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The Setting 2

Def: A (−1)-shifted symplectic vector space is a finite-dimensional
real Z-graded vector space with a non-degenerate, graded-antisymmetric
bilinear form ω of degree −1.

▶ ω induces the BV Laplacian, for coordinates ϕi ∈ V ∗,

∆ =
1

2
(−1)|i|ωij ∂2

∂ϕi∂ϕj
.

Def [Zwiebach’92]: A quantum L∞ algebra on V is a formal series

S =
∑
n≥1
g≥0

2g+n≥1

Sg
nℏg ∈ FV≡ Ŝym(V ∗)((ℏ)), st. ∆eS/ℏ = 0.

▶ Equivalently, S is a Maurer-Cartan element of (FV, {−.−}, ℏ∆) or the
algebra over the twisted modular operad F(Mod(Com)) [Markl’97].
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nℏg ∈ FV≡ Ŝym(V ∗)((ℏ)), st. ∆eS/ℏ = 0.

▶ Equivalently, S is a Maurer-Cartan element of (FV, {−.−}, ℏ∆)

or the
algebra over the twisted modular operad F(Mod(Com)) [Markl’97].



The Setting 2

Def: A (−1)-shifted symplectic vector space is a finite-dimensional
real Z-graded vector space with a non-degenerate, graded-antisymmetric
bilinear form ω of degree −1.

▶ ω induces the BV Laplacian, for coordinates ϕi ∈ V ∗,

∆ =
1

2
(−1)|i|ωij ∂2

∂ϕi∂ϕj
.

Def [Zwiebach’92]: A quantum L∞ algebra on V is a formal series

S =
∑
n≥1
g≥0

2g+n≥1

Sg
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Linear Lagrangian Relations 3

Def: A Lagrangian relation L : U → V is L ⊂ U × V st. L = L⊥.

A reduction is a surjective Lagrangian relation, eg. for C ⊂ V coisotropic,

L : V −→→ C/C⊥, L = {(c, π(c)) | c ∈ C}.

Prop: Let U, V be (−1)-symplectic vector spaces.

1.

{
Lagrangian relations

U VL

}
bij.
≃


Cospans of reductions

U V

R LVLU

/
(iso of R)

2. KerLT
1 ⊥ KerL2 ⇐⇒ the composition L2 ◦ L1 coincides with

composition of the cospans along pushouts in the category of
reductions.

U V W

R R̃

T

L1 L2

⌟
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Perturbative Batalin-Vilkovisky Integral 4

Theorem: Let L : V −→→ R be a reduction and S a quantum L∞ algebra
with the quadratic part S0

2 ≡ Sfree non-degenerate on KerL. Then there
exists a unique (up to normalization) perturbative Gaussian integral∫

KerL

eS
0
2/ℏ : FV⊗ |V |

1
2 −→ FR ⊗ |R|

1
2

supported on DomL ⊂ V that satisfies
∫
(∆ . . .) = 0.

Remark: It recovers:

▶ The Lebesgue-Berezin integral (if it exists)—used to fix normalization.

▶ The prescription of Wick’s lemma—used to prove uniqueness.

▶ The results of the homological perturbation lemma—used to prove
existence.
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Linear Quantum (−1)-Symplectic Category 5

Idea: A Lagrangian relation L of (−1)-symplectic spaces should be thought
of as δL (“distributional half-density”). [Ševera’04]

Def: Objects of the quantum linear (−1)-symplectic category are
(−1)-symplectic vector spaces and

Hom(U, V ) :=

{
C ⊆ U × V coisotropic,

f ∈ F(C/C⊥) ⊗ |C/C⊥ |
1
2 ,

with composition defined on F(−) by perturbative BV integration.

Example: For C = L Lagrangian, F(C/C⊥) = F(∗) = R((ℏ)). Lagrangian
relations form a wide subcategory; L 7→ (L, 1).

Example: For C = U × V , F(C/C⊥) = F(U × V ). Let U = ∗, then
C = V , F(C/C⊥) = F(V ) and a quantum L∞ algebra S defines a

morphism by setting f = eS/ℏ.

∗ V
(V,eS/ℏ)
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Relations of Quantum L∞ Algebras 6

For a reduction L : U −→→ V , the triangle commutes iff

∫
KerL
eS/ℏ = eS

′/ℏ.

∗

U V

(V,eS
′/ℏ)(U,eS/ℏ)

(L,1)

Example: The minimal model on cohomology V = H• (of d = {S0
2 ,−})

[Costello’07], [Doubek-Jurčo-Pulmann’19] and others.

Def: L : U → V is a relation of quantum L∞ algebras S and S′ if the
following square commutes.

∗

U V

R

(V,eS
′/ℏ)(U,eS/ℏ)

(LU ,1) (LV ,1)

L ⇐⇒
∫
KerLU

eS/ℏ =

∫
KerLV

eS
′/ℏ

Here, LU , LV is the cospan of reductions corresponding to L.

Theorem: Relations L1, L2 of quantum L∞ algebras can be composed if

KerLT
1 ⊥ KerL2.



Relations of Quantum L∞ Algebras 6

For a reduction L : U −→→ V , the triangle commutes iff

∫
KerL
eS/ℏ = eS

′/ℏ.

∗

U V

(V,eS
′/ℏ)(U,eS/ℏ)

(L,1)

Example: The minimal model on cohomology V = H• (of d = {S0
2 ,−})

[Costello’07], [Doubek-Jurčo-Pulmann’19] and others.
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Theorem: Relations L1, L2 of quantum L∞ algebras can be composed if

KerLT
1 ⊥ KerL2.

∗

U V W

R R̃

T

(V,eSV /ℏ)
(U,eSU/ℏ)

L1 L2

(W,eSW /ℏ)

⌟
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