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Higher order connections
Introduction, setting and goals

L Noncommutative differential geometry

Differentiable algebras

Let A be a unital associative algebra over a commutative ring k.

Definition
An exterior algebra, or differential calculus, for A, is a differential graded

algebra
(3, d, 1)

where d has degree 1, satisfying the surjectivity condition

QY =A Q= (dA)

Let's call (A, d) a differentiable algebra.
Our notions of noncommutative differential geometry will take place in
the category sMod of left modules over A.
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L Noncommutative differential geometry

Jet functors in noncommutative geometry

A differentiable algebra gives rise to a family of endofunctors J] on 4Mod,
which we call the jet functors. Natural transformations (n > m > h):

jiid — Jj "y — I,

such that
n,m mh __ _n,h n,m n __ :m
momy =Ty, Ty ©Jd =Jd-

Note that we have J° = id.

For more details on this construction see the poster by M.Mantegazza!
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Noncommutative differential geometry

Symmetric forms and jet functors

We define the functors

For n > 0, the functor of symmetric forms S7 is defined by induction as
the kernel of the following composition

/\
Szl 5;n—71 Szl(L §21 f;n 2 2 5;n—72
d© 24 4> d©3g© 4> Q5054

and 7: S — QY 0 S5~ is the inclusion.

» Natural transformation:

n. ¢cn n n,m n _
Ld‘Sd—>Jd 7Td OLd—O,
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Higher order connections
Introduction, setting and goals
I Classical limit

Classical correspondence

Theorem

Let A= C*(M) and d be the usual exterior derivative. Let E be a
vector bundle over M. Then JJ(T'(E)) =T(J"(M, E)), and all the
natural transformations coincide with their classical version.

Remark

One of our guiding principles is a semantic correspondence, in that our
NCG propositions and formulas remain valid when interpreted in the
obvious differential geometric way.
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Differential operators

Differential operators

Definition
Let E,F € sMod. A k-linear map A: E — F is called a linear differential
operator of order at most n with respect to the exterior algebra Q8, if

there exists an /\ © aHom(JJE, F) such that the following diagram

commutes:
JNE

ie] x

E—2F

If n is minimal, we say that A is a linear differential operator of order n.
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L Differential operators

Algebras and category of differential operators

Proposition
Let n < m, then a differential operator of order at most n is also a
differential operator of order at most m.

Proposition

Let Ai: E — F and A,: F — G be differential operators of order at
most n and m, respectively. Then the composition Ny o A1: E — G is a
differential operator of order at most n + m.

Corollary

The differential operators form a category with objects left A-modules,
and Diff4(E, E) is a unital associative k-algebra for each E.
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L Differential operators

Definition (Symbol of a differential operator)
Let E and F be in sMod, we define

Symb}(E, F) := Diff(E, F)/ Diff *(E, F),
for all n > 0, with the convention Diff ;*(E, F) = 0. We call the quotient

projection <}j: Diffg(E, F) — Symby(E, F) the symbol map, and the
symbol of A € Diffg(E, F) is the equivalence class ¢J(A) containing A.

Ifim(cg ) € Ajj g(E), then the mapping rj ¢ ¢ defined by
10 e ri Symbi(E, F) — aHom(SH(E), F), <B(A) > Aol .

is well-defined and natural in E and F.
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L Differential operators

Symbol algebras

Proposition
For each A-module E, Symb,(E, E) inherits a graded product from
Diff4(E, E), and is a unital associative k-algebra.

Remark
Classically, Symb,(C> (M), C>=(M)) = C3, (T*M), functions on the

poly
total space of the cotangent bundle which are polynomial in fibres.

In the noncommutative setting, these symbol algebras are not
commutative algebras, but they are “symmetric” in the same sense as the
symmetric forms.

Vac A, > 0i00(a)0;®ab;€S]

ij
whenever Q}, is parallelizable.
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Higher order connections
Natural differential operators

Spencer operators

Spencer operators

Definition
The Spencer operators are natural transformations for n > 1 and m > 0
with component at E in ;AMod

SgE: QIJGE — Q7T ITUE,

w®a Y ¥ii(z) @ak— Y d(wy)z ©a &),
J J

for all w € QF and 3", y; j4(z) ®a &5 € JJE C J3JT'E.

Proposition (Classical Spencer)

The Spencer operator coincides with the operator given by the formula

WRAE— dw g FZZZ:_]'(E) + (—1)de8@) gy A Sg:%(f).
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Higher order connections
Natural differential operators

Spencer operators

Spencer bicomplex

0 > 0 > idAMod 1dAMod — 0
js it
L" 7.rn,nfl
0— S5 : Jg : Jit—0
d d d
,0 ,0 —1,0
—d3 K S5
¥ Ql(bn_l) e Ql(ﬂ_nfl,n72) A
1 ¢cn—1 d\"d 1 yn—17"d\"d 1 yn—2
0— QL QL QL2 50
_gn—Lt gn-11 gn—2.1
d d d
e QZ(Ln72) ~ QZ(Trn—Q,n—3) ~
2 cn—2 d\%q 2 yn—2 *"d\"d 2 n—3
0— 2 Q2 Q23 50
—2,2 —2,2 —3,2
- sh Sh
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Jet exact sequences

Jet exact sequence

Theorem (Holonomic jet exact sequence)

Let A be a k-algebra endowed with an exterior algebra Q% such that Q)
Q2, and Q3 are flat in Moda. For n > 1, if the Spencer & cohomology
H™?2 vanishes, for all 1 < m < n — 2, then the following sequence is
exact,

n n,n—1

L — —
0 5{} b Jg d >J('] 1 H—2.2

Therefore, if H"=%2 = 0 we obtain a short exact sequence

n n,n—

1
L —
0 R R L > 0.

From now on, we will assume that the jet sequence is exact for all n, and
also that JJA = Ajj(A).

12/24



Higher order connections
Higher order connections

Higher order connections

Connections on modules

Definition
A left connection on E is a k-linear map V: E — QLE satisfying

V(ae) = da®ae+aV(e)

Proposition
A map V is a left connection if and only if it is a differential operator of
order 1 with restriction symbol ide E, i.e.

0— 5 QE" S JE— S E 0

1,0
td,E T4 E

the jet lift V is a retraction of Lb’ g, or equivalently, a splitting of the first
jet exact sequence in sAMod.
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Higher order connections
.

Higher order connections

Definition

Let E be in sAMod. A (left) n-connection on E is a section

C": JI7YE < JTE in AMod of the jet projection ﬂ'g:Z-_IZ JNE — JIE.
The n-connections are in bijective correspondence with right splittings in
AMod:

n n,n—1
0 SIE %, JnE (\”"_/ JE 0.
CI'I

> n'th order differential operators V": E — SJE with restriction
symbol the identity.

> Left splittings v
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L Higher order connections

Higher Order Connections < Left Connections on Jets

Theorem
Assume that QY and Q% are flat in Moda. Then there is a bijective
correspondence between n-connections C" on E, and left connections
V on J”flE satisfying

1 Ql( n— 1n 2)Ov :SZ—ELO,.

2. The curvature Ry : Jg_lE — Qf,Jg_lE has values in QgSg_lE.
The correspondence:

> (" Vi=8)%oCn

» V — C" associated to V" characterized by

Qi) o go V" =Vo it E— QuJ'E.
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Higher order connections
Quantizations

The symbol sequence
:

The Symbol Sequence

n

q

0 —— Diffi *(E, F) —— Diff(E, F) —— Symb(E,F) ——0
d,E,F

Definition
An n-quantization for (E, F) is an sHom(F, F)-linear right splitting of

SdEF le
q": Symbj(E, F) — Diffy(E, F).

such that ¢ g o q" = idsymbg(E,F)- If it exists, the map

q=>_q": Symb,(E, F) — Diff4(E, F)
neN

is called a (full) quantization for (E, F).

16/24



Higher order connections
Quantizations

The symbol sequence

Quantizations < Higher Order Connections

Theorem

Let E € sMod. Natural n-quantizations q": Symbg(E, —) — Diff(E, —)
are in bijective correspondence with n-connections C": Ji 'E — JIE.
Explicitly, the correspondence is as follows

q"(<d(A)) = rd e,s3e(sg(A)) o V.
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Quantizations

The symbol sequence

Theorem (Full quantization)

Let E in sMod. Suppose we have a family of connections V4F on SIE
and left splittings s for 1} g: SJE — QLST ™ E. Then there is an
induced full quantization q.

q"(s3(A)) = rg(sg(A))ost" oV Eoshin=26ySi Eo. . .osl oV HEOVE.
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Higher order connections
Quantizations

Phase space quantization

Definition
Let A be a linear differential operator of order n. Let AN = A, and
recursively define

AR — Ak+1) _ qk+1(§§+1(A(k+1)))
for0 < k<n-—1.
a(8) = AT +GTHAC D) + -+ G(AD)
is called the total symbol of A with respect to the quantization q.

Proposition

A=Y gog(al) = gog(a),
i=0
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Quantizations

L Phase space quantization

Definition
Let h be a formal parameter. We define the total Hamiltonian map
Hamy,: Diff4(A, A) — Symb,(A, A) by
Hamj;(A) =) " hkek(AW),
k
where A s as in the total symbol coming from q. This admits a

section, given by hy = @, Iikqi. The star product x corresponding to the
quantization q is then given by the formula

a* b = Hamp(hg(a) o he(b)).

for two arbitrary elements a, b € Symb,(A, A).
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L Phase space quantization

Phase space quantization

Proposition
The star product gives a family of unital associative algebra structures on
Symby(A, A), which can be written as

axb = <" (n(a)oqm(b) " ™) +hs) " (qn(@)0am (b)) V) 4+ - R T sG(an(a)oam(h) ),

for elements a € Symby(A, A) and b € Symbj/ (A, A). These new algebra
structures are filtered deformations of the usual graded product on
Symb,(A, A), meaning that

m+n—1
ab—axbe @ Symbk(A, A),
k=0

i.e. the two products agree on the degree m + n term and

ax b= ab+ O(h).
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[ Quantizations

L Examples

Consider the algebra H of quaternions, with structure equations
dk = —jdi + idj
The jet modules JJH are
SH~H PH~HY JSH= J2H,---

We have that Diff4(H, H) is generated by 9;,9; and R;, R;, Rx.
Proposition

There is a unique bimodule connection ¥V on QY, with generalized
braiding o given by A@y B+— —B @y A for A, B € {di, dj} and extended
bilinearly. This V is torsion free, and is the Grassmann connection for the
frame di, dj.
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Higher order connections

Quantizations

Examples
.

Proposition

Let Ly = L(2) + L(l) + L(o) be the decomposition of Ly given by the
canonical quantlzatlon from the theorem, taking V as the connection on
QL =S5, sb = L(id + 0), and V' = d. Then

2 = 2[8;,0]]
LY =2(0;j— 0 )
L(O) =R,
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Quantizations

L Examples

Finally let us describe the star product on Symb, (H, H). We will write it
in terms of a generator set, letting x; = [R;], x; = [R;] and p; = [0}],

pj = [0;] play the réles of generalized position and momenta.
Proposition

The star product on Symb,(H, H) defined by the quantization coming
from V is given by

Xz * Xp = XaXp
Xa * Pp = XaPb
Pa* Xp = —XpPa + A0}
Pa* Pb = PaPb
where a, b € {i,j}, and 6}, is the Kronecker symbol. In particular, for all
values of h we have that x; and x; generate a subalgebra isomorphic to

HP, and pip; = —pjpi, p; = p; = 0. The original symbol algebra
structure is recovered for h = 0.
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