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First order differential calculus, connections and bimodule connections
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First order differential calculus, connection over an algebra B

Definition

A first order differential calculus over an algebra B is a pair (Q'(B),d), where Q*(B) is a
B-bimodule and d : B — Q!(B) is a derivation such that Q!(B) is generated as a left
B-module by elements of the form db, for b € B.

Definition
For a left B-module F, a left connection on F is a linear map V : F — Ql(B) QB F,
satisfying the left Leibnitz rule V(bf) = db ® f + bVf, for b € B, f € F.

4/18



Bimodule connections

Definition

A left connection V is called bimodule connection on a bimodule F if there exists a
bimodule map o : F ®@p QY(B) — QY(B) ®p F satisfying o(f ® db) = V(fb) — V(f)b.

® This bimodule map o reduces to the flip map if B is commutative.

of@db)=db®f for f € F,b€B
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Differential calculus over O,(G/Ls)

6/18



Description of Ugy(g)

Let g be a complex semi-simple lie algebra with rank r. For g € R such that
g ¢ {-1,0,1}, g := q%, and (a;;) denotes the Cartan matrix of g.

Then Ug(g) is defined as an associative algebra with unit 1 with generators E;, F;, K; and
Ki_l, for i = 1,2, .., r subject to the relations:

KiK' =K 'K =1

KEK ™ =676, KFK ™= "F

and the quantum Serre relations, which we omit.
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Quantum Flag Manifold O,(G/Ls)

Definition
For {a;}ics, a subset of simple roots, we consider a Hopf *-subalgebra,

Uq(ls) := (E;, Fi, Kj.il ieS,j=1,2,..r)

Definition (Quantum flag manifold associated to S)
04(G/Ls) :=Y5)0,(G) = {a € O4(G) : X>a=e(X)a, X € Ugy(ls)}

Definition
A quantum flag manifold O4(G/Ls) is irreducible if the defining subset of simple roots is
of the form S = {1,2,..,r} \ {s}, where as has coefficient 1 in the expansion of the

highest root of g.
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Construction of Og4(Ls)

® The hopf * algebra embedding Ug(ls) < Ug(g) induces dual inclusion map
Uq(9)” = Uq(ls)°

® The restriction of dual inclusion map on Og4(G) gives 75 : Og(G) — Uq(ls)°, and

7TS(OCI(G)) = Oq(LS)
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Relative Hopf module

e We consider gzgg)/Ls)Modg be the category of left O4(G/Ls)-module F endowed

with the left O4(G)- coaction Ay such that Oy(G/Ls)"F = FO,(G/Ls)*
Ar(bf) = byfi—1) @ bez)fo)
for be Oq(G/Ls), f € F.
o Oalls)Mody be the category of left Oy(Ls)- comodules.
Oq(6) + Oq(L
o I F € e Mody then F/Oq(G/Ls)"F € a(Ls)Mody, where
04(G/Ls)" = ker(e)
Oq(L
AT N([]) = 7(f 1)) @ [fo)
for f € F.

Where 7 : O4(G) — Oy4(Ls) is a surjection and [f] be the coset of f in F/O4(G/Ls)"F.
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Co-tensor product

Definition

We consider V € @4(ts)Mody, then co-tensor product between Oy(G) and V is defined as

04(6)Do,(1s)V = ker(Ar ®id —id ® AP 5) . 0,(6) ® V = 04(G) ® Oq(Ls) ® V)

® 0q(G)bo, )V € g:gg)/Ls)Modg, as left O4(G)- coaction is given by

Zaf@“ = (@)@ @ (a)@) © v

i
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Takeuchi equivarience

¢ Takeuchi equivarience

Oq4(G .
(O3 OZEG}LS)MOdO — Oa(ls)Mod, given by

O(F) = F/Oq(G/Ls)"F
W : OalLs)\Mod, — g:ég)/Ls)MOdg given by

V(V) = 04(G)o,Ls)V
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Heckenberger- Kolb Calculus on O,(G/Ls)

Theorem (Heckenberger, Kolb '06)

For every irreducible quantum flag manifold O4(G/Ls), there exist precisely two
irreducible O4(G) left covarient first order differential calculi for Q*(O4(G/Ls)):

Q1(04(G/Ls)) = QH0(04(6/Ls)) & 2OV (04(G/Ls))

® (lassically, for g =1,
Q'((G/Ls)) :== QM((G/Ls)) & QOD((G/Ls))

* Q00(04(G/Ls)) = Og(G)To, 15 VY € gite), Mody

Oq(G
* QOD(04(G/Ls)) = Og(G)To, 1) VY € gike), Modg
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Differential Calculus over O,(G/Ls)

We have first order differential calculi Q01 (04(G/Ls)) and Q10(04(G/Ls)).
Given by

o J0.1) . 0q(G/Ls) — Q(O»l)(Oq(G/LS)), defined as

dON@) = Y (Xra)®e

(0,1)
XiETOq(G/LS)

e d10) : 04(G/Ls) — QLO(O4(G/Ls)), defined as

dM@ = > (Yiva)af

(1,0)
Yi€Toq(6/Ls)
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Main result
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Some Motivating results

Theorem (Diaz Garcia, Krutov, o) Buachalla, Somberg, Strung'20)

Let Oq(G/Ls) be irreducible and endowed with its Heckenberger-Kolb calculus, then for

every F € g:gg}Ls)Modo, admits a left Og4(G))-covariant connection.

Theorem (Carotenuto, O Buachalla '22)

Let (A,QY(A)) be a quantum principal bundle, endowed with a strong principal
connection, then for relative hopf module F € éModo, it admits a bimodule connection.

v

16/18



Main result

Theorem (B., O Buachalla '24)

Let O4(G/Ls) be irreducible and endowed with its Heckenberger-Kolb calculus, then

every left-covariant connection on F € gqgg)/ L5)MOd0 is a bimodule connection.
q
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Thank You!



	First order differential calculus, connections and bimodule connections
	Differential calculus over Oq(G/LS)
	Main result

