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Noncommutativity
o]

Inducing noncommutativity

> Start with Lie algebra of diffeomorphisms g on a spacetime
manifold M

Embed g — (U(g), m,n)

Consider Hopf algebra (H,m,n, A, €,S)

Deform it using 2-cocycle (twist) ¥ € H  H

H — H” and R — R” (might become nontrivial)

(CZM), ") = (CT M), %)

By imposing left/right 47 module algebra property in various

structures (Lie derivative, vector fields, forms, connection), one
can use similar prescription for their deformation

vV vy V.V VY
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Noncommutativity
[ ]

Primitive coproduct in H is
A =10h+h®l.

Deformations turns (H,m, 1, A, €,S) into (H” ,m,1,A” €7, §7),
where coproduct A : H — H ® H deforms into A” as

AT (h) = FAWF .
Module algebra properties for 7 and H” are
he(f-g) = (AEer)fog), heH, fgelC (M,
he(fxg) =% (A (Eee)feg), heH”, fgelCYM.
Here the x-product is

frg=-(Fleem)fey)
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Noncommutativity

Now consinder 2- dimensional abelian subalgebra of g with
[K,X] =0. For 7" =exp 5y 4(K ® X — X ® K), x-product covariant with
respect to H” i

frg=fexp (LKLX - IxZx)g
=fg+ E(LKf Lxg — Lxf Lkg) + O(a®),

where f and g are smooth functions of the spacetime manifold.

In spherical coordinates for X = d, and K = a9, + d,, we have

(2, r]x = iac,

[, rlx = iap.
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Noncommutativity

[e]

Noncommutative differential geometry
*-tensors are multilinear with respect to the x-product, e.g.
T(f % 0,,0,) = f % T(0,,0,).
*-inverse of the metric satisfies
8ua * 8% = 84 K Gau = 0.

Christoffel symbols, Riemann and Ricci tensor are

~ 1 .

rlwfp = z *Y * (avgpa + 3pgm - awgvp),
Ry = 0,1, — 0,1, + T, » T'0, — T % T,
Ryp = R,m,p .
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Noncommutativity

Proposed vacuum Einstein equation is
R(IIV) =0.

These formulas are correct, given that fields X, K which generate the
twist, commute with the basis vector fields.

Otherwise, they get more complicated, with frequent occurence of the
R-matrix and %-pairing between vector fields and 1-forms.

In this more general notation, it is readily seen that symmetrization in
the proposed Einstein equation is in fact R-symmetrization.
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Perturbations of the Schwarzschild metric
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Perturbations of the Schwarzschild metric

To study perturbations of the Schwarzschild spacetime we split the
metric into the background part g, and perturbation /,,,

8uv = éﬂv + hyv-

Due to spherical symmetry of the Schwarzschild background,
decomposing the perturbation /,, into tensor spherical harmonics
allows for independent consideration of axial (parity -1) and polar
(parity +1) modes.

Generic component of the perturbation mode (¢, m, w) is

h,uV = f(r, 0)#Ve—iwteim¢p‘
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Perturbations of the Schwarzschild metric
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*-inverse of the metric is

g}:v — v _é/—la * ha,B *éﬂv.

We can now calculate the Christoffel symbols, Riemann and Ricci
tensor up to the first order in £, and noncommutativity parameter a.

Since hy, o e" @™, for K = ad, + S0, we have
Lichy, = iy,

where 1 = —aw + Bm is the eigenvalue of the Killing field’s action on
the perturbation mode.
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Perturbations of the Schwarzschild metric
[o] le]e}

Proposed Einstein equation IAQ(,W) = ( separates the angular and radial
parts in all components. In the axial case, we initially get 3 distinct
radial differential equations.

As in the classical spacetime, the system reduces to a single
Schrédinger equation of the form
d2
dr?

Y+ (W -V =0,

where
r—R Ada R

7. = r+Rlog + —
R 2 r—R
————— —

usual tortoise coordinate  INC correction

is a x-tortoise coordinate.
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Perturbations of the Schwarzschild metric
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Effective potential is
(r=R){(£ + 1)r - 3R) /l_a r(BR = 2r)(€(£ + 1) + R(5r — 8R))
2 r '

V(r) = i
Regge-Wheeler potential NC correction

Vrw ()
V(r),da =0.2

—— V(r),da =-0.2
V(r),da = 0.1

V(r), da = =0.1

V(r)
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Vrw (r)
V(r),Aa =02
V(r),da=-0.2

V(r)
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Noncommutative Quasinormal Mode Frequencies
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