rdr +r’ks' ® s’
r r
vdi H 4r dt, ke S(V7—1
_— — T s = — -
r(r2 —r4) 3( /
2 2 2 2
T = Ty =) 7 1
- _-H(y 'H 1 |
Vdr = ot sdradr — ( T2)dt®dt+rk( T2>3 @ s
. 1. . 1 .
Vs' = ——€' s’ @ sk — Zdr @, s, =) Ry > ocoatr=0
2 r

A = iy _182 3 _Ti) T 0> o2,
=-\le) wr(GE etk +WZ

would be A ¢; for Tangherilini 5D classical bh



Fuzzy FLRW cosmology

Expanding round fuzzy sphere at each t w/ Argota-Quiroz CQG (2021)

g=—dt®dt + R*(t)s" ® s",
1

® QLC Vdt = —RRs* ® s"; Vs' = —§€ij83 ® s — Es"" R dt,

=» Rudt=—-RRAtAs'® s
Ryvs' = (Zemnepkm — RQ(SZmdnk) s A ST R s¥ + Edt A s* ® dt,

: 1 . 1. . 3R R?2 R 1
. . 2 - T\t 7 _ — S _—
Ricci = —(R +2RR+4)8 ® S +2Rdt®dt, S 3 R2+R+4R2)
Ricci scalar

natural Einstein tensor

: . 1. 1\ . . 1 22
Ems—Rlcm—%g(R+2R2+>32®313( +R)dt®dt

8 2 \ 4R?> R?

obeying V - Eins := ((, ) ® id) V(Eins)



@® Fluid Stress tensor T = fdt @ dt + pR?*s' @ s°

density f pressure p

continuity equation V-T =0 is f+ 3(f +p)§ =0

@® Einstein equation in our conventions Fins 4+ 47GT =0

3 [ R2 1 R 1R? 1 R 4nG
ArGf = 2 4+ ArGp = —— — = _ S
=5 G f 2(R2 4R2)5 TG R 9R2 8R2 R 3 f

This is identical to classical 4D FLRWVYV for closed universe with curvature
constant k¥ > 0 and metric

1
-%R@dﬁ+R@ﬁ(

r2(1 — kr?)

(Here R(t) includes r to match our conventions)

dr @ dr + gsg)

Same dimension jump phenomenon as for black hole




Application to elementary particle physics

Fuzzy sphere at each point of spacetime M w/ Liu arXiv 2023

Lemma General form of a quantum metric on the product is

g=gude’ ®@dz” + A (de" @ s" +s' @ dat) + hijs' ® &7

for fields g, A

iy on M

Proof. g central and dx*, s' central requires the coeffs central. But the fuzzy
sphere has trivial centre for 4 # 0 hence the coeffs depend only on M.

Thm There is a unique QLC on the product = Ricci scalar on product

- 1 =y =i 1 g 1
R =Ry + Ry + Shig B, M + 59‘*5%%(%) + gg’@ﬁ(Tr(cp(_ycpﬁ) + Tr(®,)Tr(®5))

—Tr(®)

® O=Inh), R,-= ‘ 5 (Tr(e”)) —~ %Tr(eq’)z) Ricci scalar on fuzzy sphere

® J.v = 9u — 17 Ay Aj, physical metric with Ricci R, <I>ij = hik@Aahkj

® Aui=hYA,, ﬁég = O Ap)i — Aaj Ask€iji, SU(2) Yang-Mills curvature




So gravity on the product = gravity + SU(2) Yang-Mills + Liouville-sigma field /;;

- 1 -
Propn. QRG Laplacian on productis ~ A=A4,+4,+ Egaﬁ Tr(D@,) Vs
=P for h; = hd;

jj » massless scalar on product appears as tower of fields
{¢;}, e NU {0} withmass A, =I[+1)/h

Proof: decompose as eigenvalues /(/ + 1) of Laplacian 01.2 on fuzzy sphere

1
@ If A=1/2/+1), je& 5220 then spinj repn p; of su(2) restricts to

the fuzzy sphere with quotient the reduced fuzzy sphere matrix algebra

CA[S?] H, Ms;:1(C) e ;1,1 =0,1,---,2j a finite multiplet of

v 7= fields of different masses
C) [82]

@® For weak force coupling constants need \/ﬁ = 11 Planck lengths

f.d. QRG fibre with trivial centre could explain the Standard Model




Part Il Quantum geodesic tlows

Beggs JGP 2020
w/ Beggs & SM LMP 2023, JMP 2024

@ dust particles moving on geodesics =9 tangents define vector field X
obeying geodesic velocity equation

Classical geodesic flows

: we reverse usual concept
X,+Vy X, =0 .
° A7 and first solve for this X,
density p obeys continuity equation for flow to time s

p = — X(dp) — pdiv(X))
® letp=| qf|2for a wave function y obeying the amplitude flow equation

1
W= — X (dy) — Ewdw(Xs)

: ... D 0 : : .
=P Convective derivative e =5 + X, of the divergence is the Ricci tensor
\) \)
Ddiv(X)) o o
= — X, X" . — X'"X'Ricci,;
Ds S /

@® |Wave function y(x, f) on spacetime, s is external geodesic proper time




Quantum geodesic equations

A, Q' d, g, V: Ql 5 Ql ® 4 Q!  left conn, eg. QLC
=p rightconn V, @y — ¥ Q, Q! on y:= ,Hom(Q! A)

o [non-deg =» div, defined by [(adiVI(X) + X(da)) =0 Vae A,

K, = Ediv (X)) flow divergence
XS + [X,, k] + (1d ® X)) V,(X) =0 velocity flow

v, = — ik, — X,(dy,) amplitude flow

® Need JXS(a)*) - X(@)*=0 VoeQ! say X, real with respect to J

Lemma Then [l//;kl/fs constantins | = probabilistic picture

@ Can add driving force F to velocity equation to ensure X, real =9 X real



QRG of the n-star graph

w/ Beggs arXiv 2023

@ =R, n .
N\ *__'___’® 2 €oing=0, Q. isn— 1 dimensional Q>’=0
‘//'@\\ =
O © z
Thm. There exists QLC iff n < 4 and o0 \/;
80—i
g~ g~
O-(e()—n' ® ei_>0) — _eO—>i ® ei—>0 T (1 + _) Z e()—)j ® ej—>09 .
Vn Vn iE (2 =9
G(el_>0®6’0_”)=qel_>0®€0_”, q:<€5i6ﬂ- n:3
g'—>0 _
6(€i—>0 X eO—>j) == gJ q_lei—>0 ® €0—j \_1 n=4
i—0
VeO—n’ — Z ej—>0 & €0—i — O-(eO—ni X ei—>0)
J (extends to U(1) moduli
vei—z‘O = €0 ® €0 — Z O-(ei—>0 ® eO—>j) of QLCS for n = 2)

J
Similarly for A, graph, QRG needs greater metric pointing into the bulk




Quantum geodesic flow on 4-star graph

[1=Sn@ire@ =+ (X7 =-2EX"Y el e
X

— Yy . Yy — _d
div ; (X)(z) > X X - K = > 1v(X;)

Y
Y:r—y Yy—x Ha

Propn. For n-star graph the geodesic velocity eqn with driving force is

. 1 i —i —i\+ M1 &i— —Y\*
_X0<—y:_XO<—y _XO<—y+Z/’L_ XO _Z(XO ) H 8 0 n 2&_1 (XO y)
2 7 O 7 uogy—>0 Lo
1 22 0«12
ESNACS
4T py

Then solve amplitude flow Vo = —%wxdivf (X)), - (1 — 1y ) X P

p<—x

= See movie for i, g;_, constant and initial X" =y, = 0; |

2

J&Sc."c"..

I,

LA




Strict quantum geodesic flow on fuzzy sphere

V = (7)(_1 V)( left connection =9 divy, = evV

Propn. If div; = divg and [ab = J'g’(b)a where  extends to Q! then

(@) X*(¢)=(evo(X ®§*))* defines * on vector fields

(b) Xrealw.r.tJ P Xi=coXoc™!

Fuzzy sphere case [ = spin 0 component in orbital expansion, is a trace

=» {f:} dual basis to {s'} hasf* =f, =» X =fX real iff X'* = X'

X'= % [0,X7,X"] - Fiijka - (0;X") X7, velocity flow eqn

0 [X-‘ X' = 2e. kXJXk aux eqn (from conjugate

velocity flow eqn)

amplitude flow eqgn



We focus on X' « 1

g = diag(Ala )\2; A3)

>

X' =T X7 X" = ¢" grnjermp X7 X"

-»  x!-

M1

LL1X2X3,

Ao — A3
A1

pi2 =

X2 - U X1X2

A3 — A1
Ao

H3 =

XS — [JJ3X1X2

A — Ao
A3

X'(s) =dcr/msn (caslu),  X*(S) = cr/maen (eas|u) . X7(s) = ey %\/1 — psn® (caS|p)

E.g. linear fields yw = y'x;

g = diag(4,3,1)

it -

C

2

H= — i afis —

—€pij X '

initial

X (1)

-1.0

t € [0,5.66]

X =(0,14/2), y = (1,0,0)

1e]0.11.624] s

-

//”

s
e S
/’/_l,’é‘,‘-—.:-_‘?‘

A Z =Y
V7o

—
-
=

775N
f ‘[ 'Io “‘

L " el " "
-1.0 -0.5 0.0

.

Mé\\
.. ‘5

Co



Quantum mechanics as quantum geodesic flow
Heisenberg algebra, fix Hamiltonian w/ Beggs JMP 2024

. . . ; _|_..._|_
[l'zapj] = ihézja [CU"”SUJ] = [pi,pj] =0, h = A P + V(iﬁla'“,iﬁn)

Choose differential calculus with extra cotangent direction &’

[dpi, pj] = —ihz2Y 0" [dpi,a?] = [de’,p;]1=0, [da' 2] =-25,;¢

Thm: Then there exists a bimodule vector field X : Q! — A and V obeying
geodesic vel egn with amplitude flow Schroedinger/(anti)Heisenberg eqns

oV o | | l.
X@)=1, Xdp)=-—, Xdihy=2 = i=—Xdr)=-2 et
Ox! m m

V(dz') = 20" @dp;,  V(dpi) = 52250 @da? + L 299V g 99" \J(0') =0

xJ

. . . 2 . . . 2
O(dz'®dp;) = dp;@da’+2 X _¢'e¢’,  G(dp;®ds’) = dz’/@dp;—L 200’



Propn. (a) V is metric compatible for generalised metric
A%

G = dp;®dz’ —-dz' @dp; + odr'—dri®f)+ 2 (9’®de dp@®9)+—82V9'®9'

(b) w; = dp; + &V, ;7‘ —dx' - 219/ and G killed by X
m

@ G quantises something antisymmetric and is degenerate.

® If we extend the algebra by central geodesic time variable s with 8’ = ds

> w;,=n=>0 would then reproduce the Hamilton-Jacobi eqns

® Q modulodd =6%2=0 = A (G) closedand V flat

Relativistic electromagnetic version

electromagnetic

(2%, pp] =1h6%,,  [2°, ﬂfb] =0, [pa;pp] =ihqFup -Heisenberg alg
a 1 ab p/ a 1h a / a
[d.’L‘ 9371)]:__77 59 ) [dil? apC]: _q”ﬂ becg :[dpcaaj ]7
Ql m m
h
[dpcapd] _1hq Fac,d dxa - 9_q nab(thc ad T 21qFachd)9,



Thm: Then there exists a bimodule vector field X : Q' — A and V obeying
geodesic vel eqn such that amplitude flow is 9¢ i oy o
N a bcb =0

ds 2m
D, = 5% —i1A4,
1 .
X(QI) =1, X (dz®) = m Wabpb ,  X(dpc) = % Uab(QFcapb - thcb,a)
1h

V(da?) = ~L P 0’ ® Az + 0’ © — b 110 Fye b Vo' =0

m 2m2 )
v(dpc):_quC,edCBd®dxe—fc®9'—9'®nc+NCQ'®9', ch,__, gC:

0 = ds

A
@ Q! . a®=-2¢0 dp=qFudi' - 2 F0 = .
red m 2m s proper time

® |If A, is t-independent (this breaks Lorentz inv)

= U:=-pg—qAy commutes with x’, p, dx’,dp, has du = 0

=P Q}l generated by z',p;,dz’,dp;,0" deforms NR Heisenberg case

u=u€ R isnowa fixed energy’ parameter



Propn (a) X, V restrict to Q! and obey the velocity equation.
pipi  (u+ gA,)°
2m 2m

(b) amplitude flow is Schroedinger w.r.t. Hamiltonian H =

1,1 _ . ..
Example free field on R™', A, = 0 initial wave packet centred on on-shell value

_(ch=Vu2-m2cH2 g,

u2-k2c2 _ (ck-v 2—m2c4)2 ikx
B e h

U(0,x) = ]dke E er, W(sx)= fdkeis h2me? e




Poisson geometry of quantum geodesics

® M, w symplectic, h € C*(M), hamiltonian vector field X' = w"“d h

Lemma V symplectic =% (Vy X)) = —g"0d,h, g" = "™ V,05h

® Extend to M X R by geodesic time s, 6" = ds
D=w-2dh A0, Vdzt =vda" - ¢"wgadz® ® 6 Vo' =0

3 G — — ——

® Vanishing of y# := dx* — X]/;‘Q’ would be Hamilton-Jacobi egn
® G=w,dr"edz"+0' ®dh-dh®0 = a)ﬂm” ® 17v lifts @
X.(n)=V(G) =X, ®id)(G) =0  degenerate antisym. metric’

1 , o -
Ry (da”) = ERHWM odf ndx®  To(dat) = ¢ wgadz® Al




Part [ Masterequation Vi(cr) =0

Beggs & SM book

® Right A-B-Bimodule Connection

Ve:E—>EepQ op: M esE > EepQf

Ve(eb) =e®db+ (Vga)b, Ve(ae) =of{da®e) +aVge
@ ifgp:(E,Vy) > (F,Vy), V@) =Vpdp—(dp®id)Vy:E— FQyQy

=P 2-category of differentiable’ bimodules :

Objects: diff algebras (A, Q!,d)

Mor(A,B): category of A-B-bimodules w/ con (£, V., 6;) with 2-Mor bimodule
maps ¢ with V(¢) = 0 and usual (vertical) composition

®z : Mor(B, C) X Mor(A, B) = Mor(A, C)
F E — EQzF

\ EQF — o
(horizontal) composition Viegr = ‘ Vp ?XGF N—F
EF £

o +



@ If Q' and Q) have right bimodule connections then both sides of 6, have
tensor product right A-B-bimodule connections. o1 g1 g o o F

Propn V(o) a bimodule map (eg 0) iff
Yang-Baxter or braid relations hold

® B=C*R), Q}% = Bds, classical geodesic time s
Veds =0, op(ds®ds) =ds®ds; A, Ql V.o sgiveneg QLC
@ F=AQB3y = Vyy=W+yk +X(dy) Qgds
or(da ®,v) = X,((da).y) Qzds somek, €A, X, Ey

Thm. Beggs JGP 2020 V(cz) =0 iff Vo € Q!

X (o) + [X,, k)(0) + X (dX (@) — X,id @ X)Vw = 0

geodesic
velocity eqn

X,(1d ® X;)(6 —1d) =0  braid relation (we replaced by X, stays real)

® £ =C%R,#) >y, Aactson Z e.g Schroedinger repn, etc.



Quantum jet bundles

Classically, JX(M) has a prolongation map SM & F. Simao LMP 2023

J< 1 CR(M) & TN M),  j5NHX) = (f(x), 0,£(x), 0,0,f(x)-+, 0; -+-0; f(x))

Given (A, Q, d), Q=i ker(A) c Q' @, QN ®, QY (k times)
Qg =A T~ adjacent wedge products

= fffl = QB;C:O fg as an A-bimodule Jet bundle’ cf Flood, Mantegazza,
Winther arXiv 2022
Jet endofunctor

k
Want j* = ZV"::Aejﬁ, V”fA—‘»QE
i=0
e, bimodule structure such that j* a bimodule map.

We consider L — . Cees induced by (V, o)
v VQI@O DVQI@(I ? vd with suitable properties

Lemma. fj\ needsno V, jl(s)=s+ds and Vs€ A, w € Q! C fjv

ae s=aji(s), se;a=j(s)a, as,w=aw, e a=wa




Propn. jj needs V torsion free but indept of it up to isom for fixed ¢

j’(s)=s+ds+Vds andforall s€A,ne QL' ®nteQ?

aeys=ae s+ (Vda)s seya=se;a+sVda
aesn=aen+[2,0](da®n) nesa=neia+|[2,0](n®da)
aey (n' ®n*) =an' ®n’ (' ®n*)esa=7n'@n’a

2,0l =id+0 =] |+ N h.[kl,=1+q++g""

Similarly ~ [3.01 =] | |+/\/| +N 3.0 =] | |+ |/\/ +/\/\/

® Defn V is A-compatible if V1501 descends to Q? <= restricts to Qg

Y, v A /5

/
RN
® Defn V on Q! is extendable if well-defined map 01 o /g/ / 001,02




Lemma V(o) = 0 "Leibniz-compatible’ iff
V3(ab) = (V3a)b + [3,6](V? ® db) + [3,06](da ® V?b) + aV>b

@ Same as for quantum geodesics =¥ braid relations

Propn. jfx needs V torsion free, flat, extendable, A-compatible and Leibniz-
compatible.

() =s+ds+ Vds + Vaigar Vds

ae3s=ae5+ (Vi gqiVda)s sez3a=seya+8(Vqi g Vda)
aesn=aeyn+[3, 0] (Vda®n) nesa=neya+[3,0](n®vda)
ae; (' ®@n°)=aex (n ®n’)+[3,0](de®n ®n°) (0" ®@n*)eza=(n ®n")e2a+[3,0]'(n" ®n°®da)
aes (C'®C®(%) =aC ®C"® ¢ (Cec*®?)esa=Ce*ea

Thm. jﬁ works equally well for all k with no more restrictions on V

@® We also have bimodule maps where quotient out top degree

—>j'AJ—> A -jA—>A—>O

\\/ -



Proof of the theorem

Defn (cf: SM,1993) 6 : Q' ®, Q' - Q' ®, Q! a bimodule map.
binomial maps defined recursively by

] - ' [']

N Y

1 ees |

—p- [”;a]=[n,a], [ " ;a]=[n,o-]'
1 n—1

=» shuffle product on T, Q! o = [i;f;a] QI R, Q& QI8

Propn e restricts to shuffle product algebra (£, ° ) and under our

assumptions, , J o ,

Vi(ab) = Z V/=ig e Vib
=0

@ 2 C Tthl as Hopf algebras in braided subcategory generated by ¢ within A-
bimodules

@ Classically Q¢ = C]‘;gly(TM), coproduct encodes pointwise addition on fibre



Quantum jet bundle j@ of bimodule E

k
Ji= 2 Vi B> Ji=F4 @ F
i=0
We consider special case ~ Vy = Vaisi-ngre* VYoigr VE

ao (@,®5) = (@)ew; @5, (0;®5)%a=w,°0:s®j (a)

Vs € E, w; € Q., needs additional data V/; flat, extendable and V (6,,)=0

® 7. =E®Q, R, E just needs bimodule map o, : EQ, Q' - Q' ®, E

as,(s+to®H=as+da®@s+aw®t, (+w@ea=sa+o(s®da)+w ® ta

0-> Q' ®,E— 7. - E— 0 exact sequence of ;- bimodules

splitting map jfl,j <> 2 bimodule conn with braiding o, ji(s) = s+ Vs

(le, jlfj) indept of (V, 0r) up to isom =g Atiyah class for pair (E, o)



Quantum jet bundle on Cayley graph on $;

D——T A= (]:(S3) u=(12),v =23),w = uvu = vuv = (13)

: \/ \ Q! left inv. basis {e%, e’, e} da= (0,a)e’
\ / \ / Q,,, = T,Q/(ker(id — W)y 0 =Ki—1d e

Ve vu crossed module braiding ¥

Ve, = —1(qeu®eu+qeu ®(€v+€w)+Q(ev+€w)®€u + 20

q— q=e
- +e,€y +e,06€, +q ev®ev+q ew®ew)

co
T A =spanc g, ) {1, €us €y €y €4 ® €y, €y ® €4y €4y ® Eayy iy Copuus )

7% (a)=a+ Z (0;a)e; + z D;(a)e;®e; + Dyy(a)eyy + Dyy(a)ey, +

1=U,V, W 1=U,V , W

Cuv T Cu €y T+ EHyREY T EpYREy, Eyy TEYyR€Ey €y Ry + €y Ry,

1 1
D’i = ﬁ(qg(Ru + R“U + R’w) + R“L ‘|‘4Q'), Dufv = Ruv + —1(Ru + Rv + Rw - SQ)a etc.
_ q—

® Q,=C(5)XUZ)» C(S;) }XCS;as an algebra, & = span{0,}



