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@ This work is a collaboration with P. Papi in Rome.

@ We find a nice combinatorial description of quantum first order differential calculi in
terms of conex ordering on root systems.
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@ This work is a collaboration with P. Papi in Rome.

@ We find a nice combinatorial description of quantum first order differential calculi in
terms of conex ordering on root systems.

o Continuation of the work with the (quantum) group of Prague on quantum
homogeneous spaces of Uy(g) and geometric representation theory.
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1. Drinfeld—Jimbo quantum groups and quantum flag manifolds

o Let (aj); denote the Cartan matrix of g.
Fix g € R\ {1, 0}.
The quantised enveloping algebra U,(g) is generated by
E F KiK' i=1,...,r
subject to the relations
KiE = 4" EiK;, KiFj = a; "FiKi, KiK; = KiKi,
. Ki — Ki_l .

Eifj — FiEi = 547%‘ g
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1. Drinfeld—Jimbo quantum groups and quantum flag manifolds

o Let (aj); denote the Cartan matrix of g.
Fix g € R\ {1, 0}.
The quantised enveloping algebra U,(g) is generated by
E F KiK' i=1,...,r
subject to the relations
KiE = 4" EiK;, KiFj = a; "FiKi, KiK; = KiKi,
. Ki — Ki_l .

Eifj — FiEi = 5:17%‘ g

@ Hopf algebra, with coproduct defined on generators
AK)=K K, AE)=E®K +1®E,
AF)=Fe1+K '®F
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@ We have a pairing of Hopf algebras
Uq(g) ® Oq(G) — C
o Which induces left and right actions
Uq(g) @ Og(G) — Oq4(G), O4(G) @ Uq(g) = Oq(G).

@ (Ug(g), Oq(G)) describes a good g—deformation of the classical topology of each
Lie group G. They all admit a C*- algebraic completion as examples of
Woronowicz’s compact quantum groups.
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@ For S a subset of simple roots, consider the Hopf subalgebra of Uq(g) given by

Uq(ls) :== (Ki, Ej, Fjli=1,....1;j €S).
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@ For S a subset of simple roots, consider the Hopf subalgebra of Uq(g) given by

Ug(ls) == (Ki, Ej, Fi|i=1,...,1;j €S).

@ Consider now the coideal subalgebra of Uq(ls)-invariants
Oq(G/Ls) — Uq([S)Oq(G)’

with respect to the natural left Ug(g)-module structure on Og4(G).
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@ For S a subset of simple roots, consider the Hopf subalgebra of Uq(g) given by

Ug(ls) == (Ki, Ej, Fi|i=1,...,1;j €S).

o Consider now the coideal subalgebra of Uy(ls)-invariants
0q(G/Ls) = "1904(G),

with respect to the natural left Ug(g)-module structure on Og4(G).
e We call Oq(G/Ls) the quantum flag manifold associated to S.

@ This is an example of quantum homogeneous space and a g-deformation of classical
flag manifolds.
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2. Quantum covariant differential calculi

Following Woronowicz's idea we look for g—deformed complex geometries starting from
the De Rham complex.
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2. Quantum covariant differential calculi

Following Woronowicz's idea we look for g—deformed complex geometries starting from
the De Rham complex.

e (Q',d) a first-order differential calculus(fodc) over an algebra B
> Qlis a B-bimodule
» d: B — Q! is a derivation (the exterior derivative).
» Q1 is generated as a left B-module by those elements of the form db, for b € B.
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2. Quantum covariant differential calculi

Following Woronowicz's idea we look for g—deformed complex geometries starting from
the De Rham complex.
e (Q',d) a first-order differential calculus(fodc) over an algebra B

> Qlis a B-bimodule
» d: B — Q! is a derivation (the exterior derivative).
» Q1 is generated as a left B-module by those elements of the form db, for b € B.

o Let B be a left A—comodule, we say that a (first order) differential calculus is A
covariant if d is an A—comodule map.
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@ There exist no bicovariant calculus on O,4(G) of classical dimension.

@ However most of our troubles arise from the action of K; on Oq(G) and we can
avoid them by looking at the quantum flag manifolds Oq4(G/Ls) (We wipe out the
worst noncommutativity that comes from the action of the K's!)
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@ However most of our troubles arise from the action of K; on Oq(G) and we can

avoid them by looking at the quantum flag manifolds O4(G/Ls) (We wipe out the
worst noncommutativity that comes from the action of the K's!)

o Differential calculi for irreducible quantum flag manifolds. (Heckenberger and Kolb
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@ There exist no bicovariant calculus on O,4(G) of classical dimension.

@ However most of our troubles arise from the action of K; on Oq(G) and we can
avoid them by looking at the quantum flag manifolds O4(G/Ls) (We wipe out the
worst noncommutativity that comes from the action of the K's!)

o Differential calculi for irreducible quantum flag manifolds. (Heckenberger and Kolb
2006).

o Differential calculi for full flag manifolds in type A (O Buachalla and Somberg 2022,
A.C.,0 Buachalla and Razzaq 2022).
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@ The optimal strategy is to define a calculus at the level of A = O4(G) and then
restrict it to the quantum full flag manifold B. Here we have:

QI(A)—A@@Ai A" = ker(
- . = £)

@ How to describe the right ideal /7
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@ The optimal strategy is to define a calculus at the level of A = O4(G) and then
restrict it to the quantum full flag manifold B. Here we have:

A+
QA =A® E AT = ker(e)
@ How to describe the right ideal /7
Definition

A subspace T C Uq(g) is called a quantum tangent space if

A(T) C(T & C) ® Uy(g).
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o There is a one-to-one correspondence between right ideals /| C A" and tangent
spaces T.
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XeT

o ldea: use Lusztig root vectors, a well-established theory for Uy(g) to look for
quantum tangent spaces of quantum flag manifolds



@ The optimal strategy is to define a calculus at the level of A= O4(G) and then
restrict it to the quantum full flag manifold B. Here we have:

A+
QA =A® e AT = ker(e)
@ How to describe the right ideal /7
Definition

A subspace T C Uq(g) is called a quantum tangent space if

A(T) S (T @ C)® Uy(g)-

o There is a one-to-one correspondence between right ideals /| C A" and tangent
spaces T.

| =ker(T) := ﬂ ker(X).

XeT

o ldea: use Lusztig root vectors, a well-established theory for Uy(g) to look for
quantum tangent spaces of quantum flag manifolds
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3. Lusztig root vectors and fodc

o 34 the braid group of g is the group generated by s;

1 < i < I with relations

SiSj

SiS;Sj

SEEE

5i515)5iS;Si

sjsi

5jSiSj

SiSjS;Sj

SiSjSiS;SiSj

@ W, the Weyl group of g, is generated by w; with the same relations and

additionally
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Theorem

To every generator s; i = 1,...,| of By there corresponds an algebra automorphism T; of
Uq(g) which acts on the generators as

Ti(K) = KK, 7, TiE)=—FiKi, Ti(F)=—K'E,
a
Ti(E) = Y (-1) g (BN OE(ENY, i),
t=0
a
Ti(F) =Y (-1 %qi(FR)OR(F) 79, i #],
t=0

where

(O = X"/[nlq!
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@ In the universal enveloping U(g) we have root vectors for every root of g.

@ We can use the action of B, to define root vectors in Uq(g)(not uniquely!)
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@ In the universal enveloping U(g) we have root vectors for every root of g.
@ We can use the action of B, to define root vectors in Uq(g)(not uniquely!)

o Let w =wj, ... w;, be a reduced decomposition of the longest element of W,
denote by a; the simple roots of g. The list
Br=ay Bk=wp... Wfk—1(afk)

exhausts all the positive roots of g.
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Definition

The elements

Eg, =Ty... Ty (Ey), Fs = :
from Uq(g) are called root vectors of Uq(g) corresponding to the root 3 and —j
respectively.

fit oo 7—ik—1(Fik)

Alessandro Carotenuto (University of Parma)
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Definition
The elements

Eg, =T ... Tik—1(Efk)7 Fg, =T ... Tfk—1(Fik)

from Uq(g) are called root vectors of Ug(g) corresponding to the root B and —f
respectively.

Example
For g = sl3, we have only two reduced decompositions of the longest element of the Weyl
group:

wiwawi,  W2wiwz

™ = = yert
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Definition
The elements

Eg, =T ... Tik—1(Efk)7 Fg, =T ... Tfk—1(Fik)

from Uq(g) are called root vectors of Ug(g) corresponding to the root B and —f
respectively.

Example

For g = sl3, we have only two reduced decompositions of the longest element of the Weyl
group:

wiwawi,  W2wiwz

Correspondingly we have two lists of positive root vectors.

Ei1 El E2
Ty(Ey) | [E1, B2 | [E2, BEa] g

Ti1 Tl'z (E'3 ) E; E

— = = — Ty
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@ For each g we can look for a reduced decomposition wyp = wj ... w;, such that the
corresponding {Eg, }{_; span a quantum tangent space in Uq(g).
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@ For each g we can look for a reduced decomposition wyp = wj ... w;, such that the
corresponding {Eg, }{_; span a quantum tangent space in Uq(g).

Non-Example

Let g = sl,, the positive root vectors corresponding to the decomposition
Wo = WiwaW3waWiWwe
do not span a quantum tangent space, since one has

AE33 = E/33 ® KiKa Kz + I/EmEﬁG ® Ep KiKs +1® EB3'
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Example (R. O Buachalla—P. Somberg)

Let g = slny1, then the two reduced decompositions

WIiWo ... WaWi ... Wp—1W1 ... WiWows and

WhWp—1.. W1Wh.. WoWp... WaWh_1W),
give rise to two (isomorphic) tangent spaces on Uy(g) spanned by their respective {Eg}.

Eiitk = Eajvopiq.oi = [Eis [Eiv1, - o [Eivk—1, Eivilgz]gt - Jgx
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Example (R. O Buachalla—P. Somberg)

Let g = slny1, then the two reduced decompositions

WIiWo ... WaWi ... Wp—1W1 ... WiWows and

WhWp—1.. W1Wh.. WoWp... WaWh_1W),
give rise to two (isomorphic) tangent spaces on Uy(g) spanned by their respective {Eg}.

Eiitk = Eajvopiq.oi = [Eis [Eiv1, - o [Eivk—1, Eivilgz]gt - Jgx

o These tangent spaces project to the quantum flag manifolds and the corresponding
maximal prolongations of their fodc have classical dimension
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5. Convex orderings and differential calculi

@ Denote by A" the set of positive roots of g.

@ We say that a total ordering < on A" is a convex ordering when the following
holds:

When 8, ', B+ € A" = B<p+5 <B or ' <B+p <5
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5. Convex orderings and differential calculi

@ Denote by A" the set of positive roots of g.

@ We say that a total ordering < on A" is a convex ordering when the following
holds:

When 8, ', B+ € A" = B<p+5 <B or ' <B+p <5

Proposition (P. Papi)

There is one-to-one correspondence between convex orderings on A" and reduced
decompositions of the longest element of the weyl group W,
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5. Convex orderings and differential calculi

@ Denote by A" the set of positive roots of g.

@ We say that a total ordering < on A" is a convex ordering when the following
holds:

When 8, ', B+ € A" = B<p+5 <B or ' <B+p <5

Proposition (P. Papi)

There is one-to-one correspondence between convex orderings on A" and reduced
decompositions of the longest element of the weyl group W,

@ An ordering on the set of positive roots induces an ordering on the set {Eg} via
B<pB & Es < Ep
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o Let {Eg,, Fa,} be the set of root vectors of Uq(g) for a given reduced decomposition
of the longest element of W,.

@ Let us consider partitions

Bk

Bt BB+ B =B+ B

IN

< BLS BB << B

it
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o Let {Eg,, Fa,} be the set of root vectors of Uq(g) for a given reduced decomposition
of the longest element of W,.

@ Let us consider partitions

Be= B+ + B+ B+ + B =B+ B
By < <SBL<B< B < < B

Theorem (A.C., P. Papi)
The coproduct of Eg, and Fp, reads respectively

A(Egk) = Z f(/, J)Eﬁfll s0a EBJ{r/ ® EB'{1 200 Eﬁfs Kgar.
1,J

A(Fs) =D _&(l,J)Fg; ... Fay Ko ® Fgyr ... Fyp.
ll5d
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o {Fg,} span a tangent space iff only the terms g({j}, /") are different from zero in
the expression of the coproduct.
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o {Fg,} span a tangent space iff only the terms g({j}, /") are different from zero in
the expression of the coproduct.

o We denote by i = i1 ... i, our given reduced expression of wy

@ For every Fg, there exists a reduced expression j = ji ... j- with r < n such that:

Fﬂk =Tj... —,t/‘p—l(Fjp)'
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{Fs,} span a tangent space iff only the terms g({j}, /") are different from zero in
the expression of the coproduct.

We denote by i = i1 ... I, our given reduced expression of wp

For every Fg, there exists a reduced expression j = ji...j- with r < n such that:

Fﬁk =Tj... Epfl(Fjp)'

© The terms appearing as left tensor factor are given by {Fj;, T;; (F)...}.
We call this elements the prefix root vectors of Fs, and denote them by {Fgl_}.

Alessandro Carotenuto (University of Parma) Convex orderings on quantum root vectors and differe January 20, 2025 17 /19



@ We can now describe a quantum tangent space in a completely combinatorial way!

o Let Wi be the minimum of the set {v <s; ...s; | Bx € N(v)}. Fix a reduced
decomposition Wy = sj'; . sjf.

Conjecture
The quantum root vectors { Fg, } associated to i span a quantum tangent space iff for
every k the following hold

© {F}}=1{Fs}.
kek  — ok ok J J ; g s
Q If S = S then 3; + Bi+1 & Bk in the usual partial order of positive roots.
© Wy does not contain braid relations.
i . . . e . i
@ If B; is contained in the support of By Wlt.h.mU/tIpIICIty greater thaq 1 then v = By — ,8_,.
cannot be decomposed as the sum of positive roots that follow By in the convex ordering

induced by i.

Alessandro Carotenuto (University of Parma) Convex orderings on quantum root vectors and differe January 20, 2025 18/19



Thank you!

Convex orderings
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quantum root vectors and differer
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