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THEOREM 3 (Harish—Chandra). Two Verma modules V(E) and V(F) ,__ &Ut' N «g CUTUL
have the same central character if and only if their highest weights are related N~ ,,& A ( )
under the affine action of the Weyl group of q. 3

|
PROPOSITION 6. There is a canonical isomorphism of (11(q), P)-modules \\“ = \\)(/4® T

V(E ® W) = V(E) ® W*. \/(1E®\\>(/) =

Proof. We may view 1I(q) ® E* ® W* as a g-module in two different . .
ways: I - S P e
ys: _ .
. X(x®edw)=Xx Qe ®w: .
P
2. Xx®ed3w)=Xx®e®w+x®e ® Xw. = ... t‘\
A

There is a g-homomorphism between these two modules characterized as
the identity on elements of the form 1 ® ¢ ® w for ¢ € E* and w € W*,
This descends to the required isomorphism of induced modules. |



THEOREM 3 (Harish—Chandra). Two Verma modules V(E) and V(F) &(/t' N «g Cb-T'/L
have the same central character if and only if their highest weights are related< ,,x A ( )
under the affine action of the Weyl group of q. 3

|
PROPOSITION 6. There is a canonical isomorphism of (11(q), P)-modules \\“ = \\)(/4® *

V(E ® W) = V(E) ® W*. \/(\E®\\)(/) =

| = »
PROPOSITION 8. Suppose that V(E') has distinct central character from : 5 . -
all the other V(E, ) occurring on the right-hand side of (10). Then V(E') . =<

canonically splits ojj” from V(E ® W) as a direct summand. \ .




PROPOSITION 9. Suppose that V(E) and V(F) have the same central
character. Suppose that V(') and V(F') have the same central character. Let
W be a finite-dimensional irreducible representation of G and suppose that

o V(F') occurs in the composition series for V(F ® W) and has distinct
central character from all other factors;

o VV(E') occurs in the composition series for V(E ® W) and has distinct
central character from all other factors.

It follows that V() occurs in the composition series for V(F' @ W*) and that
V([E) occurs in the composition series for V(E' ® W*). We suppose further that

e all other composition factors of V(F' @ W*) have central character
distinct from V([F);

e all other composition factors of V(E' @ W*) have central character
distinct from V().

Then translation gives an isomorphism

Hom(u(m,.ﬂ)( V(F),V(E)) - Hom(ll(u).f’)( V(E"),V(E))

(whose inverse is given by translation using W*).
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PROPOSITION 2. A homomorphism V(F) = V(E) of order 2 or less
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THEOREM 4. Suppose W is a finite-dimensional representation of G of
length less than or equal to 2. Suppose that E, F, E', and ' are finite-dimen-
sional irreducible representations of P subject to the assumptions of Proposi-
tion 9. Then a homomorphism of Verma modules D: V(F) — V(E) lifts to
a homomorphism D: V(F) = V(E) of the corresponding semiholonomic
modules if and only if the same is true of the translated homomorphism
D': (F') - V(E").

Proof 1f D exists, then Propositions 6 and 10, and Corollary 1, give a
commutative diagram

V(F) ->V(F @ W) =1(F) @ W — 2 S T(E) @ W =TA(E ® W) — T(E)
! l l ! l !
V() - V(F @ W) =V(F) @ W* 225 () @ W* =I(E @ W) - (E)

| " I

and composition along the top row lifts D’. |}
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Theorem 6. Let @ : V(E) — V(F) be a nontrivial homomorphism of Verma modules, and let W
be an irreducible finite dimensional G-module.

Suppose that there are irreducible p-modules By, Eo,F1,Fy such that:

() EQW=E,6E,$E; FOIW=F,6F, & F;

(ii) Verma modules V(Eqy), V(Eg), V(Fy),V(F2) have the same infinitesimal character;

(iti) all pieces in the composition series for V(E'), V(F") have different infinitesimal characters.
from those in (ii);

(iv) o(E1) < p(E2), ©(F1) > ©(F2) and V(F) splits off from V(F; @ W*).
If there is no nontrivial homomorphism from V (Eq) to V(IF), then the translated homomorphism

O:V(E) = VEQW) 5 VEFRW) = V(F;)

is nontrivial.
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a |1|-singular case:

V(321]210) — V(210[321) = V/(431]210)) — V(210]431).

Consider modules

E = (321|210);E; = (431|210); E5 = (421|310)
F = (210]321); F; = (210]431),F, = (310|421)
W = (110000) = (110[000) — (100\100) — (000\110):
W* = (111100) = (111|100)—I—(110\110)+(100\111):
We have
EW = |(431]210) |+ |(421|310) |+ (321|320)
FoW = (320|321) — (310|4‘21) +1(210/431)
E; @ W* = (542|310) + (541|320) + (532\320) + (531\321) + (432\321)
F1 @ W* = (321]531) +| (321]43) |+ (320]541) + (320[532) + (310/532).

There is no homomorphism from (421[310) to (210[431), hence we can use Theorem 6.
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