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Conformal sphere S”

A conformal Riemannian structure on a smooth manifold M of
dimension n ... class of Riemannian metrics that differ by a
multiple of an everywhere positive function.

m The homogeneous model (maximally symmetric conformal
manifold) ... the sphere S” with the conformal class
represented by the standard round metric.

m The Lie group of conformal transformations ... isomorphic to
G := O(n+1,1), with the Lie algebra g := so(n+1,1).
m ... follows from the realization of S” as the projectivization of

the cone of non-zero null-vectors in the pseudo-Euclidean
space R"T11 of signature (n+1,1).

m The group G ... acts transitively on S” and the stabilizer of a
point is the Poincaré subgroup P C G, so S" = G/P.



Matrix description of S”

We write elements of g as (1, n, 1)-block matrices

a Z 0
X A -ZT
0 —-XT —A

forae R, A€so(n)and X,Z" € R".

m The Lie algebra p C g corresponds to the upper triangular
matrices ... red

m There is a natural complement ¢ of p in g such that g=c®p
giving natural exponential coordinates on S” around the origin
o=-¢eP ... blue

. reflects the projectivization of the cone in R"1:1

0 0 0 1 0 0\ /g 1
exp<x 0 0>o: X E 0 (o>: X
0-XT0 —3(X.X) =xT1 ) \o -3(x.x) )’

(,) ... the standard scalar product on R"



Curves

We consider the curve

We denote
m U=+ =(47(t)) ... velocity vector
m A=U = (j—;fy(t)) ... acceleration vector

and so on for subsequent derivatives.
We denote the length of the velocity vector
u=+/(U,U)

for the standard scalar product on R".



Standard tractors

We employ tractor viewpoint on curves here.

m We consider the standard tractor bundle with the tractor
metric ... modeled on R"™2 with the standard pseudo-metric
of signature (n+ 1, n).

m We deal with the standard representation
p:so(n+1,1) — gl(R"2).

m The (flat) standard tractor connection ... decomposes into the
fundamental derivative and the algebraic action

D+ p,

where we view tractors as sections of ¢ x R"2 i.e. we employ
the description in exponential coordinates ... restriction to c.



Tractor series for curves

For each curve v ... canonical series of derived standard tractors by

means of the tractor derivative.
We write these tractors via coordinates in the standard basis of
R"*2 that we decompose according to the standard tractors as

R1+n+1 <eO> + <ela sy en> =+ <en+1>'

T=utey
n
U=T =-u(UAe+ Y u Ve
i=1

A=T = (u3{A A — (UA)) +3u"%(U,A)?)e

+Z (U, AVU; + u A e — uenia



Conformal circles

The curve is a conformal circle ... T, U, A, A’ are linearly dependent
... T3:=T AUA A is parallel along ~ for the tractor connection.

m For each (parametrized) curve ... by means of the tractor

metric
T U A A/
T 0 0 -1 0
U 0 1 0 —aq
Al-1 0 o i
ANl 0 —og %0/1 Qo

m Then we can use e.g. the Cramer rule to write the tractor
combination explicitly

1
A= —a;U - 504']1‘

m Then we compute

1
(TAUAA) = U/\UAA—}-T/\A/\A—}-T/\U/\(—alU—Ea'lT) =0.



3-tractor T3

We compute T3 := T AU A A € A3R™2 explicitly in the basis
b3 := {e;/\ej/\ek : i<j<k}

_32 )eo/\e,/\ej—uleeo/\e,/\enH
i<j i

Denoting ¢j; the alternating symbol and omitting the sums ...

T3 = U736,'J'U,'Aj eoNeNe — U71U,' e N € N enpt1.

On conformal sphere §”, each conformal Killing-Yano 2-tensor
corresponds to an element of the tractor space ASR"*2. Then its
pairing (w.r.t. the tractor metric) with the 3-tractor TAU A A
gives a conserved quantity of conformal circles.



CKY 2-forms and tractors

CKY 2-form ... the tractor bundle for the representation

p3 g — gl(A’R™)

m To describe the corresponding tractors in exponential
coordinates ...

exp(X) — exp(—p3(X))(w)

where X € ¢ reflects exponential coordinates on the sphere
and w are coordinates in the respresentation space.

m Thus we describe the standard action of
0 0 O
(X 0 0)
0-xT0

on the standard basis of R™*2 and extend tensorialy.



Conserved quantities for circles

We will use the notation

x=(x), U=(i)=y, A=(z)=2

wherei=1,...,n. Here N=n+1land 0<i<j< Nandecis
the alternating symbol.

1
Qoin = Vi + Xk€ikYiZk
I yll” ||)’||3 Z e
1 1 2 2 2
Qojj = mfjixj)’i + W(— Zxk +2x7 + 2x7 )ejjyizi+

Hy||3 Z Xk (Xi€kjyxZj + Xj€ikYiZk)
k#i,j

1 1
Qoij = 7—3€iYiz Qik = T3 €ikXiYjZk
llyll Iyl



Dimension 3

_ 21 x2 (122 — y2z1) x3 (123 — y321)
Qe = V2 + 24y (2 +m2 +332)%2 0 (12 + a2 +y32)*/?
_ y2 _ bz —ya) 3 (v223 — y322)
Q24 = V2t 2 +y32 (1242 +132)%2 (12 4 2 + 32)3/2
y3 anz —yz)  xe(z —ysn)
Qe = V12 +y22 + y3? N N2+ %+ y32)3/2 2+ %+ y32)3/2
x1y2 — X2y1 (X12 +x” — X32) 1z — y2z1) x1x3 (y223 — y322) xox3 (y123 — y321)
Q2 = V2 +y22 +y3? 2 (y12 4+ y2% + y32)3/2 B 2+ 2+ y32)3/z (12 + y2? +y32)3/2
X1y3 — X3¥1 (X12 - X22 + X32) (v1z3 — y321) x1x2 (223 — y322) xox3 (Y122 — y2z1)
Qors = = Vn? +y2? + y3? 2 (y12 4+ y2? + Y32)3/2 (n1?2 +y22 + y32)3/2 (1% +y22 + Y32)3/2
Qs = Xy =Xy (_Xlz +x? +X32) (223 = y322) L 1z —y3z1)  xix3s(nz — yez)
T Vn? +y2? + y3? 2 (y12 + y2? +)’32)3/2 (12 +»2 + }'32)3/2 (12 +»2 + y32)3/2
Quas = V122 — y2z1
%+ %+ }’32)3/2
Quas = Y123 — y321
%+ %+ }’32)3/2
Qoas = Y223 — Y322

3/2
(12 + y22 + y32) /
X1y223 — X1y322 — X2y123 + Xpy321 + X3y122 — X3y221

2+ 2%+ ,V32)3/2

Qs =



Loxodromes and more general curves

m The curve is circle ... dependency of T, U, A, A’ ...
determinant A4 of the table viewed as a matrix satisfies
Ay=0

m The curve satisfies As = 0 ... tractors T, U, A, A’, A” are
linearly dependent ... more general family of curves than
loxodromes.

We then compute

A 1
A= 2N — 1A+ ——(a)(2an — Ag) — 1)U+

20, 27,
1
A, ——(2a1(a}))? — 403 — 205 A4 — aja)T

Let us naively derive A - TAUAAANA  foraeR

!/
(A2 -TAUAAANAY =((AF) +AF- 2AA4 ) TAUAAAA
4

m aATIAL A 2A4 =0 ... parallel for a=—3; A}, =0

As ... relative invariants, (non)vanishing independent of reparametrization



Loxodromes

There is a series of absolute invariants

1 _5 1 9
p1= =5 (~Da) "2 (010] — SR + 15(04))

k2 = —(~Dg) 73 ((—1)As)2 A5

1 1
ko= —(D4) "5 (Dps1D013)2 A,

m The curve is a loxodrome ... k1 is constant and k> vanishes.
Then
m The condition ky = 0 is equivalent to A = 0 for A4 # 0.

m There is a question on additional conditions to the
dependency of tractors that emphasize loxodromes.

m Assuming A4 constant gives a1 constant for k1 constant.
m The condition a7 constant gives a parametrization.

m If A4 and «q are constant, then k1 is constant.



4-tractor T4

We can analogously use T4 :=TAUA A A A’ and its pairing with
elements of A*R™2 (that correspond to CKY 3-forms) to find
conserved quantities.

We compute Ty in coordinates in the basis
b4:{e,-/\ej/\ek/\e/:i<j<k</}
and we get

Ty = u_46,'jk U,'AJ'AZ eoNeNeNe—
3u_4<U, A)E,'J'U,'Aj eoNeNeNepp1+

U_2€,'j U,'Aj- eo N e NeNent1



Conserved quantities

We use the notation

x=(x), U=W)=y, A=(z)=2 A=(v)=v

wherei=1,...,n. Here N=n+land 0<i<j< k</|<N.

3 1
o = [y 1013~ e + e 3 sz
ij#l

3 2 )
Qoijk = W<y’ Z)€ijkXiyjzk — Wﬁijkxi)/)f"k_
2 _ 52
T ZX’ S B
Z X/(X,'E/J'kijkV/ + Xj€iYizivi + Xkeij/}/iZjVI)
114,k

1 1
Qjjn = Weijk)/izij Qijk = We;jk/x,-yjzkv,



Dimension 3

. use scalar product, cross product and wedge product
.. thus a A b A c is the scale given by the determinant of the
corresponding matrix and

anb=((55) (o) (Bm)

1 3
Qo124 = 4x1y/\z/\v— Ty AvE Ty 2)y Az
ly H Iyl llyll
1 3
Qo134 = 4X2y/\2/\V— Y AV A+ Ty, Z)y Nz
ly H llyll lyll
1 3
Qooza = ——x3y NzAv— —=yAv+ (y,z2)y Nz
ly ||4 ||y||2 ly[I*
Q —i< XA YA ANy Av +1”X”2 Az A
OB Ty YT Iy ||2X 2y e

Q1234 = Ty ||4y/\z/\v



Dunajski-Krynski, 2021

Consider 4t" order ODE
dC
T 0
C=u2(A-u2(A A —2u %A U)+
4u=*(U, A2 — 2u2(A, U))
...equivalent to the system od four 15t order ODE ...
4n-dimensional Hamiltonian phase space variables (X, U, P, R)

X=U
U=u’R-2(UR)U
P=0

R = —|RI*U +2(U,R)YR — P

... Hamiltonian system for the Hamiltonian

1
H= Euzmﬁ —(U,R)R - P



Black magic from Prim in dim 3

m ... uses Lagrangian viewpoint and conformal Killing vector
fields to find conserved quantities of the Mercator equation

Let V be a conformal Killing vector field restricted to . Then the
function

F= %(W, VY + (W, V) —(C,V), W=u"2U

is constant on any solution curve of the Mercator equation.
m ... finds functionally independent set of her quantities

m ... shows that both her and mine quantities commute with the
Hamiltonian

m ... finds direct relation between the quantities in the
Hamiltonian viewpoint



Black magic from Prim in dim 3

Fr =P

Fr = XAP+UAR

Fp = <XP>+<UR>

Fs = |[XPP+2<X,U>R~-2FpX —2(1+ < X,R >)U

L = |X]*det(URP)=2det(XUP)+2<UR>det(XUR)
Loss = UAP—det(URP)X—<UR>UAR
Ly = det(URP)

1
H = 5|U|2|72|2— <UR>*+<UP >,

L, = — < FpFs>

1
Lyss = EFT/\FS—FDFR
Ls; = <FT,FR>

i = %(|FR|2—<FT,FS> _FI%):



Note on equations

m The invariant part of the tractor equation ... an equation for
curves satisfying As =0

m Assuming « and A4 are constants ... the two equations
coincide up to a multiple

m ... generally they are different

® ... what is a minimal condition to assume to get the equations
same up to multiple



