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N = 1 supergravity in 10 dimensions

Field content:

◦ Lorentzian metric gµν (graviton)

◦ 2-form Bµν (Kalb–Ramond field)

◦ 1-form Aµ valued in g (gauge field)

◦ function φ (dilaton)

◦ vector-spinor ψµ (gravitino)

◦ spinor ρ (dilatino; ρ = γµψ
µ − λ)

◦ g-valued spinor χ (gaugino)

Action: S =

∫
M

√
|g |e−2φ(R + 4|∇φ|2 − 1

12HµνρH
µνρ + 1

4 Tr FµνF
µν−ψ̄µ /∇ψµ + ρ /∇ρ

+1
2 Tr χ̄ /∇Aχ− 2ψ̄µ∇µρ+

1
4ψ̄

µ /Hψµ − 1
4 ρ̄/Hρ−

1
8 Tr χ̄/Hχ

+1
2Hµνρψ̄

µγνψρ + 1
4ψ̄

µHµνργ
νρρ+ 1

2 Tr χ̄/Fρ+ Tr Fµνψ̄
µγνχ

+ 1
384(ψ̄µγνρσψ

µ)(ρ̄γνρσρ)− 1
768(ρ̄γ

µνρρ) Tr(χ̄γµνρχ)

− 1
192(ψ̄µγρστψ

µ)(ψ̄νγ
ρστψν) + 1

192(ψ̄µγνρσψ
µ) Tr(χ̄γνρσχ)

− 1
768 Tr(χ̄γµνρχ) Tr(χ̄γ

µνρχ))
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Supersymmetry variations

δgµν = ϵ̄γ(µψν)

δBµν = ϵ̄γ[µψν] − TrA[µϵ̄γν]χ

δAµ = −1
2 ϵ̄γµχ

δφ = 1
4 ρ̄ϵ−

1
4ψ̄

µγµϵ

δρ = − /∇ϵ+ (∇µφ)γ
µϵ+ 1

4
/Hϵ+ 1

96(ψ̄µγνρσψ
µ)γνρσϵ+ 1

4(ρ̄ϵ)ρ−
1

192 Tr(χ̄γµνρχ)γ
µνρϵ

δψµ = ∇µϵ− 1
8Hµνργ

νρϵ− 1
4(ψ̄µρ)ϵ− 1

4(ψ̄µγνϵ)γ
νρ+ 1

4(ρ̄ϵ)ψµ

δχ = 1
2
/Fϵ− 1

4(χ̄ρ)ϵ−
1
4(χ̄γµϵ)γ

µρ+ 1
4(ρ̄ϵ)χ,

[Bergshoeff–de Roo–de Wit–van Niewenhuizen ’82] [Chapline–Manton ’83]
[Dine–Rohm–Seiberg–Witten ’85]

3 / 9



Supersymmetry variations

δgµν = ϵ̄γ(µψν)

δBµν = ϵ̄γ[µψν] − TrA[µϵ̄γν]χ

δAµ = −1
2 ϵ̄γµχ

δφ = 1
4 ρ̄ϵ−

1
4ψ̄

µγµϵ

δρ = − /∇ϵ+ (∇µφ)γ
µϵ+ 1

4
/Hϵ+ 1

96(ψ̄µγνρσψ
µ)γνρσϵ+ 1

4(ρ̄ϵ)ρ−
1

192 Tr(χ̄γµνρχ)γ
µνρϵ

δψµ = ∇µϵ− 1
8Hµνργ

νρϵ− 1
4(ψ̄µρ)ϵ− 1

4(ψ̄µγνϵ)γ
νρ+ 1

4(ρ̄ϵ)ψµ

δχ = 1
2
/Fϵ− 1

4(χ̄ρ)ϵ−
1
4(χ̄γµϵ)γ

µρ+ 1
4(ρ̄ϵ)χ,

[Bergshoeff–de Roo–de Wit–van Niewenhuizen ’82] [Chapline–Manton ’83]
[Dine–Rohm–Seiberg–Witten ’85]

3 / 9



Supergravity in generalised geometry

[Kupka–Strickland-Constable–V ’24]

S =

∫
M
Rσ2+ ψ̄α /Dψ

α + ρ̄ /Dρ+ 2ρ̄Dαψ
α

− 1
768σ

−2(ψ̄αγcdeψ
α)(ρ̄γcdeρ)− 1

384σ
−2(ψ̄αγcdeψ

α)(ψ̄βγ
cdeψβ)

δGab = δGαβ = 0, δGaβ = δGβa =
1
2σ

−2ϵ̄γaψβ

δσ = 1
8σ

−1(ρ̄ϵ)

δρ = /Dϵ+ 1
192σ

−2(ψ̄αγcdeψ
α)γcdeϵ

δψα = Dαϵ+
1
8σ

−2(ψ̄αρ)ϵ+
1
8σ

−2(ψ̄αγcϵ)γ
cρ
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Generalised geometry crashcourse

Transitive Courant algebroid (local picture) [Ševera ’90s]:

◦ Data: manifold M = R10, Lie algebra g with an invariant pairing Tr

◦ Vector bundle: E = TM ⊕ T ∗M ⊕ (g×M)

◦ Fiberwise inner product ⟨x + α+ s, y + β + t⟩ := α(y) + β(x) + Tr(st)

◦ Bracket: [x + α+ s, y + β + t] = Lxy + (Lxβ − iydα+ Tr t ds) + (Lx t − Ly s + [s, t]g)

◦ Vector bundle map (anchor): a : E → TM, a(x + α+ s) = x

Bosonic fields [Coimbra–Strickland-Constable–Waldram ’11]:

◦ Generalised metric = symmetric endomorphism G : E → E s.t. G2 = 1

⇝ orthogonal splitting E = C+ ⊕ C− (denote the frames by ea and eα)

⇝ encodes g ,B,A via C+ = graph(g + B + A : T → T ∗ ⊕ g)

◦ Nonzero half-density σ ∈ Γ(H)

⇝ encodes the dilaton φ via σ2 =
√
|g |e−2φ
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Levi-Civita connections:

◦ connection D : Γ(E )× Γ(E ) → Γ(E ) s.t.

Dfuv = fDuv , Du(fv) = fDuv + (a(u)f )v , D⟨ · , · ⟩ = 0

⇝ induces action on half-densities via Duσ = La(u)σ − 1
2σTr(Du)

◦ Levi-Civita DG = 0, Dσ = 0, T = 0

◦ Thm [Garcia-Fernandez ’16] They exist but are not unique.

◦ There however exist unique operators (only depending on G and σ): R, /D, . . .

Fermions:

◦ assume that signature of C+ is (9, 1) (while C− unrestricted)

◦ denote the Majorana–Weyl spinor bundles for C+ by S±

◦ generalised dilatino ρ ∈ Γ(ΠS+ ⊗ H) ⇝ corresponds to ρ

◦ generalised gravitino ψ ∈ Γ(ΠS− ⊗ C− ⊗ H) ⇝ corresponds to ψ and χ

◦ supersymmetry parameter ϵ ∈ Γ(ΠS− ⊗ H)
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Supergravity in generalised geometry again

[Kupka–Strickland-Constable–V ’24]

S =

∫
M
Rσ2 + ψ̄α /Dψ

α + ρ̄ /Dρ+ 2ρ̄Dαψ
α

− 1
768σ

−2(ψ̄αγcdeψ
α)(ρ̄γcdeρ)− 1

384σ
−2(ψ̄αγcdeψ

α)(ψ̄βγ
cdeψβ)

δGab = δGαβ = 0, δGaβ = δGβa =
1
2σ

−2ϵ̄γaψβ

δσ = 1
8σ

−1(ρ̄ϵ)

δρ = /Dϵ+ 1
192σ

−2(ψ̄αγcdeψ
α)γcdeϵ

δψα = Dαϵ+
1
8σ

−2(ψ̄αρ)ϵ+
1
8σ

−2(ψ̄αγcϵ)γ
cρ
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Why is this hard: Fierz identities (dimension specific)

(λ̄1ψ1)(λ̄2ψ2) =
1
16(λ̄1γ(1)λ2)(ψ̄1γ

(1)ψ2) +
1
96(λ̄1γ(3)λ2)(ψ̄1γ

(3)ψ2)

+ 1
3840(λ̄1γ(5)λ2)(ψ̄1γ

(5)ψ2)

(λ̄1γaλ2)(λ̄3γ
aλ4) =

1
2(λ̄1γaλ3)(λ̄2γ

aλ4) +
1
24(λ̄1γ(3)λ3)(λ̄2γ

(3)λ4)

(λ̄1γaλ2)(ψ̄1γ
aψ2) =

5
8(λ̄1ψ1)(λ̄2ψ2) +

3
16(λ̄1γ(2)ψ1)(λ̄2γ

(2)ψ2) +
1

192(λ̄1γ(4)ψ1)(λ̄2γ
(4)ψ2)

(λ̄γabψ1)(ψ̄2γaψ3) = − 7
16(λ̄γ

bcψ2)(ψ̄1γcψ3)− 9
16(λ̄ψ2)(ψ̄1γ

bψ3)− 1
32(λ̄γ

bcdeψ2)(ψ̄1γcdeψ3)

− 5
32(λ̄γcdψ2)(ψ̄1γ

bcdψ3)− 1
384(λ̄γcdef ψ2)(ψ̄1γ

bcdef ψ3)

1
2(λ̄γ

d [abλ)λ̄γdγ
c] = (λ̄γabcλ)λ̄ (λ̄γabcλ)λ̄γab = 0 (λ̄γabcλ)λ̄γabc = 0
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Conclusions and remarks

◦ Completion of the program of writing supergravity via generalised geometry.

◦ Allows the check of supersymmetry by hand.

◦ Simplification even when returning back to ordinary variables (only γabc).

◦ Confirmation that gen. geometry provides natural variables for string massless sector.

◦ Generalised Lichnerowitz identity: /D
2
+ DαDα = −1

8 R on spinor half-densities

◦ Case G = 1 ⇝ dilatonic gravity (topological locally supersymmetric theory for σ & ρ)

◦ Case M = {∗} ⇝ finite-dimensional toy model of supergravity
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