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Bundle gerbes

Simplicial Structure of bundle gerbes:
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M

» 7: Y — M is a surjective submersion
> L is a complex line bundle over Y := {(y,y") € Y?x(y) = n(y")}
> 1 pris L® pris L — priz L is an associative isomorphism

Example: Y =M, L = M x C, u = multiplication. Notation: J
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Bundle gerbes

1-morphisms of bundle gerbes (¢, W, ¢): §1 — Ga:

» (: Z— Y1 Xpm Ya a surjective submersion
» W a complex vector bundle over Z

» an isomorphism of vector bundles
o paWRL — Lyepr; W

over ZP compatible with p; and .

2-morphisms (p,¢): (¢, W, ¢) — (¢', W', ¢):

> p: V= Z X(yyxpvs) £’ a surjective submersion

> £ W — W a morphism compatible with ¢ and ¢’
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Bundle gerbes

Observation: Bundle gerbes over M form a bicategory Grb(M).

Observation: Bundle gerbes categorify vector bundles
Homgpn) (7, J) = VectBdI(M)
Theorem: Classification of line bundles and bundle gerbes
ho(LineBdI(M)) = H*(M, 7Z.), ho(Grb(M)) = H3(M, Z)

induced by the Chern and Dixmier-Douady class, respectively.

Observation: Grb(M) is symmetric monoidal, rigid, framed, etc.

Observation: The assignment Grb: Mfd°® — BiCat is a sheaf
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Twisted K-theory

Fix G € Grb(M).
Definition: The category of G-twisted vector bundles over M is

VectBdI¥(M) := Homg,pwmy (S, )

Observation: (ho(VectBdI9(M)),®) is a commutative monoid

Definition: The G-twisted K-group of M is
K9 (M) := K(ho(VectBdI®(M)), ®)
where the second K is Grothendieck's group completion.

Observation: K’ (M) = K(M)
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Graded Lie groupoids

Definition: A graded Lie groupoid (I', ¢) is a Lie groupoid I together
with a smooth functor ¢: I — BZo,.

Examples:

» (Myis, 1) for M a smooth manifold

» (BG, ¢) for (G, ) a graded Lie group

> (M) G, o) for a graded Lie group (G, ¢) acting on M
» (I',1) for I' a Lie groupoid

» (I %, Zy, ¢;) for (T, 7) a Real Lie groupoid
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Graded-equivariant bundle gerbe K-theory

Question: What is a bundle gerbe over a Lie groupoid I'?

» Applying the nerve construction yields a simplicial manifold

o 9o &
-
F.:: I’0<;F1<—F2<;F3...
O PN £

> Evaluating Grb yields a cosimplicial bicategory Grb(I,).
> Taking a homotopy limit yields the bicategory Grb(I)

Task: Spell this out, generalize to graded Lie groupoids
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Graded-equivariant bundle gerbe K-theory

Question: What is a bundle gerbe over a graded Lie groupoid (I, ¢)7
Answer: A bundle gerbe over (', ¢) consists of:
» a bundle gerbe G over Ig,

» a l-isomorphism of bundle gerbes
Q: ;G — 9:G?

over 1, and

» an associative 2-isomorphism of bundle gerbes
) 05Q® Q% — 050

over 5.

Here (—)¢ denotes complex conjugation iff ¢ = —1
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Graded-equivariant bundle gerbe K-theory

Bundle gerbes over (I, ¢) form a bicategory Grb(I, ¢).
Fix (G,Q,v) € Grb(T, ¢).
Definition: The category of (G, Q, v)-twisted vector bundles over (T, ¢)
is

VectBdI(9 (T, ¢) := Homaem(r ) ((S, 2, ), (3, id, id))
Observation: (hy(VectBdI9%¥)(I', ¢)), ®) is a commutative monoid

Definition: The (5, Q, v)-twisted K-group of (T',¢) is
KS 29T, ¢) := K(ho(VectBdIS ) (T, ¢), )

where the second K is Grothendieck's group completion.
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