FACULTY
OF SCIENCE

Masaryk University

Projective invariants of non-torsal ruled
surfaces

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Srni, 45th winter school
Matous Trnka, sup. Vojtéch Zadnik



Outline

1. Ruled surfaces aka curves in Gr,(4)

2. Pair of linear second order ODE

3. Osculating rank of the Pliicker image

4. Suggested classification

171



Ruled surface

R(t) = [a.x(t) + b.y(t)] where x(t) # y(t) are curves in R*

Ruled surface is non-torsal if det(x, y, x’, y’) # 0
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Ruled surface

Definition

R(t) = [a.x(t) + b.y(t)] where x(t) # y(t) are curves in R*

Definition

Ruled surface is non-torsal if det(x, y, x’, y’) # 0

transformations preserving a ruled surface:

e reparametrization t— f(s)
e gauge transformation x(®) — a(t) b(t) . w(t)
y(t) c(t) d(t) z(t)

where ad— bc # O
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Moving frame of a ruled surface

Ruled surface R(t): t — [a.x(t) + b.y(t)], det(x,y,x",y’) # 0O
Moving frame s: R — GL(4, R) defined by t — g = (x,y,x’,y’)

How does g change infinitesimally?
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Moving frame of a ruled surface

Ruled surface R(t): t — [a.x(t) + b.y(t)], det(x,y,x",y’) # 0O

Moving frame s: R — GL(4, R) defined by t — g = (x,y,x’,y’)

How does g change infinitesimally?

(X/, yl, X”, y//) — (X, y, X,, y/) .

o - O O

(Mauer-Cartan form: s*w=g""g’)

- O O O

an
a2
pn
P12

an
a2
P21
P22
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Moving frame of a ruled surface

(X/, yl' X”, y//) — (X, y, X/, yl) .

o -~ O O

- O O O

an
a2
P11
P12

ax
dz2
b21
P22

4/1



Moving frame of a ruled surface

|

(X/, y/, X”, y//) — (X, y, X/, y/) .

gauge transformation
(x, y — asymptotic)

|

o -~ O O

o -~ O O

- O O O

- O O O

an
a2
bn
P12

qn

q12
0

0]

ax
dz2
b21
P22

q21

q22
0

0]

4/1



Moving frame of a ruled surface

(X/, y/, X”, y//) — (X, y, X/, y/) .

gauge transformation_
. —_—
(x, y — asymptotic)
reparametrization |
. —_
+ appropriate gauge

0 O gn g
0 O g 9»
1T 0 pu pxn
O 1 pi2 p2
0 0O gn aqn
O O gz g2
1 O O 0
O 1 O 0
an+ag»=0
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Moving frame of a ruled surface

O O gn qo
O O g1z —an
/7 / 17 77 / /
x, v, x"’, = (xyx,y)-
x"y y") = (xy.x,y’) 10 0 o
O 1 O 0
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Moving frame of a ruled surface

O O gn qo
O O g1z —an
/7 / 17 77 / /
x, v, x"’, = (xy.x,y)-
x"y y") = (xy.x,y’) 10 0 o
O 1 O 0

zero trace is preserved by

as+ g X
Ys+6 y

t—

) — B- (VZV) (B € GL(2) const.)
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Moving frame of a ruled surface

O O gn qo
O O g1z —an
/7 / 17 77 / /
x, v, x"’, = (xy.x,y)-
x"y y") = (xy.x,y’) 10 0 o
O 1 O 0

zero trace is preserved by

as+,8 X
Ys+6 y

t—

) — B- (VZV) (B € GL(2) const.)

Q= {q,~,~} gives complete invariant system up to transformation

Q—f*(BQB™)
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Pair of linear second order ODE

(X/, y/' X//, y/l) — (X, Y, X/, y/) .

o -~ O O

- O O O

an
a2
Pn
P12

ax
a2
P21
P22
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Pair of linear second order ODE

an g2
di2 q22
b1 P21
P12 P22

(X/, y/' X//, y//) — (X, Y, X/, y/) .

o - O O
- O O O

gives us the second order relation

X" = pux +pny +anx+any
Y’ = paX +pny +anx+axy
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Pair of linear second order ODE

X" = pux +pny +anx+any
Y’ = paX +pny +anx+axy

XYY [P [x*
Set of independent solutions: il 2l a]l |4
y y y 4
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Pair of linear second order ODE

X" = pux +pny +anx+any
Y’ = paX +pny +anx+axy

)02

Integral ruled surface 2R(t): t— [a.x(t)+ b.y(t)]

1

X
Set of independent solutions: { ( 1) ,
y

Where  x(t) = [x(t) : -+ i xa()], y(t) = [ya(t) -+ 2 ya(t)]
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Pair of linear second order ODE

X" = pux +pny +anx+any
Y’ = paX +pny +anx+axy

)02

Integral ruled surface 2R(t): t— [a.x(t)+ b.y(t)]

1

X
Set of independent solutions: { ( 1) ,
y

Where  x(t) = [x(t) : -+ i xa()], y(t) = [ya(t) -+ 2 ya(t)]

Different choice of solutions — projective transformation of 23(t)
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Pair of linear second order ODE

X" = pux +pny +anx+any
Y’ = paX +pny +anx+axy

)02

Integral ruled surface 2R(t): t— [a.x(t)+ b.y(t)]

1
X

Set of independent solutions: { ( 1) ,
y

Where  x(t) = [x(t) : -+ i xa()], y(t) = [ya(t) -+ 2 ya(t)]

Different choice of solutions — projective transformation of 23(t)

gauge transformation «— equivalent pair of ODE
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Wilczynski invariants

vz Wilczynski complete

= puX +pry +anx+any

, , relative invariants [1]
= paX +pry +qux+qgny

604, 64.1, 04, 610, 09

1/

P=0,trQ=0 —— complete matrix invariant Q

0, =—4detQ
641 =—32(detQ)” detQ—36((detQ)’)?
6s =9det(Q’)—2(detqQ)” [2]

010 =—4 detQdet(Q’) + ((detQ)’)?
an 912 g2
8y = det q1l1 qqz q;1
17 17 24
4y 9 9y

8/M



Osculating rank of the Pliicker image

2
a: Gry(4) = P(A) c P(R**) = P(/\R?)
% () — c(t)

p=dim{cc,...,®) — invariant

R non-torsal & ¢’ -’ #0=>c—CeR>3,¢’-C’=1 (conformal lift)

relative conformal invariants:
A =det (Gram (C,C’, . ..,C(i)) )
A4 - 94
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Suggested classification

Test sample - 11 out of 13 classes of homogeneous non-torsal ruled
surfaces (see [3])

e D=dim(c,c/,....,c®) =3 e D=4,A;=6,#0

- quadric, doubly ruled - z=g(x/y)

- Q=0,6=0 - Qdiagonal, 89 = 6,0 =0
0D=4,A4=7:E=)0 e D=5

- z=xy+ h(x

—detc)z/=o,e,-=o - 8 =0

- the flecnodal curves D=6

coincide - otherwise
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