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What are the models of CR geometries?

What are the maximally symmetric real hypesurfaces M ⊂ CN

realizing particular CR invariants?

Example

Quadric models of Levi nondegenerate CR hypersurfaces

ℜ(w) =

p∑
i=1

|zi |
2 −

q∑
j=1

|zj |
2.

Example

Model of uniformly 2-nondegenerate CR hypersurfaces in C3: the
tube over the light cone

ℜ(w) =
|z1|

2 +ℜ
(
ζ1z2

1

)
1 − |ζ1|2

.
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How could the 2-nondegenerate models look like?

Weighted homogeneity

The model is weighted homogeneous for weights

wt(w) = 2,wt(zj) = 1,wt(ζα) = 0,

where z1, . . . , zs should correspond to rank s of the Levi form.

Rigidity

The model is rigid (the defining equation does not contain ℑ(w).)

General form of a model

ℜ(w) = zT H(ζ, ζ)z +ℜ(zT S(ζ, ζ)z),

where z = (z1, . . . , zs), H(ζ, ζ) and S(ζ, ζ) are Hermitian matrix
and symmetric matrix depending on ζ = (ζ1, . . . , ζn−s).
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Rank condition for the Levi form

Levi form

Hypersurfaceℜ(w) = zT H(ζ, ζ)z +ℜ(zT S(ζ, ζ)z) has Levi form

L1 =

 H(ζ, ζ) Hζ(ζ, ζ)z + Sζ(ζ, ζ)z

zT Hζ(ζ, ζ) + zT Sζ(ζ, ζ) zT Hζ,ζ(ζ, ζ)z +ℜ(zT Sζ,ζ(ζ, ζ)z)



Rank s condition

We assume that H(ζ, ζ) is invertible. Then rank s condition is
equivalent to the following system of PDE’s:

Hζα,ζβ = Hζα(ζ, ζ)H(ζ, ζ)−1Hζβ(ζ, ζ) + Sζα(ζ, ζ)(H(ζ, ζ)−1)T Sζβ(ζ, ζ)+

+ Hζβ(ζ, ζ)H(ζ, ζ)−1Hζα(ζ, ζ) + Sζβ(ζ, ζ)(H(ζ, ζ)−1)T Sζα(ζ, ζ)

Sζα,ζβ = Hζα(ζ, ζ)H(ζ, ζ)−1Sζβ(ζ, ζ) + Sζβ(ζ, ζ)(H(ζ, ζ)−1)T Hζα(ζ, ζ)
T
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Admissible frame

Admissible frame forℜ(w) = zT H(ζ, ζ)z +ℜ(zT S(ζ, ζ)z)

g :=
∂

∂ℑ(w)
, fa :=

∂

∂za
− i(Ha(ζ, ζ)z + Sa(ζ, ζ)z)

∂

∂ℑ(w)
,

eα :=
∂

∂ζα
− i

(
zT Hζα(ζ, ζ)z +ℜ(zT Sζα(ζ, ζ)z)

) ∂

∂ℑ(w)

−
∑
b ,c

(
zT Hζα,b(ζ, ζ) + zT Sζα,b(ζ, ζ)

)
(H(ζ, ζ)−1)c,b fc ,

Levi-Tanaka algebra

g, fa , fa generate the complex 2s + 1 dimensional Heisenberg Lie
algebra Cg− = g−2,0 ⊕ g−1,1 ⊕ g−1,−1

eα, eα generate the complexification of the Levi kernel (if the rank
condition is satisfied)
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Bigraded and modified symbols I)

2-nondegeneracy

ι(eβ)(fk ) :=
s∑

l=1

(
Ξβ

)
l,k

fl ≡ [eα, fk ] (mod fa , eα, eα)

Ξβ = (H(ζ, ζ)T )−1Sζβ(ζ, ζ), ι(eβ)(fk ) := 0

ι(eβ), ι(eβ) span subspaces g0,2 ⊕ g0,−2 ⊂ csp(Cg−1) and the CR
hypersurface is 2-nondegenerate if and only if ι is injective (The
image of ι depends linearly on the admissible frame).

Bigraded symbol (with involution σ)

Cg≤0 := g−2,0 ⊕ g−1,−1 ⊕ g−1,1 ⊕ g0,−2 ⊕ g0,0 ⊕ g0,2

g0,0 := {v ∈ csp(Cg−1) | [v ,w] ⊂ gj,k ∀w ∈ gj,k }
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Bigraded and modified symbols II)

Modified symbol

[eβ, fk ] ≡
s∑

l=1

(Ωβ)l,k fl (mod eα, eα)

Ωβ = (H(ζ, ζ)T )−1Hζβ(ζ, ζ)
T .

modifies the inclusions ι(ea), ι(ea) into gmod
0,+ ⊕ g

mod
0,− ⊂ csp(Cg−1)

gmod
≤0 = Cg− ⊕ g

mod
0,− ⊕ g0,0 ⊕ g

mod
0,+ ... depends nonlinearly on the

admissible frame.
For constant bigraded symbol Cg≤0 is Ωβ well-defined modulo g0,0
<=> choosing normal form of bigraded symbol.

Nonconstant bigraded symbol

First jet of the change of the bigraded symbol provides new CR
invariant (obstruction to first order constancy). Bringing it to normal
form makes modified symbol well-defined.
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Jan Gregorovič (joint with D. Sykes)



Homogeneity assumptions

Two symmetries

The weighted homogeneity and rigidity can be equivalently
expressed by existence of two particular symmetries of the model.

Homogeneous models

We could assume that the models are homogeneous, but this
provides restriction on which bigraded symbols can be realized.
We adopt a weaker assumption.

Transitive action on the leaf space of Levi kernel

Kernel of the Levi form is integrable distribution ... there is local
leaf space and the CR symmetries descend on it. We assume that
symmetries act locally transitively on the leaf space. This is action
of 2s + 1 dimensional Heisenberg Lie group for the models.

- No restriction on bigraded symbols, but modified symbols are still
restricted (not all obstruction tensors can be realized).
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The main theorems

Theorem

Suppose, H is nondegenerate Hermitian matrix and S0,2 is
symmetric matrix of holomorphic functions of ζ1, . . . , ζn−s that
vanish at 0, but with S0,2

ζ1
, . . . ,S0,2

ζn−s
linearly independent at 0. Then

ℜ(w) = zT H(ζ, ζ)z +ℜ(zT S(ζ, ζ)z) with

H(ζ, ζ) =
1
2
(H(Id − S0,2HT S0,2H)−1 + (Id − HS0,2HT S0,2)−1H)

S(ζ, ζ) = H(Id − S0,2HT S0,2H)−1S0,2HT

is real analytic uniformly 2-nondegenerate CR hypersurface with
transitive action on the leaf space of the Levi kernel.

Theorem
Any smooth uniformly 2-nondegenerate CR hypersurface given by
ℜ(w) = zT H(ζ, ζ)z +ℜ(zT S(ζ, ζ)z) with transitive action on
leaves of the Levi kernel is locally equivalent to the above.
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Classification of realizable modified symbols in C4

H S0,2
ζ1

(0) g′0,0
realizable

modification Ω1(
1 0
0 ϵ

) (
1 0
0 ϵλ

)
for
λ > 1

{(
a 0
0 a

)} (
0 −τϵλ

τ 0

)
(
0 1
1 0

) (
e iθ 0
0 1

)
for
0 < θ < π

{(
a 0
0 a

)} (
0 −τe−iθ

τ 0

)
(
1 0
0 ϵ

) (
1 0
0 1

) {(
a −b
b a

)} (
0 0
0 0

)
(
1 0
0 ϵ

) (
1 0
0 0

) {(
a 0
0 b

)} (
0 0
τ 0

)
(
0 1
1 0

) (
1 0
0 −1

) {(
a b
b a

)} (
0 0
0 0

)
(
0 1
1 0

) (
0 1
1 1

) {(
a 0
0 a

)} (
0 0
τ 2τ

)
(
0 1
1 0

) (
0 0
0 1

) {(
a 0
b c

)} (
0 0
0 0

)
ϵ = ±1, λ, θ are real, τ ≥ 0
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The models in C4 I)

S0,2 = ln(exp((S0,2
ζ1

(0) + Ω1)ζ1) exp(−Ω1ζ1)),S0,2(ζ1) =

(
f1(ζ1) f2(ζ1)
f2(ζ1) f3(ζ1)

)
For row 1, for τ > 0 (after reparametrization),

f1(ζ1) = ϵ

(
λ2 + ϵ

)
ζ1 −

(
λ2 − ϵ

)
cos(ζ1) sin(ζ1)

2τ
√
λ

,

f2(ζ1) =
sin(ζ1)

2
(
λ2 − ϵ

)
2τλ

f3(ζ1) = ϵ

(
λ2 + ϵ

)
ζ1 +

(
λ2 − ϵ

)
cos(ζ1) sin(ζ1)

2τ
√
λ3

.

For τ = 0,

f1(ζ1) = ζ1, f2(ζ1) = 0 and f3(ζ1) = ϵλζ1.

Always have non-constant bigraded symbols.
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The models in C4 II)

Row 2, for τ > 0 (after reparametrization),

f1(ζ1) = −
ie i θ2

τ
(i cos(θ)ζ1 − sin(θ) sin(ζ1) cos(ζ1)) ,

f2(ζ1) =
ie iθ

τ
sin(θ) sin(ζ1)

2

f3(ζ1) = −
ie i 3θ

2

τ
(i cos(θ)ζ1 + sin(θ) sin(ζ1) cos(ζ1)) .

For τ = 0,

f1(ζ1) = ζ1e iθ, f2(ζ1) = 0, and f3(ζ1) = ζ1.

Bigraded symbol is not constant if either θ , π2 or τ , 1√
2
. For θ = π

2

and τ = 1√
2

homogeneous model (has better parametrization).
Row 3, homogeneous model

ℜ(w) =
|z1|

2 + ϵ|z2|
2 +ℜ(ζ1z1

2) +ℜ(ζ1z2
2)

1 − |ζ1|2
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The models in C4 III)

Row 4,

f1 = ζ1, f2 =
ζ21τ

2
, and f3 =

ζ31τ
2

3
.

Have always constant bigraded symbol. When τ = 0, or (τ =
√

3
2

and ϵ = −1), homogeneous models. Otherwise, nonconstant
modified symbol.

Row 5, homogeneous modelℜ(w) =
z1z2+z1z2+ℜ(ζ1z1

2)−ℜ(ζ1z2
2)

1+|ζ1 |2
.

Row 6, for τ > 0 (after reparametrization)

f1(ζ1) = 0, f2(ζ1) =
ζ1
2τ
, and f3(ζ1) =

ζ1(ζ1 + 1)
2τ

For τ = 0,

f1(ζ1) = 0 and f2(ζ1) = f3(ζ1) = ζ1.

Have always constant bigraded symbol. When τ = 1
2 ,

homogeneous model. Otherwise, nonconstant modified symbol.
Row 7, homogeneous modelℜ(w) = ℜ(z1z2 + z2

1ζ1).
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