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What are the models of CR geometries?

What are the maximally symmetric real hypesurfaces M c CN
realizing particular CR invariants?
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Example

Quadric models of Levi nondegenerate CR hypersurfaces
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What are the models of CR geometries?

What are the maximally symmetric real hypesurfaces M c CV
realizing particular CR invariants?

Quadric models of Levi nondegenerate CR hypersurfaces

p q
2 2
=Y 1z - ) Iz
i=1 j=1

Model of uniformly 2-nondegenerate CR hypersurfaces in C3: the
tube over the light cone
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How could the 2-nondegenerate models look like?

Weighted homogeneity

The model is weighted homogeneous for weights

wt(w) = 2, wt(zj) = 1,wt({y) =0,

where z1, ..., Zs should correspond to rank s of the Levi form.
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How could the 2-nondegenerate models look like?

Weighted homogeneity

The model is weighted homogeneous for weights
wt(w) = 2, wt(zj) = 1,wt({y) =0,

where z1, ..., Zs should correspond to rank s of the Levi form.

Rigidity

The model is rigid (the defining equation does not contain J(w).)

General form of a model

R(w) = 2TH(¢,0)Z + R(275(£.0)2),

where z = (z1,...,2s), H(¢,Z) and S(¢, ) are Hermitian matrix
and symmetric matrix depending on ¢ = (&1, ..., {n-s)-
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Rank condition for the Levi form

Hypersurface R(w) = zTH(Z,2)z + R(z7S(¢,£)z) has Levi form

1

( H(¢.9) HA(¢.0)Z + S¢(¢.0)z J
ZTHU(¢.0) +Z7SH¢.0) 2TH,7(¢.0)Z + R(278,5(¢.0)2)
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Rank condition for the Levi form

Hypersurface R(w) = zTH(Z,2)z + R(z7S(¢,£)z) has Levi form

H(¢.Z) HA(¢,0)Z + S3(¢.0)z

L= o —
ZTHU(¢.0) +Z7SH¢.0) 2TH,7(¢.0)Z + R(278,5(¢.0)2)

Rank s condition

We assume that H(Z, ) is invertible. Then rank s condition is
equivalent to the following system of PDE’s:

Hy, 7 = He (& DHE D) H(8,8) + S (& D(HE O ) TS0 D+

+ Hy (¢, Q)H(L. ) HE (¢, 0) + S5 (8. O(H(L. 0) NTSL.D)
8.7 = M (LDHE D' S(4.D) + S DHEG D)) T HL (6.7
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Admissible frame

Admissible frame for R(w) = z"H(£,2)z + R(27S(¢£.2)2)

;_W,fa == o7
— i_,( TH, (£,0)z + R(2"78,,(¢,0)2)

d
a3(w)’

— i(Ha(£.0)Z + Sa(£.0)2)

0
Ol )8S(w)
- (T4 560+ 2 550D HED et
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Admissible frame

Admissible frame for R(w) = z"H(£,0)z + R(27S(¢,¢)2)

P ] 2.9
g'za—ﬁ(w)’fa = (92 —i(Ha(¢, {)Z+Sa(§ {)z )(9 (W)
0
& = f—:( 2TH,, (D7 + R(27S,(0.0)2)) 55

—Z( 5(6.0) + 2782500 (H(. ) P

Levi-Tanaka algebra

g, fa, fa generate the complex 2s + 1 dimensional Heisenberg Lie

algebraCg_ =g 20® 31,1 ® 81,1
€., €, generate the complexification of the Levi kernel (if the rank
condition is satisfied)
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Bigraded and modified symbols I)

s
Z —,6 Ik | = €4, fk] (mod fs, €4, €,)
1=1

== (H. ") 'S5(8.0),  dep)(f) =0

t(ep). 1(€p) span subspaces go2 ® go,-2 C tsp(Cg_1) and the CR
hypersurface is 2-nondegenerate if and only if ¢ is injective (The
image of « depends linearly on the admissible frame).
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Bigraded and modified symbols I)

2-nondegeneracy

1= €0, f] (mod Ta, €4, 64)

Mm

—ﬁ Ik
=

== (H(Z.2))™"

SZ((,Z), L(e/;)(fk) =0

B

t(ep). t(ep) span subspaces go.2 ® go,2 C ¢sp(Cg_1) and the CR
hypersurface is 2-nondegenerate if and only if ¢ is injective (The
image of ¢ depends linearly on the admissible frame).

Bigraded symbol (with involution o)

Co<0:= 820D 3-1,-1D8-1,1 D do,—2® 80,0 D 90,2
80,0 := {v € ¢sp(Cg-1) | [v, W] C gjk VY W € gj«}
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Bigraded and modified symbols Il)

S

65 fi] = D ()ikfi (mod eq, )
=1

Q= (H(Z.2)) " Hy(2.0)T.

modifies the inclusions (ea), (€a) into g% ® gg°! C ¢sp(Cg_+)
o2 =Cg-® ggf‘jd ® G0 ® ggf‘jf... depends nonlinearly on the
admissible frame.

For constant bigraded symbol Cgg is 2 well-defined modulo go0
<=> choosing normal form of bigraded symbol.
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Bigraded and modified symbols Il)

Modified symbol

S

65 fi] = D ()ikfi (mod eq, )
=1

Qs = (H(&.O)") THy (2. 0T

modifies the inclusions (ea), (€a) into g% ® gg°! C ¢sp(Cg_+)
g‘;lgd = Cg_ ® ggf‘jd ® G0 ® ggf‘jf... depends nonlinearly on the
admissible frame.

For constant bigraded symbol Cgg is 2 well-defined modulo go0
<=> choosing normal form of bigraded symbol.

Nonconstant bigraded symbol

First jet of the change of the bigraded symbol provides new CR
invariant (obstruction to first order constancy). Bringing it to normal
form makes modified symbol well-defined.
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Homogeneity assumptions

Two symmetries

The weighted homogeneity and rigidity can be equivalently
expressed by existence of two particular symmetries of the model.
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Homogeneity assumptions

Two symmetries

The weighted homogeneity and rigidity can be equivalently
expressed by existence of two particular symmetries of the model.

Homogeneous models

We could assume that the models are homogeneous, but this
provides restriction on which bigraded symbols can be realized.
We adopt a weaker assumption.
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Homogeneity assumptions

Two symmetries

The weighted homogeneity and rigidity can be equivalently
expressed by existence of two particular symmetries of the model.

Homogeneous models

We could assume that the models are homogeneous, but this
provides restriction on which bigraded symbols can be realized.
We adopt a weaker assumption.

Transitive action on the leaf space of Levi kernel

Kernel of the Levi form is integrable distribution ... there is local
leaf space and the CR symmetries descend on it. We assume that
symmetries act locally transitively on the leaf space. This is action
of 2s + 1 dimensional Heisenberg Lie group for the models.

- No restriction on bigraded symbols, but modified symbols are still
restricted (not all obstruction tensors can be realized).
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The main theorems

Theorem

Suppose, H is nondegenerate Hermitian matrix and S°2 is
symmetric matrix of holomorphic functions of (1, ..., {n—s that
vanish at 0, but with Sg’z, s S?fs linearly independent at 0. Then

R(w) = z"TH(Z,0)z + R(27S(Z, £)2) with
H(Z.D) = ;<H<Id _ S92HTS%2H)~" 4 (Id — HSO2HT §%2) H)
S(¢,Z) = H(Id — S02HT 8%2H)~1S02HT

is real analytic uniformly 2-nondegenerate CR hypersurface with
transitive action on the leaf space of the Levi kernel.
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The main theorems

Suppose, H is nondegenerate Hermitian matrix and S°2 is
symmetric matrix of holomorphic functions of (1, ..., {n—s that
vanish at 0, but with Sg’z, s ngs linearly independent at 0. Then

R(w) = zTH(Z, 0)z + R(27S(¢,¢)z) with
H(Z.2) = 5(H(id - S%2HT S2H) " 1 (1d - HSO2H' §°2)TH)
S(¢,2) = H(1d - S%2H" §%2H) 1 502HT

is real analytic uniformly 2-nondegenerate CR hypersurface with
transitive action on the leaf space of the Levi kernel.

Any smooth uniformly 2-nondegenerate CR hypersurface given by
R(w) = z"H(£,0)Z + R(2T S(¢, ¢)z) with transitive action on
leaves of the Levi kernel is locally equivalent to the above.
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Classification of realizable modified symbols in C*
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modification €4
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The models in C* 1)

892 — n(exp((SE(0) + ) exp(-2sc). 8%%(cr) = (1161) L)

For row 1, for 7 > 0 (after reparametrization),

(1 + 921 - (12 - ) cos(z) iz

fi(g1) =€ —
sin(£1)? (/12 - 6)
B(&) = 272
B (/12+6){1 +(/12 —e)cos(§1)sin(§1)
Blé)=e 2r Va3 '

For r =0,

fy (41) =, f2(§1) =0 and f3({1) = €elly.

Always have non-constant bigraded symbols.
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The models in C* 1)

Row 2, for 7 > 0 (after reparametrization),

. 0
I3

(1) = == (icos(6)¢1 = sin(6) sin(¢1) cos(1))

inif

() = % sin(0) sin(¢+)?

. 30

ie'z . :
f3(&1) = - (icos(6)1 + sin(6) sin(¢1) cos(£41)) -
For r =0,

(1) =0€%, R(41) =0, and  f(¢) =41
Bigraded symbol is not constant if either 6 # 7 or  # % For6 =3
and 7 = \/lé homogeneous model (has better parametrization).
Row 3, homogeneous model

1212 + elzol? + R(H1Z17) + R(41Z2°)

) = 116/
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The models in C* 111

Row 4,
g 4
fi=¢, b=—, and f=—.
1=204, b 5 3 3
Have always constant bigraded symbol. When 7 = 0, or (7 = &~
and € = —1), homogeneous models. Otherwise, nonconstant

modified symbol.

&

2tz 22+ R (G70)-R(HZ0)
1+ 2 )

Row 5, homogeneous model R(w) =
Row 6, for 7 > 0 (after reparametrization)
+1
MG =0 B(e) =St and (o) = SO

For r =0,

fi(¢1) =0 and (1) = K(41) = G-

Have always constant bigraded symbol. When 7 = %

homogeneous model. Otherwise, nonconstant modified symbol.
Row 7, homogeneous model R(w) = R(z1zz + 2243).
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