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Dedicated to the memory of Pavel Grozman
(18.01.1957-7.03.2022)

SuperLie is a Mathematica(c) package developed by Pavel
Grozman.
e Construction of different types pf Lie algebras:
* gl(V)
® Lie (super)algebras with a Cartan matrix
® Lie (super)algebra of vector fields

® Poisson, Hamiltonian, contact, etc

® subalgebra, ideals, quotiens
® prolongations (V, g).

The highest weight modules and operations on them
Lie (super)algebras cohomology

Singular vectors in Verma modules

Shapovalov form
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How to install it?

e The website is
https://github.com/andrey-krutov/SuperLie

e find the releases section

Releases 3

© 208

e download the latest available release and the docu

mentation
2.08 i

Full Changelog:

v Assets s

Dsug

Dsuy
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https://github.com/andrey-krutov/SuperLie

How to install it?

Insert Format Cell Graphics Evaluation Palettes
New v

Open. cuio 9=
Open from Cloud

Open Recent »

Close culow

save criss

Save fs. Crlsshiftss

Save to Cloud.

Publish to Cloud.

Preview for Wolfram Player
Instll

Send To.

Printing Settings ,
print cube

Print Preview.

Quit culg

2 Install Wolfram System Item
Type of Item to Install:| Application -
Source: | Supertie-2.08 -

Install Name: |superLie-208

 Install for this user only (andrey)

Installfor all users that share this computer

Help Cancel oK
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Load the package

In[1}= Needs["SuperLie "]

SuperlLie Package Version 2.08 Beta 09 installed
Disclaimer: This software is provided
"AS IS", without a warranty of any kind

Define a 2|1-dimensional (super)vector space V'
In[2]:= VectorSpace[v, Dim- {2, 1}]

outlzJ= v is a vector space

Basis vectors and their parities
In[3l:= Basis[v]
outl3l= {v1, vz, vz}
Inf10= {P[v[1]], P[v[2]], P[V[3]]}

outlol- {0, 0, 1}

Dimension and superdimension

In[11]:= Dim[v]
PDim[v]

out[11]= 3

outl12)= {2, 1}
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The Lie (super)algebra gl(V)

The Lie algebra gl(V)
In[13]= glAlgebrale, v]

out[13]- e = gl(2]1)

Basis vectors and the dimension
In[14]:= PDim[e]

outlial= {5, 4}

In[15]= Basis[e]

Outl15]= {e1 1, €,2, €33, €1,2, €,3, €1,3, €21, €3,2, €3,1}

The bracket
in(17)= Act[e[1, 1], e[1, 2]]
out[17]= ey

The action of gl(V) on V

inl18]= Act[e[1, 2], v[2]]

out[18]= v;
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The Lie (super)algebras gl(n|m) and sl(n|

The Lie algebra gl(2)
In[21]= glAlgebra[gl, Dim- 2]
outl21]= gl = gl(2)
In[22]= Basis[gl]
outl22)- {gly 1, 81,2, 8l1,25 8Ly 1}
The Lie superalgebra s((21)

in[25]= slAlgebra[sl, Dim- {2, 1}]

outl25]= s1 = s1(2]1)
In[26]:= Basis[sl]

outl26]= {sli, sly, sli,25 sla,35 sly,35 s1y,15 S0, Sl3,1)

The standard Z-grading
In[28]= Grade /@Basis[gl]
outl28]= {0, 0, 1, -1}
In[27]= Grade /@ Basis[sl]
outl27)- {0, 0, 1, 1, 2, -1, -1, -2}
In[29]:= Grade[gl[i, §]1]

out[29)= -1 + J
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Subalgebras

Generators of a subalgebra
in[30]= s1Basis = {gl[1, 1] -gl[2, 2], gl[1, 2], gL[2, 1]}
Out[30]= {ng,l -gl,, 8li2, glz,l}

Constructing the subalgebra s in gl(2)
In[31]:= SubAlgebra[s, gl, slBasis]

outl31]= s is a sublagebra in gl

In[32]:= PDim[s]

out32]= {3, 0}

In[33]:= Basis[s]

out[33]= {s1, sz, s3}

The image of basis elements of s inside gl(2)

In[34]:= Image[s]

Out[34]= {gll,l -8l 8lios glz,l}
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Ildeals and quotient algebras

In[45]:= idealGens = {gl[1, 1] + gl[2, 2]}
outl4s]= {gly 1 + gLy 5}

in[46]= Ideal[i, gl, idealGens]

outl46]= i is an 1ideal in gl

In[47]= Dim[1]

outf47]= 1

In[48]:= QuotientAlgebralq, gl, 1i]
outl48]- q is a quotient algebra in gl
In[49]:= Dim[q]

out[49]= 3

In[50]:= Basis[q]
outls0l= {q1, 925 93}

In[51]:= QuotientAlgebralq, gl, i, Mapping - proj]
outl51]= q is a quotient algebra in gl
In[s2]= proj [gl[1, 1]1]

out[52]= - q1

In[53)= proj[gl[l, 1] -gl[2, 2]]
out[53]= - q1 - 1
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Lie (super)algebras with a Cartan matrix

sl(3) from the Cartan matrix: g=r®hd
In[2]:= CartanMatr'ixAlgebra[g, x, h, v}, _21 '21)]
oul2l- 8
nl3)- Basis[g]

outlsl= {h1, hy, x1, X2, X3, y1, Y2, Y3}

Relations in ¢

In[4]:= GenRel[g]

outldl= {[X1, [X1,X2]] =0, [Xa, [X1,X2]] =0}

Basis in ¢ in terms of Chevalley generators

Inl6]:= GenBasis[g]

outlsl= {X1, X2, [X1,X2]}

Weights

In[10:= Table[xx » Weight[xx], {xx, Basis[g]}]
outhol= {hy = {0, 0}, hy > {0, 0}, x1- {2, -1}, x2 > {-1, 2},
Xz {1, 1}, y1-{-2, 1}, y2» {1, -2}, yz» {-1, -1}}
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Lie (super)algebras with a Cartan matrix

Roots
In[11]:= Table[xx » PolyGrade[xx], {xx, Basis[g]}]
out1]= {hy = {0, 0}, hy » {0, 0}, x3 » {1, 0}, x> {0, 1},

X3 {1, 1}, y1-{-1, 0}, ¥y, {0, -1}, y3 > {-1, -1}}

The standard Z-grading
In[12]:= Table[xx » Grade[xx], {xx, Basis[g]}]

outhzl= {hy >0, hy 50, x1>1, x2>1, x3>2, y1>-1,y,>-1, y3 5 -2}
Non standard Z-gradings

In[13]:= CartanMatr'ixAlgebra[g, {x, h, y}, ( 2 -1

1 ), GList - (1, 0}]

out[13]= 8
In[14]:= Table[xx —» Grade [xx], {xx, Basis[g]}]
outlidl= (h1 -0, hy -0, x50, x1->1, x3>1, y, 50, y;1» -1, y35 -1}

Basis of g;

In[15]:= Basis[g, 0]

outl1sl= (hy, ha, Xz, y2}
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Lie (super)algebras with a Cartan matrix

The exceptional Lie superalgebra ag(2) (aka g(3))

o 1 o
In[7]:= CartanMatr'ixAlgebra[agZ, {x, h, y}, [-1 2 -3], PList- {1, 0, 0}]
0 -1 2

oul7l- 17|14

The relations in ag(2)

In[10:= GenRel[ag2] // TableForm

0ut[10]//TableForm=
[X1,X1] -0
[x1,x3] =0
[X2, [X1,%2]] =@
[X3, [X2,X3]] =0
[x2, [X2, [X2, [X2,%3]]]] >0

The basis in ag(2)
In[13]:= GenBasis[ag2]

outl13l= {X1, X2, X3, [X1,X2], [X2,X3], [X2, [X2,X3]],
[x3, [x1, %211, [X2;, [X2, [X2, X3]11, [[x1,X2], [X2, X3]1],
[[x1, %], [X2, [X2,X3]]], [[X2,X3], [X2, [X2,X3]]],
[[x25 [X2, %3115 [X3, [X1, X211 1, [[X3, [X1,X2] ], [X25 [X2, [X2,%2]]]],
[[Ix1,xa], [x2,x3]], [[X1,X2], [X2, x3]]]}
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Lie superalgebra osp(4

In[ol:= $Solve = ParamSolve;

2;

Scalar[al;

] l1-1-a
CartanMatrixAlgebra[g, {x, hy y}, [ -1 0 -«a ], PList -» {1, 1, 1}]
-l-aa 2]
== $°SolVars: Assuming -1 -a+0 tosolve 0 =—((1+a] )
== §°Solvars: Assuming -a*0 tosolve 0=-a$
== $°SolVars: Assuming 2a#0 tosolve 0=2a$

== General: Further output of

g this calculation

outi1l- 918

The relations

In[6]:= GenRel[g] // TableForm

Out[6]//TableForm=
[X1,X1] >0
[X2,X3] =0
[X3,X3] >0
[X2, [X1, X3]] = (-1 -0a) [X3, [X1, %] ]

The weights
In[8l:= Table[xx » Weight[xx], {xx, Basis[g]}]
outlg]= {h1 -+ {0, 0, 0}, h = {6, 0, 0}, h3 5 {0, 0, 0}, x1> {0, -1, -1-a}, x2-> {1, 0, a},
Xz {-1-0c, e, 0}, X4 > {1, -1, -1}, X5 > {-1-0a, -1 -, -1-c}, Xg > {-a, -, o},
X7 {-a, -1-a, -1}, y1-> {0, 1, 1+a}, y2>{-1, 0, -a}, y3—» {l+a, a, 0},
ya->{-1,1,1},ys>{l+a, l+a, l+a}, y¢—> {a, a, -a}, y7 - {a, 1+a, 1}}
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The highest weight modules

The sl(3)-module V' with the highest weight 7,

In[3]:= CartanMatr'ixAlgebra[g, {x, h, vy}, ( 21 _21 )]
Out[3]= 8

In[4]:= HWModule[v, g, {1, 0}]

outl4]= v is a g-module with highest weight {1, 0}

The dimension of V
In[11]:= PDim[v]
outl11]= {3, 0}
total sort first () mean |¥. fp. ﬁ EI
In[5]:= Basis[v]

out[5]= {V1, V2, V3}
The action

In[71= Acty[1], v[1]]

out[7]= v

The weights
In[o]:= Table[xx -» Weight[xx], {xx, Basis[v]}]

outlo)= {vi- {1, 0}, vo > {-1, 1}, v3> {0, -1}}
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Verma modules
In[17}= HWModule[m, g, {-1, 0}, Grade -» 3]

outl17= m is a g-module with highest weight {-1, 0}

In[18]:= PDim[m]

outliel- {6, 0}

In[201= Table[xx -» Weight[xx], {xx, Basis[m]}]
Outlz0l= {my > {-1, O}, my > {-3, 1}, my > {-5, 2}, mg > {-2, -1}, ms > {-7, 3}, mg > {-4, 0}}
with a parameter A
in27)= $Solve = ParamSolve;
Scalar[2];
In[33]:= ParamAssume [HWModule[m, g, {1, 0}, Grade » 3]]
== §'Solvars: Assuming A+ 0 to solve 0 = A$°cf$33785[1]
== §°SolVars: Assuming 2(-1+A)# 0 tosolve 0 =2(-1+A) $°cf$33785[1]

== §'SolVars: Assuming 3(-2+A)# 0 to solve 0 =3(-2+ 1) $°cf$33785[1]

=== General: Further output of $'SolVars::assume will be suppressed during this calculation.

outls3l= {m is a g-module with highest weight {2, 0}, {x+0,2 (-1+2) 0, 3 (-2+2) #0}}
Assuming a ragged array | Use as a fist instead
sublengths  first (v)  flatten | (O 8 3

In[30= PDim[m]

out[30]= {6, 0}

In[31]= Table[xx » Weight[xx], {xx, Basis[m]}]

outl3l]= {my - {A, 0}, m—> {-2+2, 1}, m3—>{-4+2x, 2}, m—-> {-1+2,

1}, ms - {-6+2, 3}, mg~> {-3+15 /29



Tensor prod g

in[4:= HWModule[v, g, {1, 0}]

outlgl= v is a g-module with highest weight {1, 0}

Preparations
inlel:= Linear[Tp]

outls]= {LinearRule [NonCommutativeMultiply], ZeroArgRule [NonCommutativeMultiply]}

in[gl:= Jacobi[Act » Tp]

outls]= {JacobiRule[Act, CircleTimes], JacobiRule[Act, NonCommutativeMultiply],
JacobiRule[Act, VTimes], LinearRule[Act]}

BasisinV @V
In[10]:= T2basis = Flatten[Table[xx % yy, {xx, Basis[v]}, {yy, Basis[v]}]]

Out[10]= {Vq %% V1, V] &% Vo, V1% Vg, Vp sk Vi, Vy ax Vo, Vo xx V3, V3 xk Vi, V3 xx Vy, V3 %% V3}

“Ansatz”

in[11]:= anz = GeneralSum[c, T2basis]
Out[11]= €1V ** V1 + Ca V] % Vg + C3V] %% V3 + C4Vp x% V] +

C5Vy %% Vo + Cg Vg #4 Vg + C7V3 %% V] + CgV3g %% Vo + Cg V3 *# V3

Unknowns

In[12]:= unk = MatchList[anz, _c]

Outl12]= {€1, €2, €35 C4, Cs5, Cp, €7, Cgy Col
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Tensor product of modules: g = sls, V =V,

1

The equations

In[171:= Table[Act[xx, anz] = 0, {xx, Basis[x]}]

Out[17]= {€2 V1 ** V1 + €C4V1 %% V1 + C5 (V] %% V2 + Vo %% V1) + CgV] % V3 + CgV3 % V] = 0,
~C3 V1 #% V) — CgVy #% V3 —C7Vy %% V] -~ CgVy ##% V3 + Cg (~ Va #% V3 — V3 #x V3) = 0,
~C3 V1 %% V] = CgVy #% V1 = C7 V] %% V] = CgV] #% V3 + Cg (= V %% V3 = V3 +x V1) = 0}

The highest weight vectors

In[13l= res = SVSolve [Table[Act[xx, anz] = 0, {xx, Basis[x]}], unk]
out[13]= {{c3 >0, c4 »-C2, C5s >0, cg =0, c7=>0, cg -0, co->0}}
The weights of the highest weight vectors

In[14:= anz /. First[res]

OUt[14]= €1V #*% V1 + Co Vy +% Vg — Ca Vg ## V

In[15]:= hwv = GeneralBasis[anz /. First[res], c]

Outl15]= {Vy %% V1, V1 %% V2 -V %% Vi}

In[16]:= Table[vv - Weight[vv], {vv, hwv}]

outl16]= {V1 %+ V1> {2, O}, Vi %% Vo - Vo »xx V1 > {0, 1}}
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Vectorial Lie (super)algebras

Construct 2|1-dimensional vector space X with D = X* (left
even linear forms on V)
In[3]:= VectorSpace[x, Dim- {2, 1}, CoLeft -» d]
outls]= x is a vector space
By default, the multiplication of vectors is free (no relations)
Inf4l:= VTimes[x[2] » x[1]]
Out[4]= Xz X1
We define the multiplication to be (super)commutative
In[s]:= Symmetric[VTimes]
out[s]= True
In[14:= VTimes[x[2] »~x[1]]
out[14]= X3 X3
In[15):= VTimes[x[3] « x[3]]

out[15]= O
and tensor product to be C-linear

In[7]:= Linear [Tp];
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Vectorial Lie (super)algebras
The Lie superalgebra vect(2|1) = Der C[z1, z2|x3]

In[8]:= VectorLieAlgebra[vec, x]

outls]= vec = vect(x)

The Lie bracket of vector fields

Info)= Lb[X[1] % d[1], X[2] **d[1]]

out[9]= - Xp *=* dj

The divergence of a vector field
In[13):= DiV[(X[1] *x[2]) **d[1] + Xx[2] % d[1]]
out[13]= X2
The standard Z-grading
In[16):= ReGrade[x, {1, 1, 1}]
In[17]:= Basis[vec, -1]
outl7]= {Lsxdy, 1xxdy, 1wxds}
In[18]:= Basis[vec, 0]
out18]= {Xy #% dy, X %% da, X3 #% d3, Xp w4 dy, Xg ## dy, Xg #% d3, Xz ##dy, X3 ##dy, X3 #xd3}
Non standard Z-gradings
in[19]= ReGrade[x, {2, 1, 1}]
In[20]:= Basis[vec, -1]

out[20]= {1 %% dy, 1 +xd3}
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Poisson Lie (super)algebras

Let P and @ be (super)vector spaces of the same dimension.
Let p; be a basis in P and ¢; be a basis in ) such that
p(pi) = p(q;). Then the Poisson bracket it defined by

af g L Of g
- E : Fir(g) plpi) =L
{fvg}P.b. ( 61?1 an ) an 8]71

A

Construct vector spaces: P = Q = C!I!
In3]:= VectorSpace[p, Dim- {1, 1}]
VectorSpace[q, Dim- {1, 1}]
Symmetric[VTimes]

Construct the Poisson algebra po(2]2)

Inl6]= PoissonAlgebra[po, {p, q}]

outlé]= po is a Poisson algebra over {p, q}

Compute the Poisson bracket
Inle}= Po[p[1] ~q[1], p[1] ~q[2]]

outl9]= - p1d2
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Contact Lie (super)algebras

Consider the polynomial algebra over p;, ¢; (as before), and ¢
(even). Then the contact bracket is defined by

(Fgbicn = @~ BYNS — 2~ E)o) + (£ 9)po.

where E =3, pige- + > qige- + &
Construct 1-dimensional space spanned by ¢

In[101:= TrivialsSpace[t]

out[10]= t

Construct the contact Lie supealgebra £(3|2)
In[12]:= ContactAlgebralk, {p, q}, t]

out[12]- k is a Contact algebra over {p, q} and t

Compute the contact bracket
i in[15}= VNormal[Kb[t p[1] ~q[1], p[1] ~q[2]]]

outl15l- - tp;q;
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Buttin algebra b(n)

Consider the polynomial algebra over p; (even), zi; (odd),
1 =1,...,n. Then the Schouten/anti/Buttin bracket is defined by

of o 3 0
{f,9}Bb. = Zaf 8592 —1)P 82’2 852

Construct the vector spaces

In[20]:= VectorSpace[p, Dim- {2, 0}]
VectorSpace[&, Dim- {0, 2}]

Construct b(2)
In[22]:= ButtinAlgebra[b, {p, §}]

outl22]= b is a Buttin algebra over {p, £}

Compute the bracket

inl24:= Bb[p[1] »p[2], £[1]]

out[24]= py
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Cartan Prolongations

Recall that svect(n|m) = (V, sl(n|m))..
We start with 0|3-dimensional vector space X and g = sl(V).

in[3]:= VectorSpace[x, Dim- {0, 3}, CoLeft »d]
oufal= x is a vector space

in[4]:= ReGrade[x, {1, 1, 1}]

nfsi= glAlgebrafe, x]

outsl= e = gl(0]3)

Construct Lie superalgebra vect(V')

Infe]:= Symmetric[VTimes];
Linear [Tp];

mls]= VectorLieAlgebra[vect, x]

We represent basis elements v; of V' as 9; and construct a Lie
superalgebras homomorphis f: gl(V') — vecto(V') which is
given by f(em‘) = —xjai

infic]= SetProperties[f, {Vector, Vector » _, Linear}]
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Cartan Prolongations

We construct g_1 = {01, 02, 03}:
In[12:= gs[-1] =Table[VTimes[] »»d[i], {1, Dim[x]}]

outh2)- {Landy, Laxdy, 1xxds)

The basis of s[(3)
in[14]= s1Basils = {e[1, 1] -e[2, 2], e[2, 2] - e[3, 3],
ell, 2], e[2, 3], e[1, 3],
e[2, 1], e[3, 2], e[3, 1]}

Outl14]= {e1,1 - €27, €2 -€3.3, €12, €23, €13, €1, €32, €31}

Construct gg

In[15]= gs[@] = Table[f[xx], {xx, s1Basis}]
Outl15]= {= X3 % dy + Xg #x dy, -~ Xy #+ dy + X3 *x d3, - Xp #» dyp,

~xg e dzy - x3 e dl, - xp s dzy - xgeeds, - xgex ds)

The equation for the prolongation

gr = {X e vecty, (V) | [X,9-1] € gr—1}
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Cartan Prolongations

gr ={X €vecty (V) [ [X,9-1] € gp—1}

In[16]:= ProlongSolve[neg , prev_, next_] i=
Module[{b, c, v, pre},
v = Generalsum[c, next];
pre = Generalsum[b, prev];
v = GeneralPreImage[neg, v, ¢, pre, b, Lb];

GeneralBasis[v, c]]
The function to construct g;
In[171= Prolong[neg_, prev_, i_] := ProlongSolve[neg, prev, Basis[vect, 7]]
in[18]= gs[7_] := gs[7] = Prolong[gs[-1], gs[7-11, 7];
We compute
In[18]:= gs[7_] := gs[7] = Prolong[gs[-1], gs[7-1], 7]}
In[19]:= gs[1]
out[19]= { (X3 Xz) ** dp + (X2 Xz) **dz, (XyXz) *#+dy - (X3X3) #*d3,
(X1Xz2) *+xd3, (X1X3) *xd)— (X2X3) »xdy, (X1X3) #xdy, (XpX3) »=d;}
In[20]:= VNormal[Div[#]] & /@ gs[1]
out(20]- {0, ©, ©, 0, 0, 0}
n[21]:= gs[2]

outl21]= {}
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Lie algebra cohomology: H?(g;g), g = osp(4[2;1)

We construct osp(4]2; 1)

In[3]= a = 13
0 l-l1-a
CartanMatr'ixAlgebra[g, {x, h, y}, -1 0 -a , PList > {1, 1, 1}
=l-aa 0O
outl4l= 98

In[5]:= SubAlgebral[u, g, Basis[g]]

outlsl= u is a sublagebra in g
Preparations
in[6]= Needs["SuperLie Cohom "]

In[7]:= Linear [Tp];
Jacobi[Act -» {wedge, Tp}];

Setup: H (u;u)*® with the (trivial) action of u
In[o]:= chSetAlg[u, du, u, u];
chScalars[b, c]

(Note that here “du” is TTu*.)
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Lie algebra cohomology: H?(u;u), g = osp(4[2; 1)

We can skip all cochaing with non-zero weight

In[11]:= zeroWeight = Table[0, {i, Dim[h]}]

outl11]= {0, 0@, 0}
In[12]:= chSplit[x_] := If [Weight[x] === zeroWeight, 0, Skipval]

The standard Z-grading on u induces a Z-grading on
H?(wu) = @;H? (u; ).
In[17]:= Grade /@ Basis[u]
Grade /@Basis[du]
w17 {0, 0,0, 1,1,1,2,2,2,3, -1, -1, -1, -2, -2, -2, -3}
ui1g- (0, 0,0, -1, -1, -1, -2, -2, -2, -3, 1, 1,1, 2,2, 2, 3}
We compute HZ(u;u)

In[14]= chCalc [0, 2]
Total: ({@, 3}, {3, 20}, {21, 87}}
More details
In[15]:= chNext[]

outl15)= @ » {{{e1s > cs5+2 ¢+ Cra}},

(18, 18, 18, 14, 32, 31, 25, 25, 25, 31, 10, 28, 28, 28, 32, 10, 10, 8, 8, 8, 12}}
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The explicit cocycle

In[16]:= chBook[c[15] —» 1]

out[16]= 7§ up »* (dugduir) + % up *+ (dus A duia) + % uy * (dug »duiz) + Uy * (dugduir) -
Uz #+ (dug ~ dugs) + 2uy #x (dujg ~ dugy) - % uz »+ (dug ~dugg) - % uz ++ (dus ~ dugp) +

3
— U3 % (dug ~dugz) —4uz xx (duggns duiz) - ug %% (du7 adugn) +2Uus xx (dugadugp) -

Aug ++ (dug ~duyy) —ug ** (dug s dujy) + Ug x* (duy ~dug) +2ug ++ (dus » dug) —

2ugy #=+ (dus ~aduyg) - 4upg «x (dugadugs) + 3Ugy «+ (dug ~dugy) + Upp = (dug ~duyag) +
U1y #% (dug a duig) + 2u1 #x (dugaduiy) - uiz xx (duz A duiz) + uig ** (dug duiz) -
3uyg #% (dupp adugy) + Uss % (dusa duj7) = ugs «% (dugg A dugs) = 3ugg #+ (dug adugy) +

ugg ++ (duiy » duga) - ; uy7 % (dupy A dugg) + % uy7 % (duis A dugs) + % uy7 ++ (duis ~ duis)

In terms of Chevalley basis
In[18:= % /. {u[7_] = Image[u][7], du[7_] s> d[Image[ul [7]]}
3 1 1
outliel- -3 hy s (d[x1] ad[y1]) + Ehl #x (d[x2] ~d[y2]) + Ehl wx (d[x3] ~d[ys]) +
1
ha % (d[x1] ad[y1]) - ha % (d[x3] nd[y3]) +2hy %% (d[x7] rd[y7]) - Eha *#x (d[x1] ad[y1]) -

1 3
Eh3 wx (d[x2] ~d[ya]) + 3 hy «x (d[x3] ~d[y3]) - 4h3«x (d[x7] ~d[y7]) -
x1 % (d[xq4] ~d[ya]) +2x3 *x (d[xa) nd[y1]) ~4x3 ** (d[xs] nd[y1]) - x3*x (d[xe] nd[y2]) +
x5 +% (d[x1] ad[x3]) + 2xg %% (d[x2] nd[x3]) —2y1 #* (d[x2] ad[ys]) -
Ay +x (d[x3] ~d[ys]) +3y1+x (d[Xeg] ~d[y7]) +yz #x (d[X1] ~d[ys]) + Yz #* (d[x3] ad[y]) +
2yy »x (dx5] ~d[y7]) —y3*x (d[xa] ndy7]) +ya** (d[x3] ~d[y7]) -3yaxx (d[y1] ~d[y2]) +
ys#x (d[x2] nd[y7]) ~ys ** (d[y1] nd[y3]) -3ye#* (d[x1] nd[y7]) +ye*x (d[ya] nd[y3]) -
3 1 1
ZW wx (dy1] ad[ys]) + EY7 wx (d[y2] ~dlys]) + ZW wx (d[y3] ndlyal)
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