Introduction

Jet bundles in differential geometry provide an intrinsic formulation of the notion of
Taylor approximation. Moreover, jet bundles are representing object for functors
of differential operators and can be used to define differential equations.

The aim of this project is to extend to the noncommutative setting the notion of jet
bundles and objects related to them. Ultimately we aim at generalising the theory
of differential equations.

Jet bundles in differential geometry

Definition 1 Given a manifold M and a vector bundle £ — M, the n-jet bundle
is the vector bundle J"E — M whose fibre at p € M consists of the n-jets at p,
I.e. equivalence classes of sections of E that agree at p up to n-th order Taylor
approximation.

For n > m we have vector bundle maps '*"*: J"E — J"E, called jet projec-
tions, that map an n-jet at p to the corresponding m-jet at p for all p € M.

We also have amap j": I'(E) — I'(J"E) assigning to a section ¢ of E the section
7" (o) mapping p to the n-jet of o at p. This map is called n-jet prolongation.

For all n > 1, we have the following short exact sequence of bundles

n.n—1

0 S"T*M @p E J'E T gl 0.

This induces a short exact sequence on sections

n,n—1

0 —— S™M)@coppy N(E) —— T(J"E) T T(J"'E) —— 0.

Noncommutative differential geometry

In our setting, the objects of differential geometry translate as follows

Geometry Algebra NCDG  Structure

Scalars, "point": R (or C) R (or C) k  |commutative unital ring
Manifold: M CoYM) A |unital assoc. k-algebra
Vector bundle: £ — M ['(F) E  f.g.p. left A-module

Vector bundle map: £ — F I'(E) —» I'(F) | E — F'|left A-linear map

We denote the category of left (right) A-modules by 4 Mod (Mod 4), and that of
k-modules by Mod. The module of differential forms, is generalised by

Definition 2 (Exterior algebra) Let A be a k-algebra, an exterior algebra on A
is the data of a graded algebra ) = @,,>0 1}, with product A\ and a k-linear map
d: Q25 — (17, called differential, such that

1. Q) = A, Q1) C QL d? = o;
2. dlaNp)=(da) B+ (—=1)"aANdp foralla € 2}, B € Q3 (Leibniz);

3. A and dA generate (13 as an algebra (surjectivity).

Example 3 (Universal exterior algebra) Given a k-algebra A, we define ()}, to
be the intersection in A1) of the kernels corresponding to adjacent products.

1. (ag @ Q@ap) AN(bp @ Qbp) =a) Q-+ @ anby @ -+ @ byy);
2. dylag® -+ ®ap) = (=D)lap® - ®a;_1 1@ aj 11 @ @ an).

Example 4 (Classical exterior algebra) Given a smooth manifold M, the exte-
rior algebra Q)*( M) of differential forms on M, equipped with the standard A and
differential, is an exterior algebra over the R-algebra A = C°( M ).
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Symmetric forms

We can interpret the exterior algebra and each of its components as endofunctors
g:: g@A—:AMOd—)AMOd, QZZ::QZZ®A_3AMOdHAMOd~

Using the exterior algebra we can define a non commutative analogue of the bundle of
symmetric forms.

Definition 5 (Functor of symmetric forms) Given a k-algebra A endowed with an exterior
algebra ), and E in 4 Mod, we define Sj(E) = QJ(E) = E, Sy = Q(E), with )\ = idg
and L}\j = id% - By induction, SJI(E) is the kernel of the following composition

_ id
Qap ) NEAlgn—2p
: Lol gn—2 d
QLOLS1—2E

0LSTE 038" °E
with kernel morphism 1)\ - SH(E) — Ot @4 SHE.

Example 6 (Universal symmetric forms) For the universal exterior algebra, the functor of
symmetric form is S;/E = 0 forn > 1.

Example 7 (Classical symmetric forms) In the classical case, S;E it is the module of
global symmetric n-tensors.

We can now define the so-called Spencer d-complex as follows. For alln > 0 and m > 0,
the component n, m is Q'S E, and we define 6" as the following composition

0 ) N P

n,m
04'F

We call its cohomology Hgld’m(E) the Spencer §-cohomology.

Jet functors

We look for a generalisation of the n-jet functor so that they fit in a jet exact sequence:

n n,n—1
Ld.E Td.E

0 —— SUE JVE JilE 0. (JES)

The universal exterior algebra has the property that for all exterior algebras (23 there exists
a unique epimorphism Q8 — Q9. Let p;: QL — Qb and let N, be its kernel. We find that
JJ A can be identified with the A-bimodule A ® A/N,. In general:

Definition 8 (Holonomic n-jet functor) We define JUE = E, JjE = JjA®4 E, I p =
id JIE and by induction, J) I/ as the kernel of the composition

T Di® 4id jn—2

JyJnE JYIV 2R QL x Q2 J2E

with natural inclusion I} : J} — Jb o J7 1. Here, QL x Q3 is a direct sum in Mod 4 with left
A-action a(a + 3) = aa +da N a+ a3 and Dy([a @ bl ® 4 [c ® €]) = ad(bc)e + da A d(bc)e.
We call J} the (holonomic) n-jet functor.

We can also define compatible natural transformations: wg;g; JIE — J]'E (projections)
and v p: SqE — JjEin 4 Mod, and jj p: E'— JjE in Mod (prolongations).

Theorem 9 (Holonomic jet exact sequence) Let (23 be an exterior algebra over the k-
algebra A such thatQ}i, 02, and QS’Z are flat in Mod 4. Forn > 1, ifthe Spencer 6-cohomology

HZ;Z’Q vanishes, forall1 < m < n — 2, then (JES) is exact.

Differential operators

Definition 10 Let E, F' in 4 Mod. A k-linear map A: E — F is called a (holo-
nomic) linear differential operator of order at most n with respect to the exterior
algebra €)%, if there exists an A-module map A € 4, Hom(J}E, F) such that the
following diagram commutes:

JNE
J'Ziﬂ &
E -2  F

Ifn is minimal, we say that A is a (holonomic) linear differential operator of order
n with respect to the exterior algebra §23.

Some properties of differential operators generalise to the noncommutative case
Proposition 11
1. The n-jet prolongation jg, r Is a differential operator of order at most n.

2. Partial derivatives for a parallelisable first order differential calculus are dif-
ferential operators of order at most 1.

3. A connectionV: E — QLE is a differential operator of order at most 1. The
differential is a particular case.

4. Let A be a k-algebra and I be in 4 Mod. There is a bijective correspon-
dence between connections on E and left A-linear splittings of the 1-jet
short exact sequence corresponding to L.

5. LetA1: E — F and Ay: ' — G be differential operators of order at most n
and m, respectively. Then the composition Ao o A1: EE — G is a differential
operator of order at most n + m.

We can also generalise the notion of vector field as a differential operator.

Definition 12 A vector field X is a differential operator of order at most 1 such
that if da = 0, then X (a) = 0.

A vector field X corresponds to an element (—, X) € 4 Hom(Q), A) such that
(a, X) := X o1}y 4() and this correspondence is bijective.

One can also show that the module of vector fields together with the natural
embedding in End(A), form a (canonical) left Cartan pair.

Theorem 13 (Stability) Let (25 be an exterior algebra over a k-algebra A such
that the n-jet sequences are exact and S/|' A is flat, projective, or finitely gener-
ated projective in 4 Mod for all 1 < m < n, then J)| preserves the subcategory
of flat, projective, or finitely generated projective A-modules, respectively.

Theorem 14 (Classical case) Let A = C™(M) for a smooth manifold M, let
Q% = Q*(M) equipped with the de Rham differential d, and let E be the space of
global smooth sections of a vector bundle. Then the module of global sections
of classical holonomic n-jet bundle of I’ is isomorphic to J}E in 4 Mod, and the
prolongation maps and jet projections are compatible with the isomorphisms.

Theorem 15 (Representability) The jet module J)J I is a representing object
for linear differential operators of order at most n on E, i.e. for the functor
Diffg(E, —), ifand only if J{E = {ajj p(e)la € A;e € E} = Ajj p(E).



