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Motivation

Graded Lie groupoid Appearence of Grb(Γ, ϕ) & K(G,Q,ψ)(Γ, ϕ)

(Mdis, 1) Lifting problems

(BG , ϕ) Wigner’s theorem

(M//G , ϕ) Orientifold sigma models

(G//G , 1) Chern-Simons theory

(Γ, ϕ) Topological insulators

(Γ⋊τ Z2, ϕτ ) String theory?

2 / 12



Overview

▶ Bundle gerbes

▶ Twisted K-theory

▶ Graded Lie groupoids

▶ Graded-equivariant bundle gerbe K-theory

▶ Applications and special cases

3 / 12



Bundle gerbes

Simplicial Structure of bundle gerbes:

G =



L

��

µ coherence

Y

π

��

Y [2]oooo Y [3]oooooo Y [4]oooo
oo
oo

M



▶ π : Y → M is a surjective submersion

▶ L is a complex line bundle over Y [2] := {(y , y ′) ∈ Y 2|π(y) = π(y ′)}
▶ µ : pr∗23 L⊗ pr∗12 L → pr∗13 L is an associative isomorphism

Example: Y = M, L = M × C, µ = multiplication. Notation: I
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Bundle gerbes

1-morphisms of bundle gerbes (ζ,W , ϕ) : G1 → G2:

▶ ζ : Z → Y1 ×M Y2 a surjective submersion

▶ W a complex vector bundle over Z

▶ an isomorphism of vector bundles

ϕ : pr∗2 W ⊗ L1 −→ L2 ⊗ pr∗1 W

over Z [2] compatible with µ1 and µ2.

2-morphisms (ρ, ξ) : (ζ,W , ϕ) → (ζ ′,W ′, ϕ′):

▶ ρ : V → Z ×(Y1×MY2) Z
′ a surjective submersion

▶ ξ : W → W ′ a morphism compatible with ϕ and ϕ′
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Bundle gerbes

Observation: Bundle gerbes over M form a bicategory Grb(M).

Observation: Bundle gerbes categorify vector bundles

HomGrb(M)(I, I) ∼= VectBdl(M)

Theorem: Classification of line bundles and bundle gerbes

h0(LineBdl(M)) ∼= H2(M,Z), h0(Grb(M)) ∼= H3(M,Z)

induced by the Chern and Dixmier-Douady class, respectively.

Observation: Grb(M) is symmetric monoidal, rigid, framed, etc.

Observation: The assignment Grb: Mfdop → BiCat is a sheaf
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Twisted K-theory

Fix G ∈ Grb(M).
Definition: The category of G-twisted vector bundles over M is

VectBdlG(M) := HomGrb(M)(G, I)

Observation: (h0(VectBdl
G(M)),⊕) is a commutative monoid

Definition: The G-twisted K-group of M is

KG(M) := K(h0(VectBdl
G(M)),⊕)

where the second K is Grothendieck’s group completion.

Observation: KI(M) ∼= K(M)
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Graded Lie groupoids

Definition: A graded Lie groupoid (Γ, ϕ) is a Lie groupoid Γ together
with a smooth functor ϕ : Γ → BZ2.

Examples:

▶ (Mdis, 1) for M a smooth manifold

▶ (BG , ϕ) for (G , ϕ) a graded Lie group

▶ (M//G , ϕ) for a graded Lie group (G , ϕ) acting on M

▶ (Γ, 1) for Γ a Lie groupoid

▶ (Γ⋊τ Z2, ϕτ ) for (Γ, τ) a Real Lie groupoid
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Graded-equivariant bundle gerbe K-theory

Question: What is a bundle gerbe over a Lie groupoid Γ?

▶ Applying the nerve construction yields a simplicial manifold

Γ• :=

 Γ0 Γ1
∂0oo
∂1

oo Γ2

∂0oo

∂2

oooo Γ3 . . .

∂0oo

∂3

oo
oooo

 .

▶ Evaluating Grb yields a cosimplicial bicategory Grb(Γ•).

▶ Taking a homotopy limit yields the bicategory Grb(Γ)

Task: Spell this out, generalize to graded Lie groupoids
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Graded-equivariant bundle gerbe K-theory

Question: What is a bundle gerbe over a graded Lie groupoid (Γ, ϕ)?

Answer: A bundle gerbe over (Γ, ϕ) consists of:

▶ a bundle gerbe G over Γ0,

▶ a 1-isomorphism of bundle gerbes

Q : ∂∗0G → ∂∗1Gϕ

over Γ1, and

▶ an associative 2-isomorphism of bundle gerbes

ψ : ∂∗2Q⊗ ∂∗0Q∂∗
2ϕ → ∂∗1Q

over Γ2.

Here (−)ϕ denotes complex conjugation iff ϕ = −1
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Graded-equivariant bundle gerbe K-theory

Bundle gerbes over (Γ, ϕ) form a bicategory Grb(Γ, ϕ).
Fix (G,Q, ψ) ∈ Grb(Γ, ϕ).
Definition: The category of (G,Q, ψ)-twisted vector bundles over (Γ, ϕ)
is

VectBdl(G,Q,ψ)(Γ, ϕ) := HomGrb(Γ,ϕ)((G,Q, ψ), (I, id, id))

Observation: (h0(VectBdl
(G,Q,ψ)(Γ, ϕ)),⊕) is a commutative monoid

Definition: The (G,Q, ψ)-twisted K-group of (Γ, ϕ) is

K(G,Q,ψ)(Γ, ϕ) := K(h0(VectBdl
(G,Q,ψ)(Γ, ϕ),⊕)

where the second K is Grothendieck’s group completion.

11 / 12



Applications & Special cases

Graded Lie groupoid Appearence of Grb(Γ, ϕ) & K(G,Q,ψ)(Γ, ϕ)

(Mdis, 1) Lifting problems

(BG , ϕ) Wigner’s theorem

(M//G , ϕ) Orientifold sigma models

(G//G , 1) Chern-Simons theory

(Γ, ϕ) Topological insulators

(Γ⋊τ Z2, ϕτ ) String theory?
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