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N = 1 supergravity in 10 dimensions
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N = 1 supergravity in 10 dimensions

Field content:

e}

Lorentzian metric g, (graviton)
2-form B, (Kalb-Ramond field)
1-form A, valued in g (gauge field)

(e]

o

function ¢ (dilaton)

(¢]

2/9



N = 1 supergravity in 10 dimensions

Field content:

e}

Lorentzian metric g, (graviton)
2-form B, (Kalb-Ramond field)
1-form A, valued in g (gauge field)

(e]

o

function ¢ (dilaton)

(¢]

o vector-spinor P# (gravitino)
o spinor p (dilatino; p = v, p* —A)
o g-valued spinor x (gaugino)
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N = 1 supergravity in 10 dimensions

Field content:

e}

Lorentzian metric g, (graviton)
2-form B, (Kalb-Ramond field)
1-form A, valued in g (gauge field)

o vector-spinor P# (gravitino)

(e]

o spinor p (dilatino; p = v, p* —A)

o

o g-valued spinor augino
function ¢ (dilaton) g pinor X (gaugino)

(¢]

Action: S = /M V0gle (R +4|Vp|? — L HupH"™ P + L Tr F FPY R, + pVp
+3 TrXYax — 207V ,p + 20 M, — 2pHp — & TrHix
JF%H;U/,DJ’HVVK[)[) + %II)'“'H#VP’)/W)F) + % Tr)_(Fp +Tr F/WII_JHVVX
+ 357 (10 V) (PYP7 0) — 785 (577 0) Tr(XVpwpX)
_ﬁ(lT)IL’VPUTII)u)(IT)VﬁYPUTII)V) + ﬁ(ﬁ)u’)@pawﬂ) Tr()_(VVpUX)
- % Tr()_(,YMVpX) Tr()_(fyupr))
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Supersymmetry variations
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Supersymmetry variations

08w = €YW)
0By = Evuby) — Tr Ap€mx
0A, = —16%)(
dp = zpe — W ye
p= —Ve + (Vv e + He + g6 (0 1pe 0 )yP7 € + 3(P€)p — 185 TH(XVupX) V" €
Sy = Ve — §Hu e — 3 (bup)e — (bure)r” e + 3 (Pe)by
x = 3Fe—z(&p)e — 3 (Ryue)r o + z(Pe)X,

[Bergshoeff-de Roo—de Wit-van Niewenhuizen '82] [Chapline-Manton '83]
[Dine—Rohm—-Seiberg-Witten '85]
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Supergravity in generalised geometry

[Kupka—Strickland-Constable-V '24]
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Supergravity in generalised geometry

[Kupka—Strickland-Constable-V '24]

S= [ Re?+5.00" + 50p -+ 25D,0°
M
- ﬁlgUﬁz(lzozﬁ/cdewa)(/_)’\/Cdep) - ﬁ0-72(L;<wﬁ/cdeﬁ/’(‘{)('l/;ﬂ”/Cdewﬁ)

0Gab = 0Gas =0, 0Gas = 0G50 = S0~ Evats
5o = o~ (pe)
(5p = me + ﬁ072(’(/_)(17cdewa)’yaje€

0t = Da€+ 50 2(Vap)e + 502 (tavce)yp
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Generalised geometry crashcourse

5/9



Generalised geometry crashcourse

Transitive Courant algebroid (local picture) [Severa '90s]:
o Data: manifold M = R19, Lie algebra g with an invariant pairing Tr
o Vector bundle: E=TM & T*M @ (g x M)
o Fiberwise inner product (x + o+ s,y + 8+ t) := a(y) + B(x) + Tr(st)
o Bracket: [x +a+s,y+ B+ t] =Ly + (LB —iyda+ Trtds)+ (Lt — Lys+ s, t]g)
o Vector bundle map (anchor): a: E — TM, a(x + o + s) = x

5/9



Generalised geometry crashcourse

Transitive Courant algebroid (local picture) [Severa '90s]:
o Data: manifold M = R19, Lie algebra g with an invariant pairing Tr
Vector bundle: E=TM & T*M & (g x M)
Fiberwise inner product (x + o+ s,y + 5+ t) := a(y) + B(x) + Tr(st)
Bracket: [x + o+ s,y + 8+ t] = Ly + (LS — iyda+ Trtds) + (Lt — L,s + [s, t]g)
Vector bundle map (anchor): a: E — TM, a(x + a + s) = x

o

o

o

o}

Bosonic fields [Coimbra—Strickland-Constable-Waldram '11]:
o Generalised metric = symmetric endomorphism G: E — E s.t. G2 =1
~~ orthogonal splitting E = C; @ C_ (denote the frames by e, and e,)
~~ encodes g, B, Avia C; =graph(g+ B+ A: T — T*Dg)
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Transitive Courant algebroid (local picture) [Severa '90s]:
o Data: manifold M = R19, Lie algebra g with an invariant pairing Tr
Vector bundle: E=TM & T*M & (g x M)
Fiberwise inner product (x + o+ s,y + 5+ t) := a(y) + B(x) + Tr(st)
Bracket: [x + o+ s,y + 8+ t] = Ly + (LS — iyda+ Trtds) + (Lt — L,s + [s, t]g)
Vector bundle map (anchor): a: E — TM, a(x + a + s) = x

o

o

o

o}

Bosonic fields [Coimbra—Strickland-Constable-Waldram '11]:

o Generalised metric = symmetric endomorphism G: E — E s.t. G2 =1
~~ orthogonal splitting E = C; @ C_ (denote the frames by e, and e,)
~~ encodes g, B, Avia C; =graph(g+ B+ A: T — T*Dg)

o Nonzero half-density o € ['(H)
~~ encodes the dilaton ¢ via 02 = /|g|e %%
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Levi-Civita connections:
o connection D: I'(E) x T(E) — I'(E) s.t.
Dgyv = tDyv, Dy(fv) = fDyv + (a(u)f)v, D(-, -)=0

~~ induces action on half-densities via Dy0 = L,,)0 — o Tr(Du)
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connection D: T(E) x [(E) — I'(E) s.t.

Dgyv = tDyv, Dy(fv) = fDyv + (a(u)f)v, D(-, -)=0

~~ induces action on half-densities via Dy0 = L,,)0 — o Tr(Du)
Levi-Civita D@ =0,Dc =0, T =0

Thm [Garcia-Fernandez '16] They exist but are not unique.

There however exist unique operators (only depending on ¢ and o): R, D, ...
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o Levi-Civita DG =0,Do =0, T =0
o Thm [Garcia-Fernandez '16] They exist but are not unique.

o There however exist unique operators (only depending on ¢ and o): R, D, ...

Fermions:
o assume that signature of Cy is (9,1) (while C_ unrestricted)
o denote the Majorana—Weyl spinor bundles for C, by Si
o generalised dilatino p € (NS ® H) ~~ corresponds to p
generalised gravitino ¢ € I'(MS_ ® C_ ® H) ~» corresponds to { and x

o

o supersymmetry parameter € € [(MS_ @ H)
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Supergravity in generalised geometry again

[Kupka—Strickland-Constable-V '24]

S— / Ro? + Do DV® + pBp + 25Dat)®
M

— b0 2(Prreaet)(77) = 0 2(Fureaet*) Dy e0”)

0Gab = 0Gap =0, 0Gap =0Gpa = %0_25%1#@
0o = %0_1(,56)
5P = me + T;U_2(J}a'7cdewa)7<:dee

0o = Dac + g0 2(Yap)e + 30 2(Yarce)p
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Why is this hard: Fierz identities (dimension specific)
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Why is this hard: Fierz identities (dimension specific)

(M) (Ratiz) = 15 (M h2) (P17 De2) + g6 (Arvs) ro) (a7 Puia)
+ 3315 (A11(5)22) (917 ,)

(AM7222)(A377 A1) = 3(A17223) (A2 Aa) + (5\17(3))\3)(5\27(3))\4)
(M7aA2) (17742) = %( 191)(Aati2) + 1%(5‘17(2)¢1)(/_\27(2)¢2)+ ﬁ(j\17(4)1/)1)(5\2’7(4)1/12)

(AM?P01) (P27at3) = — 15 (A" o) (P17ets) — 15 (A2) (P17P1h3) — 35 (AyP% ) (Ph1Vedet)s)
— 35 (M1ea®2) (P17°3) — 555 (Medert2) (G177 ¢3)

L)X = P 0X (P N M =0 (AP A Mabe = 0
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Conclusions and remarks

Completion of the program of writing supergravity via generalised geometry.

o

o

Allows the check of supersymmetry by hand.

o

Simplification even when returning back to ordinary variables (only vapc)-

o

Confirmation that gen. geometry provides natural variables for string massless sector.

Generalised Lichnerowitz identity: L?Q + DD, = —% R on spinor half-densities

(¢]

e}

Case ¢ =1 ~ dilatonic gravity (topological locally supersymmetric theory for o & p)

e}

Case M = {x} ~~ finite-dimensional toy model of supergravity
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