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o generalised Riemannian geometry, string effective action S = [R u
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(ust resting)
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Courant algebroids

Exact Courant
s algebroids

(Related to
string theory)

! Poisson—Lie
T—dual pair

‘.

Y Poisson—Lie
T—dual pair

guadratic
Lie algebras

(simple fo work with)

Task: Do the same for M-theory
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Exceptional tangent bundle

o vector bundle E=TM @ PN T*M & N T*M & (T*M @ N T*M)
o E, x Rt-structure (where n = dim M < 7)

[ S ] = ,CxX/ 4= (ﬁxU/Q = iX/dO'Q) aF (ﬁxag —ixrdos — O’é VAN d0'2)
+ (Lxoy 7 — jos Adoy — joy A dos) + twists(Fy, Fy, Fy)

Example (of usage)

o exceptional Riemannian geometry, action S = [R

o exceptional complex structures: Ga-structures, ...

General structure: E ¥, U X Ey, [u, - | = p(u) — (p*du)qq
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Linear algebra

Central object: vector space R with a tensor y: R*@ R - R*® R

Source of examples: G-rep R
o GL(n,R)OR™ ~ y=0
o Op,n—p) OR"  ~  y(A)= AT
o B, xRTOR ~ y=...

Example (E7 explicitly)
o R:= 2R8q@ A2RR®
w((@,y), (1) = Tray' — Tra'y
q(z,y) == Tr(zy)® — 3(Tray)® + 4(Pfz + Pfy)
E; := Aut(w, q)
yi? = 12w0‘6wﬂgq6@5 + 5§O‘5?) + %(w_l)aﬁww

(e}

(e}

O

(e]
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-
Leibniz algebroids

Definition

A Leibniz algebroid is a vector bundle E — M together with a vector
bundle map p: E — TM and

[, ]: T(E)®r I['(E) = T'(E) s.t.
[u, [v, w]] = [[u,v], w] + [v, [, w]]  [u, fo] = flu,v] + (p(u) fv
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Definition ([Hulik-Malek-V-Waldram '23, cf. Dereli-Dogan '21])

A Y-algebroid is a Leibniz algebroid with an invariant tensor
Y: E*®FE — E*Q® E such that 3 a Y -compatible connection V for which

[u,u] =Y (Vu)u YueI'(E).

It is of class (R,y) if (Ep,Y,) = (R,y) everywhere.

We have a chain complex T"M @ EQ E — E —TM — 0.

Y-algebroid is called exact if this is an exact sequence.

Example (Y-algebroids of particular classes)
o GL(n,R) ~ Lie algebroids, O(p,q) ~» Courant algebroids
o E, xRt ~» E,-algebroids, Spin(n,n)xRY, SL(n,R) xR*, ...
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dimM =7 M-theory

Exact FEr-algebroids
dimM =6 typellB

Theorem ([Hulik-Malek-V-Waldram '23])

M-theoretic E;-algebroids are locally isomorphic to the exceptional
tangent bundle.

Proof.

identify as bundles ~~ [ -, - JeTg+tensor ~~ twists ~» Jacobi/Bianchi
~> gauge twists away [

v
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Leibniz parallelisation [Lee-Strickland-Constable-Waldram '14]
o global frame of the ETB with Y and ¢ (structure coeffs) constant
o correspond to max SuSy consistent truncations of M-theory to 4D

(expand fields in invariant tensors)
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